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BURBUJAS MEDIANTE MODELOS
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Prefacio

Esta tesis nace como parte del proyecto “Estudio de efectos ultrasónicos no linea-

les para procesos industriales y medicina: ĺıquidos con burbujas y cavitación”(DPI2012-

34613) financiado por el Plan Nacional. Durante los últimos años el equipo de inves-

tigación ha estudiado el comportamiento de ondas ultrasónicas no lineales en diversos

medios, homogéneos o no. En este proyecto se pretend́ıa aportar nuevos conocimien-

tos utilizables posteriormente en potenciales aplicaciones. Aśı, el objetivo principal del

proyecto era predecir numéricamente los parámetros acústicos de ĺıquidos con burbujas

de gas que describen el comportamiento no lineal de los mismos. En particular, se ha

detectado la posibilidad de utilizar ĺıquidos con burbujas, acústicamente muy no linea-

les, para estudiar la mezcla no lineal de frecuencias. Se ha analizado la posibilidad de

generar bajas frecuencias a partir de varias señales ultrasónicas de distintas frecuencias.

Por tanto, el propósito de esta tesis doctoral es estudiar en profundidad los

fenómenos no lineales que ocurren cuando un campo acústico se propaga a través

de un ĺıquido con burbujas oscilantes de gas. Principalmente, el objetivo se centra en

el análisis de la mezcla no lineal de frecuencias (generación de armónicos, frecuencias

diferencia y suma), y primordialmente, en la frecuencia diferencia por sus interesantes

caracteŕısticas de alta directividad y baja atenuación.

En la introducción, Caṕıtulo 1, se da un resumen de los principales modelos ma-

temáticos que se usan en acústica no lineal, antes de plantear el modelo matemático con

el que se trabaja en esta tesis. A continuación, se dan algunas soluciones aproximadas

al modelo mediante métodos perturbativos. Seguidamente, se presentan las técnicas

numéricas en las que se basan los modelos desarrollados en esta tesis. Además, se dan

ejemplos de los distintos enfoques de trabajos hechos en esta temática. Los Caṕıtulos

2, 3, 4 y 5 recogen los art́ıculos cient́ıficos escritos durante el desarrollo de la tesis
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doctoral.1 Cabe mencionar aqúı que otras comunicaciones cient́ıficas en formato de

comunicaciones presentadas en congresos nacionales e internacionales han sido realiza-

das.2 Después, se exponen la discusión general y las conclusiones generales derivadas de

este trabajo. Por último, se incluyen unos anexos sobre el análisis del comportamiento

numérico de los métodos desarrollados y sobre la Transformada Rápida de Fourier. En

cada caṕıtulo se incluye una sección de referencias.
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Resumen

Los ĺıquidos con burbujas son medios con gran potencial en distintos tipos de

aplicaciones médicas e industriales. Las caracteŕısticas que presentan son de gran interés

ya que una cantidad muy pequeña de aire en forma de burbujas (del orden del 0.001 %

en volumen) puede modificar completamente el comportamiento acústico del ĺıquido.

Propiedades acústicas tan importantes como la velocidad, atenuación, compresibilidad

o no linealidad se ven modificadas incluso en varios órdenes de magnitud. Cuando un

campo acústico excita un ĺıquido con burbujas tienen lugar fenómenos no lineales muy

interesantes, como por ejemplo la aparición de nuevas frecuencias.

El estudio experimental de los ĺıquidos con burbujas es complejo ya que controlar

la cantidad, la densidad, la distribución espacial y el tamaño de las burbujas no es

tarea fácil. Esto lleva a buscar alternativas que permitan analizarlos mediante mode-

los matemáticos que describan el comportamiento de este tipo de medios cuando un

campo acústico se propaga a través de ellos. La interacción no lineal mutua entre la

presión acústica y las vibraciones de las burbujas viene descrita mediante el sistema

de ecuaciones diferenciales acopladas formado por la ecuación de ondas y una ecuación

de Rayleigh-Plesset. Además, este sistema diferencial, por su complejidad, no admite

soluciones anaĺıticas exactas, por lo que se requiere el desarrollo de modelos numéricos

para obtener soluciones aproximadas.

El propósito de esta tesis doctoral es desarrollar modelos numéricos que permitan

el estudio de los fenómenos no lineales que tienen lugar cuando un campo acústico se

propaga a través de un ĺıquido con burbujas de gas. Principalmente, el objetivo de este

trabajo se centra en el análisis de nuevas frecuencias producidas durante este proceso

no lineal, como son los armónicos cuando se trabaja con fuentes mono-frecuenciales y

las frecuencias suma y diferencia cuando se trabaja con fuentes de dos frecuencias.
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Para conseguir este objetivo se sigue el siguiente proceso. En primer lugar se pro-

ponen diferentes modelos f́ısicos (en una y varias dimensiones). Después se modelan

matemáticamente con los correspondientes sistemas de ecuaciones diferenciales y con-

diciones auxiliares (de contorno e iniciales). A continuación se desarrollan los modelos

numéricos que resuelven los sistemas diferenciales, basados en técnicas por volúmenes

finitos y diferencias finitas en las coordenadas espaciales y en el dominio temporal res-

pectivamente, antes de implementar los diferentes códigos informáticos. Por último, se

hacen las correspondientes simulaciones para analizar y estudiar los comportamientos

no lineales y proponer leyes f́ısicas que los describen. Este proceso permite, a partir de

un problema complejo, obtener conclusiones f́ısicas que simplifican su comprensión.

Los resultados presentados en esta tesis doctoral muestran la utilidad y versati-

lidad de los modelos numéricos desarrollados, que permiten estudiar en profundidad

el comportamiento de este tipo de medios al ser excitados por ondas ultrasónicas de

amplitud finita en muchas configuraciones: i) unidimensionales, ii) bidimensionales, iii)

tridimensionales (con simetŕıa axial), tanto en resonadores como en dominios espacia-

les abiertos. El comportamiento no lineal de producción de armónicos y de mezcla de

frecuencias se analiza en detalle atendiendo a los principales elementos que influyen en

su generación (tamaño y densidad de burbujas, amplitud de onda) para definir cómo

potenciarlos. Además, el estudio proporciona la observación de efectos que sugieren un

cambio en la velocidad de propagación del medio global en función de la amplitud de

presión acústica.
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Abstract

Bubbly liquids are media with important potential in different kinds of medical

and industrial applications. They present very interesting characteristics since a very

small amount of gas bubbles (of the order of 0.001% in volume) is able to modify the

acoustic behavior of the liquid drastically. Important acoustic properties such as sound

speed, attenuation, compressibility or nonlinearity are modified up to several orders of

magnitude. Very interesting nonlinear phenomena take place when an acoustic field

excites a bubbly liquid, like, for instance, the production of new frequencies.

The experimental study of bubbly liquids is complex since it is not an easy task to

control the amount, density, spatial distribution, and size of bubbles. This difficulties

lead to look for alternatives that allow us to analyze them by means of mathematical

models able to describe the propagation of acoustic waves through this kind of media.

The mutual nonlinear interaction between acoustic pressure and bubble vibrations is

described by the coupled differential system of equations formed by the wave equation

and a Rayleigh-Plesset equation. Moreover, since this differential system, due to its

complexity, does not admit exact analytical solutions, the development of numerical

models is necessary to obtain approximate solutions.

The goal of this doctoral thesis is to develop numerical models that allow us

to study the nonlinear phenomena occurring when an acoustic wave travels through

a liquid with gas bubbles. Mainly, the objective of this work is the analysis of new

frequencies produced during this nonlinear process, harmonic components when we

work with a mono-frequency source and both sum and difference frequency components

when we work with a dual-frequency source.

The following procedure is followed to achieve this objective. First, different phys-

ical models are proposed (in one and several dimensions). Then, their mathematical
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modelization is carried out through the corresponding systems of differential equations

and auxiliary conditions (boundary and initial conditions). Afterwards, we develop the

numerical models that solve the differential systems, based on finite-volume and finite-

difference techniques for the spatial coordinates and time domain respectively, before

performing the implementation of the different computational codes. Finally, the cor-

responding simulations are carried out to analyze and study the nonlinear behaviors

and to propose physical laws that describe them. This procedure allows us, from a

complex problem, to obtain physical conclusions that simplify its comprehension.

The results presented in this doctoral thesis show the usefulness and versatility

of the numerical models we have developed. These models allow us to study thor-

oughly the behavior of this kind of media when they are excited by ultrasonic waves

of finite amplitude in many configurations: i) one dimension, ii) two dimensions, iii)

three dimensions (axial symmetry), for both resonators and open-field problems. The

nonlinear behavior of harmonic production and frequency mixing is analyzed in detail

according to the main elements that influence its generation (bubble size and density,

wave amplitude) to define how to enhance them. Moreover, the study provides us

with the observation of effects that suggest a sound speed change of the medium as a

function of the amplitude of acoustic pressure.
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ĺıquidos con burbujas 29

3. Modelos numéricos para el estudio de la mezcla no lineal de frecuen-

cias en cavidades resonantes bi y tridimensionales llenas de un ĺıquido

con burbujas 41

4. Resonancia no lineal de cavidades llenas de ĺıquidos con burbujas: Un
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Caṕıtulo 1

Introducción general

1.1. Ecuaciones fundamentales de la acústica no li-

neal

Las ecuaciones de la acústica lineal describen adecuadamente el modelado de

ciertos problemas f́ısicos concretos, en los que las ondas son de amplitud infinitesimal.

Para aplicaciones donde las amplitudes son finitas, estas ecuaciones no describen con

fidelidad los fenómenos observados experimentalmente. Es por ello que se han desarro-

llado modelos para la descripción de los fenómenos no lineales. Se obtienen a partir

de las ecuaciones fundamentales de la dinámica de fluidos que están asociadas a la

conservación de distintas magnitudes f́ısicas (masa y momento en este caso) y a una

ecuación de estado que permite cerrar el sistema.

Sean ~v = ~v0 + ~v′ la velocidad, ρ = ρ0 + ρ′ la densidad y p = p0 + p′ la presión,

donde el sub́ındice 0 indica los valores de las variables en el estado de equilibrio.

1.1.1. Ecuación de continuidad

La ecuación de continuidad expresa la conservación de la masa, se escribe [1]

∂ρ

∂t
+ ~∇ · (ρ~v) = 0. (1.1)
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donde t es el tiempo y el śımbolo ~∇ es el gradiente. Si se toma la velocidad en el estado

de equilibrio como nula se tiene

∂ρ′

∂t
+ ~∇ · (ρ0

~v′ + ρ′~v′) = 0 (1.2)

y operando se obtiene

∂ρ′

∂t
+ ρ0

~∇ · ~v′ = −ρ′~∇ · ~v′ − ~v′ · ~∇ρ′. (1.3)

El término de la izquierda representa la aproximación de la ecuación de continuidad

de primer orden y el término de la derecha representa la ecuación de continuidad de

segundo orden.

1.1.2. Ecuación de movimiento

La ecuación de movimiento expresa la conservación del momento, se escribe [1]

ρ
D~v

Dt
= −~∇p, (1.4)

(ρ0 + ρ′)
D~v′

Dt
= −~∇p′. (1.5)

La derivada material D~v′

Dt
se puede expresar como ∂~v′

∂t
+ (~v′~∇)~v′ luego la Eq. (1.5) se

puede poner [2]

(ρ0 + ρ′)

(
∂~v′

∂t
+ ~v′~∇~v′

)
= −~∇p′, (1.6)

ρ0
∂~v′

∂t
+ ~∇p′ = −ρ′∂

~v′

∂t
− ρ0

~v′~∇~v′ − ρ′~v′~∇~v′. (1.7)

Despreciando el tercer término de la derecha por ser de tercer orden se obtiene

ρ0
∂~v′

∂t
+ ~∇p′ = −ρ′∂

~v′

∂t
− ρ0

~v′~∇~v′. (1.8)

El término de la izquierda representa la aproximación de la ecuación de movimien-

to de primer orden y el término de la derecha representa la aproximación de segundo

orden. Además, si se usa la densidad de enerǵıa Lagrangiana, L = Ec − Ep, que es

la diferencia entre la enerǵıa cinética, Ec, y la enerǵıa potencial, Ep, y utilizando las

relaciones de onda plana se tiene

2



L = Ec − Ep =
1

2
ρ0
~v′

2 − p′2

2ρ0c2
0

, (1.9)

ρ′
∂~v′

∂t
= −~∇

(
p′2

2ρ0c2
0

)
= −~∇Ep, (1.10)

ρ0(~v′ ~∇)~v′ = ~∇

(
ρ0
~v′

2

2

)
= ~∇Ec. (1.11)

donce c0 es la velocidad de propagación en el estado de equilibrio, entonces la ecuación

de movimiento queda

ρ0
∂~v′

∂t
+ ~∇p′ = −~∇L. (1.12)

Para tener en cuenta la viscosidad del fluido se puede escribir la ecuación de movimiento

añadiendo un término que dé cuenta de su contribución [1]

ρ0
∂~v′

∂t
+ ~∇p′ −

(
ζ +

4

3
η

)
~∇2~v′ = −~∇L, (1.13)

donde η y ζ son los coeficientes de viscosidad de cizalla y de volumen respectivamente.

1.1.3. Ecuación de estado

Para cerrar el sistema es necesario añadir una ecuación que describa el estado

termodinámico del fluido. Una manera de hacerlo es expresar la presión en función de

la densidad y la entroṕıa por unidad de masa p = p(ρ, s). Para ello se desarrolla en

serie de Taylor la presión en torno a ρ0 considerando la entroṕıa como constante,

p = p0 +

(
∂p

∂ρ

)
ρ0,s

ρ′ +
1

2

(
∂2p

∂ρ2

)
ρ0,s

ρ′2 + ... (1.14)

Se definen los coeficientes de no linealidad A y B, siendo c la velocidad del sonido

variable con la densidad del fluido c =
√

∂p
∂ρ

,

A = ρ0

(
∂p

∂ρ

)
ρ0,s

= ρ0c
2
0, (1.15)

B = ρ2
0

(
∂2p

∂ρ2

)
ρ0,s

= 2ρ2
0c

3
0

(
∂c

∂p

)
ρ0,s

. (1.16)

Luego la densidad quedaŕıa

ρ′ ≈ p′

c2
0

− B

2A

p′2

ρ0c4
0

. (1.17)
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Cuando los efectos disipativos no son despreciables se han de tener en cuenta las posibles

variaciones de entroṕıa en la ecuación de estado. Para ello se desarrolla en serie de

Taylor la presión en torno a (ρ0, s0) hasta primer orden en la entroṕıa,

p = p0 +

(
∂p

∂ρ

)
ρ0,s

ρ′ +
1

2

(
∂2p

∂ρ2

)
ρ0,s

ρ′2 +

(
∂p

∂s

)
ρ,s0

s′ + ... (1.18)

La densidad quedaŕıa

ρ′ ≈ p′

c2
0

− B

2A

p′2

ρ0c4
0

+
k

ρ0c4
0

(
1

CV
− 1

CP

)
∂p′

∂t
. (1.19)

donde k es la conductividad térmica, CV y CP son los calores espećıficos a volumen y

presión contante respectivamente [1].

1.1.4. Ecuación de Westervelt

La ecuación de Westervelt tiene en cuenta la no linealidad y la disipación. Si se

sustituye la Eq. (1.19) en la ecuación de continuidad, Eq. (1.3), y se deriva parcialmente

respecto al tiempo y se le aplica el gradiente a la ecuación de movimiento, Eq. (1.13),

y se restan ambas ecuaciones se tiene [1]

~∇2p′ − 1

c2
0

∂2p′

∂t2
+

b

c2
0

∂3p′

∂t3
= − β

ρ0c4
0

∂2p′2

∂t2
−
(
~∇2 +

1

c2
0

∂2

∂t2

)
L, (1.20)

donde β = 1 + B
2A

es el parámetro de no linealidad del medio y b = 1
ρ0c20

(
ζ + 4

3
η
)

+

k
ρ0c40

(
1
CV
− 1

CP

)
representa la disipación. El segundo término de la derecha se puede

eliminar debido a que para ondas planas de primer orden v′ = p′

ρ0c0
y por tanto L = 0,

entonces se obtiene lo que se conoce como ecuación Westervelt [1],

~∇2p′ − 1

c2
0

∂2p′

∂t2
+

b

c2
0

∂3p′

∂t3
= − β

ρ0c4
0

∂2p′2

∂t2
. (1.21)

1.1.5. Ecuación de Burgers

La ecuación de Westervelt se puede simplificar para tomarla como una ecuación

de propagación en forma unidimensional en la dirección z, aśı, si se factoriza la Eq.

(1.21) se tiene(
∂

∂z
− 1

c0

∂

∂t
+

b

2c0

∂2

∂t2
+

βp′

ρ0c3
0

∂

∂t

)(
∂

∂z
+

1

c0

∂

∂t
− b

2c0

∂2

∂t2
− βp′

ρ0c3
0

∂

∂t

)
p′ = 0, (1.22)
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donde el primer término se corresponde con la propagación hacia atrás y el segundo

término se corresponde con la propagación hacia delante. Si nos quedamos sólo con el

término hacia delante se obtiene la ecuación de Burgers, Eq. (1.23), que al igual que la

ecuación de Westervelt tiene en cuenta la no linealidad y la disipación [1],

∂p′

∂z
+

1

c0

∂p′

∂t
− b

2c0

∂2p′

∂t2
− βp′

ρ0c3
0

∂p′

∂t
= 0. (1.23)

Reorganizando la ecuación se puede poner

∂p′

∂z
+

1

c′
∂p′

∂t
− b

2c0

∂2p′

∂t2
= 0, (1.24)

siendo c′ ≈ c0

(
1 + βp′

ρ0c20

)
la velocidad de propagación de la onda.

1.1.6. Ecuación de Khokhlov - Zabolotskaya - Kuznetov (KZK)

Cuando las ondas no pueden considerarse como planas y sea necesario tener en

cuenta el efecto de difracción, considerando que éste puede ser interpretado como una

difusión transversal del campo, la ecuación KZK se puede obtener introduciendo el

tiempo de retardo τ = t − z
c0

y cambiando el sistema de coordenadas a uno en tres

dimensiones (x, y, z) sobre la Eq. (1.21) [1],

∂p′

∂τ∂z
=
c0

2
∇2
⊥ +

b

2c0

∂3p′

∂τ 3
+

β

2ρ0c3
0

∂2p′2

∂τ 2
, (1.25)

donde ∇2
⊥ = ∂

∂x2
+ ∂

∂y2
es el laplaciano en dirección perpendicular a la dirección de

propagación z.

1.2. Ĺıquidos con burbujas

La presencia de burbujas en un ĺıquido (incluso en muy pequeñas concentraciones

del orden de 0,001 % en volumen) modifica completamente las propiedades acústicas

del ĺıquido. La compresibilidad y la nolinealidad aumentan, la velocidad del sonido

disminuye y aparecen fenómenos dispersivos.
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1.2.1. Ecuación de ondas

En el modelo f́ısico considerado en esta tesis se considera un ĺıquido que contiene

una distribución espacialmente uniforme de burbujas esféricas e iguales, suponemos

que son pequeñas comparando con la longitud de onda de la perturbación [3]. Sea

ρ = ρ0 + ρ′ la densidad de la mezcla del ĺıquido con burbujas, ρl = ρ0l + ρ′l la densidad

del ĺıquido y ρg = ρ0g +ρ′g la del gas. El volumen de cada burbuja es V = v0g +v donde

el sub́ındice 0 indica los valores en el equilibrio. El número de burbujas por unidad de

volumen es Ng, entonces la densidad de la mezcla en el estado del equilibrio es

ρ0 = Ngv0gρ0g + (1−Ngv0g)ρ0l. (1.26)

Fuera del equilibrio la densidad viene dada por

ρ0

ρ
= NgV + (1−Ngv0g)

ρ0l

ρl
. (1.27)

Cuando la fracción de gas es pequeña (NgV � 1) se tiene que ρ0 ≈ ρ0l � ρ0g, lo que

permite hacer una aproximación de la Eq. (1.27) a

ρ′

ρ0

=
p

ρ0c2
0l

−Ngv, (1.28)

donde p es la presión sonora y c0l es la velocidad del sonido en el ĺıquido. Combinando

la Eq. (1.28) con las ecuaciones de continuidad Eq. (1.3) y de movimiento Eq. (1.8)

linealizadas se obtiene la ecuación inhomogénea de ondas [3,4]

52p− 1

c2
0l

∂2p

∂t2
= −ρ0Ng

∂2v

∂t2
. (1.29)

1.2.2. Ecuación de Rayleigh-Plesset

Se considera una burbuja vaćıa de radio R(t) en un ĺıquido incompresible de

dimensión infinita. Ṙ es la velocidad radial y r es la distancia de cualquier punto

respecto al origen (centro de la burbuja). Suponiendo un flujo irrotacional entonces el

campo de velocidades se puede poner en términos de un potencial

ṙ = −5 φ. (1.30)
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Debido a la simetŕıa esférica el potencial se puede poner como φ = φ(r) y satisfacerá

la ecuación de Laplace 52φ(r) = 0 que escrita en coordenades esféricas queda

1

r2

d

dr

(
r2dφ

dr

)
= 0, (1.31)

si se integra la Eq. (1.31) se obtiene

φ(r) = −k1

r
+ c1, (1.32)

donde k1 y c1 son constantes. Reemplazando la Eq. (1.32) en la Eq. (1.30)

ṙ = −dφ
dr

= −k1

r2
, (1.33)

y aplicando las condiciones de contorno en la superficie de la burbuja donde r = R en

la Eq. (1.33), se puede obtener el valor de k1

Ṙ =
k1

R2
. (1.34)

Como k1 = R2Ṙ, se obtiene la ecuación del potencial

φ(r) = −R
2Ṙ

r
. (1.35)

Si P es la presión a la distancia r de la burbuja, ρ0l es la densidad del ĺıquido, P∞ es la

presión en el infinito, entonces se puede aplicar el teorema de Bernoulli para describir

el movimiento del ĺıquido [5,6]

−∂φ
∂t
− 1

2
ṙ2 =

P − P∞
ρ0l

, (1.36)

−2RṘ2 +R2R̈

r
− 1

2

R4Ṙ2

r4
=
P − P∞
ρ0l

. (1.37)

Si se sustituye el radio de la burbuja en la Eq. (1.37) se puede describir el movimiento

de la burbuja

RR̈ +
3

2
Ṙ2 =

PL − P∞
ρ0l

, (1.38)

donde PL es la presión en la pared de la burbuja. Si ahora en vez de considerar la burbuja

vaćıa suponemos que esta llena de un gas ideal, obedecerá por tanto la ecuación de los

gases ideales

pg

(
4πR3

3

)
= RgT, (1.39)
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donde pg es la presión del gas y Rg es la contante de los gases ideales y T es la

temperatura. Asumiendo transformaciones adiabáticas se cumple

pg

(
4πR3

3

)γg
= c2, (1.40)

donde γg es el cociente de los calores espećıficos y c2 es una constante. Para tener el

cuenta la viscosidad se añade un término que dé cuenta de ella. Y asumiendo que la

presión del gas es la presión en la pared de la burbuja, P∞ = P es la presión total en

la mezcla y que la densidad es ahora la densidad de la mezcla

RR̈ +
3

2
Ṙ2 +

4νlṘ

R
=
pg − P
ρ0

, (1.41)

donde νl es la viscosidad cinemática, pg es la presión del gas, pg = p0g

(v0g

V

)γg
, que es

la Eq. (1.40) en términos de volumen, y como:

V =
4

3
πR3, (1.42)

V̇ = 4πR2Ṙ, (1.43)

V̈ = 8πRṘ2 + 4πR2R̈. (1.44)

Sustituyendo en la Eq. (1.41) se obtiene:

1

4π

(
4π

3V

) 1
3

(
V̈ − 1

6

V̇ 2

V

)
+

4νl
3

V̇

V
=
p0g

(v0g

V

)γg
− P

ρ0

. (1.45)

La presión de la mezcla es P = p0g +p y el volumen se pone como V = v0g + v. Usando

las siguientes aproximaciones cuando v � v0g:(
v0g

v0g + v

)γg
≈ 1− γg

v0g

v +
γg(γg + 1)

2v0g
2

v2, (1.46)

1

(v0g + v)
1
3

≈ 1

v
1
3
0g

− 1

3v
4
3
0g

v, (1.47)

V ≈ v0g. (1.48)

Y sustituyendo en la Eq. (1.45) se obtiene

v̈ − 1

6v0g

(v̇2 − 2vv̈) +
1

18

vv̇2

v2
0g

= −3p0gγg
ρ0R2

0g

v +
3γg(γg + 1)p0g

2v0gR2
0g

− 4πR0g

ρ0

p− 4νlv̇

R0g

, (1.49)
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Despreciando el tercer término del lado izquierdo por ser de tercer orden se obtiene

una ecuación de Rayleigh-Plesset [3]

v̈ + δω0gv̇ + ω2
0gv + ηp = av2 + b

(
2vv̈ + v̇2

)
, (1.50)

donde δ = 4νl/ω0gR
2
0g es el coeficiente de viscosidad, ω0g =

√
3γgp0g/ρ0R2

0g es la

frecuencia de resonancia de las burbujas, en la cual γg es el cociente entre los calores

espećıficos del gas , p0g = ρ0gc
2
0g/γg es la presión atmosférica del gas, ρ0g y c0g son la

densidad y la velocidad del sonido en el estado de equilibrio para el gas . El parámetro

η = 4πR0g/ρ0, y los coeficientes no lineales a = (γg + 1)ω2
0g/2v0g y b = 1/6v0g. El

término av2 está asociado con la ley adiabática y el término b(2vv̈ + v̇2) está asociado

con la respuesta dinámica de la burbuja. El sistema de ecuaciones diferenciales en

derivadas parciales formado por Eqs. (1.29)(1.50) se debe resolver simultáneamente

para obtener cómo es la presión acústica y las variaciones de volumen sufridas por las

burbujas. Este sistema supone que las burbujas son la única fuente de no linealidad, y

no tiene en cuenta la tensión superficial ni la fuerza de empuje.

1.2.3. Algunas aproximaciones a la solución del sistema

1.2.3.1. Solución aproximada de Zabolotskaya

Una propuesta de solución aproximada de este sistema de ecuaciones es presen-

tada en [7,8]. Para la solución del segundo armónico se asume que la presión fuera de

burbuja vaŕıa según la ecuación p = Acos(ωt + φ). Cuando la amplitud es suficiente-

mente intensa, la burbuja ejecutará oscilaciones a las frecuencias ω y 2ω debido a la

no linealidad, entonces, la amplitud de las variaciones de volumen de la burbuja para

la frecuencia 2ω es

V2ω =
η2(a− 3bω2)A2

2
(
(ω2

0g − ω2)2 + ω4δ2
) (

(ω2
0g − 4ω2)2 + 16ω4δ2

) 1
2

. (1.51)

Si ahora se asume que la presión fuera de la burbuja vaŕıa según la ecuación p =

A1cos(ω1t + φ1) + A2cos(ω2t + φ2) con ω2 > ω1, y si la amplitud es suficientemente

intensa, la burbuja ejecutará oscilaciones a las frecuencias ω1, ω2 y, debido a la no

linealidad, a la frecuencia diferencia Ω = ω2 − ω1. La amplitud de las variaciones de
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volumen de la burbuja para la frecuencia Ω es

vΩ =
η2(a− b(ω2

1 + ω2
2 − ω1ω2))A1A2((

(ω2
0g − ω2

1)2 + ω4
1δ

2
) (

(ω2
0g − ω2

2)2 + ω4
2δ

2
) (

(ω2
0g − Ω2)2 + Ω4δ2

)) 1
2

. (1.52)

Si las frecuencias fuera de la burbuja son cercanas, la frecuencia diferencia obtenida

será baja, entonces la amplitud de la presión se puede poner siempre que las distancia

r sea mucho mayor la longitud de onda como

pΩ =
Ω2ρ0vΩ

4πr
. (1.53)

1.2.3.2. Solución aproximada de Hamilton

Otra forma de llevar a cabo esta tarea es mediante un método de sucesivas apro-

ximaciones como propone [3]. Se considera el problema de la generación del segundo

armónico para ilustrar el procedimiento. Sea

p =
1

2
(p1e

jωt + p2e
j2ωt + c.c.) (1.54)

v =
1

2
(v1e

jωt + v2e
j2ωt + c.c.) (1.55)

Sustituyendo Eq. (1.54) y Eq. (1.55) hasta el primer orden en las ecuaciones Eq. (1.29)

y Eq. (1.50) se obtiene. (
∇2 +

ω2

c2
0l

)
p1 = ρ0Ngω

2v1, (1.56)

(ω2
0g − ω2 + jδω0gω)v1 = −ηp1. (1.57)

Sustituyendo v1 de la Eq. (1.57) y sustituyendo en Eq. (1.56), se tiene(
∇2 +

ω2

c̃2
1

)
p1 = 0, (1.58)

donde c̃1 es definido al establecer n = 1 en la siguiente ecuación

c2
0l

c̃2
n

= 1 +
µC

1− n2ω2/ω2
0g + jδnω/ω0g

, (1.59)

donde µ = Ngv0g es la fracción de volumen en el estado de equilibrio y C = ρ0c
2
0l/γgp0g.

La solución para onda plana de la Eq. (1.58) es e
−j ω

c̃1
x

luego la velocidad de propagación

y atenuación se pueden obtener a partir de la Eq. (1.59)

cn(ω) =
1

Re (c̃−1
n )

, (1.60)
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αn(ω) = −nωIm (c̃−1
n ). (1.61)

Si ahora se desarrollan las ecuaciones para el segundo armónico sustituyendo Eq. (1.54)

y Eq. (1.55) en las ecuaciones (1.29) y (1.50) hasta el orden 2 se obtiene(
∇2 +

4ω2

c2
0l

)
p2 = 4ρ0Ngω

2v2, (1.62)

(ω2
0g − 4ω2 + j2δω0gω)v2 = −ηp2 +

1

2

(
a− 3bω2

)
v2

1. (1.63)

La Eq. (1.57) es usada para expresar v2
1 en términos de p2

1. Las Eqs. (1.62) y (1.63) se

pueden combinar para obtener la presión para el segundo armónico(
∇2 +

4ω2

c̃2
2

)
p2 = β2(ω)

2ω2

ρ0c4
0l

p2
1. (1.64)

El valor de c̃2 se obtiene de Eq. (1.59) con n = 2 y β2(ω) es el coeficiente de no linealidad

que viene dado por

β2(ω) =
µC2(γ + 1− ω2

ω2
0g

)

2(1− 4 ω2

ω2
0g

+ j2δω0gω)(1− ω2

ω2
0g

+ jδω0gω)2
. (1.65)

Para obtener la solución del segundo armónico, se deben imponer condiciones de con-

torno sobre Eqs. (1.58) y (1.64). Se asume la propagación de onda plana en dirección

+x y p1 = P0 y p2 = 0 en x = 0, para simplificar se supone δ = 0. La Eq. (1.58)

conduce a p1 = P0e
−jk1x con (kn = nω/cn, n = 1, 2) y sustituyendo en Eq. (1.64) se

obtiene la solución para el segundo armónico

p2 =
jP 2

0

(
(γg + 1)

ω2
0g

ω2 − 1
)

6γgp0g(1− ω2

ω2
0
)

sin
(

(k2 − 2k1)
x

2

)
e−j(k2+2k1)x

2 (1.66)
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1.3. Métodos numéricos

La alta complejidad del sistema no lineal de ecuaciones diferenciales formado por

la ecuación inhomogénea de ondas y la ecuación de Rayleigh-Plesset, Eqs. (1.29)(1.50),

la falta de soluciones anaĺıticas exactas, la dificultad y el elevado coste de tomar medidas

experimentales nos lleva directamente a la necesidad de desarrollar modelos numéricos

para obtener soluciones que nos permitan acercarnos a la realidad del problema f́ısico

considerado en esta tesis doctoral. Los técnicas numéricas en las que se basan los

modelos numéricos desarrollados en esta tesis son el método de los volúmenes finitos en

las dimensiones espaciales y el método de las diferencias finitas en el dominio temporal.

1.3.1. Aproximaciones en el dominio temporal

El método de las diferencias finitas se basa en la aproximación numérica de las

derivadas. Esta técnica consiste en discretizar, en este caso, el dominio temporal total

Tt en R − 1 intervalos de duración τ . Se denota cada instante temporal tk con el

sub́ındice k. El esquema de discretización se puede ver en el Caṕıtulo 3, en la Fig. 2a.

A continuación, se escriben cómo son las aproximaciones de la variable p para ilustrar

el método. En este caso las aproximaciones se basan en desarrollar en serie de Taylor

la variable a aproximar p en los tiempos p(tk + τ) y p(tk − τ) alrededor del tiempo tk,

como se observa en las siguientes aproximaciones [9,10],

p(tk + τ) = p(tk) + τ
dp(tk)

dτ
+
τ 2

2!

d2p(tk)

dτ 2
+
τ 3

3!

d3p(tk)

dτ 3
+O(τ 4), (1.67)

p(tk − τ) = p(tk)− τ
dp(tk)

dτ
+
τ 2

2!

d2p(tk)

dτ 2
− τ 3

3!

d3p(tk)

dτ 3
+O(τ 4). (1.68)

De este modo se puede obtener la aproximación de la derivada de orden dos en el

instante tk al sumar las Eqs. (1.67) y (1.68),

p(tk + τ) + p(tk − τ) = 2p(tk) + 2
τ 2

2!

d2p(tk)

dτ 2
+O(τ 4), (1.69)

d2p(tk)

dτ 2
=
p(tk + τ)− 2p(tk) + p(tk − τ)

τ 2
+O(τ 2), (1.70)

siendo el error de truncamiento O(τ 2). En el esquema de discretización quedaŕıa

d2pk
dt2
≈ pk+1 − 2pk + pk−1

τ 2
. (1.71)
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La aproximación de la derivada de orden uno en tk se puede obtener haciendo la

diferencia entre la Eq. (1.67) y la Eq.(1.68), entre p(tk) y la Eq. (1.68) o entre la Eq.

(1.67) y p(tk):

p(tk + τ)− p(tk − τ) = 2τ
dp(tk)

dτ
+O(τ 3), (1.72)

p(tk)− p(tk − τ) = τ
dp(tk)

dτ
+O(τ 2), (1.73)

p(tk + τ)− p(tk) = τ
dp(tk)

dτ
+O(τ 2). (1.74)

Luego se tiene

dp(tk)

dτ
=
p(tk + τ)− p(tk − τ)

2τ
+O(τ 2), (1.75)

dp(tk)

dτ
=
p(tk)− p(tk − τ)

τ
+O(τ), (1.76)

dp(tk)

dτ
=
p(tk + τ)− p(tk)

τ
+O(τ). (1.77)

Los errores de truncamiento en estas aproximaciones son de orden O(τ 2), O(τ) y

O(τ) respectivamente. En los modelos desarrollados en esta tesis se usa la Eq. (1.76) a

fin de tener un sistema expĺıcito que dé agilidad a la hora de resolver el sistema. En el

sistema discretizado quedaŕıa
dpk
dt
≈ pk − pk−1

τ
. (1.78)

1.3.2. Aproximaciones en las dimensiones espaciales

El método los volúmenes finitos se basa en la integración de las ecuaciones dife-

renciales en volúmenes de control que discretizan el dominio de estudio. Esta técnica

numérica resulta muy efectiva cuando se modelan problemas para los cuales el flujo

es de importancia, como en mecánica de fluidos, en transferencia de calor o masa. El

método tiene la propiedad de conservar localmente el flujo numérico, es decir, de un

volumen de control al volumen vecino [11]. Este método numérico resulta muy efecti-

vo para desarrollar los modelos implementados en esta tesis debido a la versatilidad

que tiene a la hora de simular cualquier tipo de geometŕıa en problemas de varias di-

mensiones [12]. Además, las condiciones de contorno se implementan de una manera

razonablemente sencilla. El método consiste en considerar una discretización del do-

minio del problema y para cada punto de esa partición construir a su alrededor un

13



volumen de control que no se solape con los volúmenes adyacentes. De esta forma el

volumen total del dominio resulta ser la unión de todos los volúmenes de control. Las

ecuaciones diferenciales que se pretenden resolver se integran sobre cada uno de los

volúmenes dando lugar a una versión discretizada antes de obtener la solución apro-

ximada. Para realizar la integración se requiere especificar cómo es la variación de las

variables entre volúmenes adyacentes y aśı evaluar las integrales resultantes. En este

trabajo se considera una variación lineal entre volúmenes contiguos [13]. Una de las

ventajas del método de los volúmenes finitos es que sólo tiene que evaluar las variables

en los ĺımites de los volúmenes. Esto también es válido para problemas no lineales,

lo que hace que sea un método muy poderoso para el manejo de leyes no lineales de

conservación [14,15]. A continuación se hacen las aproximaciones de la variable p a fin

de ilustrar este método en dos dimensiones para coordenadas cartesianas primero, y en

tres dimensiones para coordenadas ciĺındricas después. El esquema de discretización se

puede ver en el Caṕıtulo 3, en la Fig. 2b.

1.3.2.1. Coordenadas cartesianas

Se divide el dominio total Lx×Ly en las coordenadas (x, y) en N ×M volúmenes

de control de tamaño h×s y se integra las ecuaciones en cada uno de esos volúmenes. Se

denota cada volumen de control con los sub́ındices (i, j). Aśı las aproximaciones para

las integrales de las derivadas de orden dos que son las que aparecen en la ecuación no

lineal de ondas, Eq. (1.29), en coordenadas cartesianas serán:

∫
Vc

d2pi,j
dx2

dv =

∫ No

So

dy

∫ Ea

We

d2pi,j
dx2

dx = s

(
dpi,j
dx
|Ea −

dpi,j
dx
|We

)
≈ s

(
pi+1,j − pi,j

h
− pi,j − pi−1,j

h

)
= s

(
pi+1,j − 2pi,j + pi−1,j

h

)
,

(1.79)

∫
Vc

d2pi,j
dy2

dv =

∫ Ea

We

dx

∫ No

So

d2pi,j
dy2

dy = h

(
dpi,j
dy
|No −

dpi,j
dy
|So
)
≈

h

(
pi,j+1 − pi,j

s
− pi,j − pi,j−1

s

)
= h

(
pi,j+1 − 2pi,j + pi,j−1

s

)
.

(1.80)

La integral para una constante k será:∫
Vc

kdv =

∫ No

So

dy

∫ Ea

We

kdx = khs. (1.81)
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Cuando se tienen condiciones de contorno tipo Dirichlet por ejemplo, p = Px0 si

x = 0, p = Py0 si y = 0, p = PLx si x = Lx y p = PLy si y = Ly. Para los volúmenes

cuyo contorno coincide con x = 0 se tendrá la aproximación para la integral de las

derivadas de orden dos en x:∫
Vc

d2pi,j
dx2

dv =

∫ No

So

dy

∫ Ea

We

d2pi,j
dx2

dx = s

(
dpi,j
dx
|Ea −

dpi,j
dx
|We

)
≈ s

(
pi+1,j − pi,j

h
− pi,j − Px0

h/2

)
= s

(
pi+1,j − 3pi,j + 2Px0

h

)
,

(1.82)

y para volúmenes cuyo contorno coincide con x = Lx:∫
Vc

d2pi,j
dx2

dv =

∫ No

So

dy

∫ Ea

We

d2pi,j
dx2

dx = s

(
dpi,j
dx
|Ea −

dpi,j
dx
|We

)
≈ s

(
PLx − pi,j
h/2

− pi,j − pi−1,j

h

)
= s

(
2PLx − 3pi,j + pi−1,j

h

)
.

(1.83)

Si el volumen tiene un contorno en y = 0 se tendrá la siguiente aproximación

para la integral de las derivadas de orden dos en y:∫
Vc

d2pi,j
dy2

dv =

∫ Ea

We

dx

∫ No

So

d2pi,j
dy2

dy = h

(
dpi,j
dy
|No −

dpi,j
dy
|So
)

≈ h

(
pi,j+1 − pi,j

s
− pi,j − 2Py0

s/2

)
= h

(
pi,j+1 − 3pi,j + 2Py0

s

)
,

(1.84)

y si lo tiene en y = Ly:∫
Vc

d2pi,j
dy2

dv =

∫ Ea

We

dx

∫ No

So

d2pi,j
dy2

dy = h

(
dpi,j
dy
|No −

dpi,j
dy
|So
)

≈ h

(
PLy − pi,j

s/2
− pi,j − pi,j−1

s

)
= h

(
2PLy − 3pi,j + pi,j−1

s

)
.

(1.85)

Cuando se tienen condiciones de contorno tipo Neumann por ejemplo, dp
dx

= Dx0 si

x = 0, dp
dy

= Dy0 si y = 0, dp
dx

= DLx si x = Lx y dp
dy

= DLy si y = Ly. Para los

volúmenes cuyo contorno coincide con x = 0 se tendrá la siguiente aproximación para

la integral de la derivadas de orden dos en x:∫
Vc

d2pi,j
dx2

dv =

∫ No

So

dy

∫ Ea

We

d2pi,j
dx2

dx = s

(
dpi,j
dx
|Ea −

dpi,j
dx
|We

)
≈ s

(
pi+1,j − pi,j

h
−Dx0

)
= s

(
pi+1,j − pi,j − hDx0

h

)
,

(1.86)

y para volúmenes cuyo contorno coincide con x = Lx:∫
Vc

d2pi,j
dx2

dv =

∫ No

So

dy

∫ Ea

We

d2pi,j
dx2

dx = s

(
dpi,j
dx
|Ea −

dpi,j
dx
|We

)
≈ s

(
DLx −

pi,j − pi−1,j

h

)
= s

(
hDLx − pi,j + pi−1,j

h

)
.

(1.87)
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Si el volumen tiene un contorno en y = 0 se tendrá la siguiente aproximación para la

integral de las derivadas de orden dos en y:

∫
Vc

d2pi,j
dy2

dv =

∫ Ea

We

dx

∫ No

So

d2pi,j
dy2

dy = h

(
dpi,j
dy
|No −

dpi,j
dy
|So
)

≈ h

(
pi,j+1 − pi,j

s
−Dy0

)
= h

(
pi,j+1 − pi,j + sDy0

s

)
,

(1.88)

y si lo tiene en y = Ly:

∫
Vc

d2pi,j
dy2

dv =

∫ Ea

We

dx

∫ No

So

d2pi,j
dy2

dy = h

(
dpi,j
dy
|No −

dpi,j
dy
|So
)

≈ h

(
DLy −

pi,j − pi,j−1

s

)
= h

(
sDLy − pi,j + pi,j−1

s

)
.

(1.89)

Otra de las condiciones de contorno que se usan en los desarrollos numéricos de la

tesis es la condición de campo abierto donde aparece el tiempo, luego se hace uso de la

Eq. (1.78). Por ello se ha de poner también el sub́ındice k. Por ejemplo, si se tuvieran

condiciones de campo abierto dp
dx

= − 1
c20

dp
dt

si x = 0, dp
dy

= − 1
c20

dp
dt

si y = 0, dp
dx

= − 1
c20

dp
dt

si

x = Lx y dp
dy

= − 1
c20

dp
dt

si y = Ly. Para los volúmenes cuyo contorno coincide con x = 0

se tendrá la aproximación para la integral de las derivadas de orden dos en x:

∫
Vc

d2pi,j,k
dx2

dv =

∫ No

So

dy

∫ Ea

We

d2pi,j,k
dx2

dx = s

(
dpi,j,k
dx
|Ea −

dpi,j,k
dx
|We

)
≈ s

(
pi+1,j,k − pi,j,k

h
+

1

c2
0

dp

dt

)
≈ s

(
pi+1,j,k − pi,j,k

h
+

1

c2
0

pi,j,k − pi,j,k−1

τ

)
= s

(
1

h
pi+1,j,k +

(
−1

h
+

1

c2
0τ

)
pi,j,k −

1

c2
0τ
pi,j,k−1

)
,

(1.90)

y para volúmenes cuyo contorno coincide con x = Lx:

∫
Vc

d2pi,j,k
dx2

dv =

∫ No

So

dy

∫ Ea

We

d2pi,j,k
dx2

dx = s

(
dpi,j,k
dx
|Ea −

dpi,j,k
dx
|We

)
≈ s

(
− 1

c2
0

dp

dt
− pi,j,k − pi−1,j,k

h

)
≈ s

(
− 1

c2
0

pi,j,k − pi,j,k−1

τ
− pi−1,j,k − pi,j,k

h

)
= s

((
− 1

c2
0τ

+
1

h

)
pi,j,k +

1

c2
0τ
pi,j,k−1 −

1

h
pi−1,j,k

)
.

(1.91)

Si el volumen tiene un contorno en y = 0 se tendrá la siguiente aproximación para la
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integral de las derivadas de orden dos en y:

∫
Vc

d2pi,j,k
dy2

dv =

∫ Ea

We

dx

∫ No

So

d2pi,j,k
dy2

dy = h

(
dpi,j,k
dy
|No −

dpi,j,k
dy
|So
)

≈ h

(
pi,j+1,k − pi,j,k

s
+

1

c2
0

dp

dt

)
≈ h

(
pi,j+1,k − pi,j,k

s
+

1

c2
0

pi,j,k − pi,j,k−1

τ

)
= h

(
1

s
pi,j+1,k +

(
−1

s
+

1

c2
0τ

)
pi,j,k −

1

c2
0τ
pi,j,k−1

)
,

(1.92)

y si lo tiene en y = Ly:

∫
Vc

d2pi,j,k
dy2

dv =

∫ Ea

We

dx

∫ No

So

d2pi,j,k
dy2

dy = h

(
dpi,j,k
dy
|No −

dpi,j,k
dx
|So
)

≈ h

(
− 1

c2
0

dp

dt
− pi,j,k − pi,j−1,k

s

)
≈ h

(
− 1

c2
0

pi,j,k − pi,j,k−1

τ
− pi,j,k − pi,j−1,k

s

)
= h

((
− 1

c2
0τ
− 1

s

)
pi,j,k +

1

c2
0τ
pi,j,k−1 +

1

s
pi,j−1,k

)
.

(1.93)

El error en todas estas aproximaciones es de orden O(h, s).

1.3.2.2. Coordenadas ciĺındricas

Se divide dominio total Lr×Lz en las coordenadas (r, z) en N ×M en volúmenes

de control de tamaño h× s y se integran las ecuaciones en cada volumen de control. Se

denota cada volumen de control con los sub́ındices (i, j). Aśı las aproximaciones para

las integrales que aparecen en la ecuación no lineal de ondas, Eq. (1.29), en coordenadas

ciĺındricas serán:

∫
Vc

r
d2pi,j
dr2

dv +

∫
Vc

r
1

r

dpi,j
dr

dv =

∫ No

So

dz

∫ Ea

We

r
d2pi,j
dr2

dr

+

∫ No

So

dz

∫ Ea

We

r
1

r

dpi,j
dr

dr = sr
dpi,j
dr
|Ea − sr

dpi,j
dr
|We − s

∫ Ea

We

dpi,j
dr

dr

+s

∫ Ea

We

dpi,j
dr

dr ≈ shi

(
pi+1,j − pi,j

h

)
− sh(i− 1)

(
pi,j − pi−1,j

h

)
= s(ipi+1,j + (1− 2i)pi,j + (i− 1)pi−1,j),

(1.94)
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∫
Vc

r
d2pi,j
dz2

dv =

∫ Ea

We

rdr

∫ No

So

d2pi,j
dz2

dz =

∫ Ea

We

rdr

(
dpi,j
z
|No −

dpi,j
z
|So
)

≈
(
r2

2
|Ea −

r2

2
|We

)(
pi,j+1 − pi,j

s
− pi,j − pi,j−1

s

)
≈
(

(hi)2

2
− (h(i− 1))2

2

)(
pi,j+1 − 2pi,j + pi,j−1

s

)
=
h2

2
(2i− 1)

(
pi,j+1 − 2pi,j +−pi,j−1

s

)
.

(1.95)

La integral para una constante k será:∫
Vc

kdv =

∫ No

So

dz

∫ Ea

We

rkdr ≈ ksh2

2
(2i− 1). (1.96)

Cuando se tienen condiciones de simetŕıa por ejemplo respecto al eje z, se tiene

la condición
dp

dr
= 0 en r = 0, la aproximaciones para las integrales para las derivadas

que aparecen en la ecuación de ondas, Eq. (1.29), en coordenadas ciĺındricas serán:∫
Vc

r
d2pi,j
dr2

dv +

∫
Vc

r
1

r

dpi,j
dr

dv =

∫ No

So

dz

∫ Ea

We

r
d2pi,j
dr2

dr

+

∫ No

So

dz

∫ Ea

We

r
1

r

dpi,j
dr

dr = s

(
r
dpi,j
dr
|Ea − r

dpi,j
dr
|We

)
≈ ish

(
pi+1,j − pi,j

h
− 0

)
= is(pi+1,j − pi,j),

(1.97)

∫
Vc

r
d2pi,j
dz2

dv =

∫ Ea

We

rdr

∫ No

So

d2pi,j
dz2

dz =

∫ Ea

We

rdr

(
dpi,j
dz
|No −

dpi,j
dz
|So
)

≈
(
r2

2
|Ea −

r2

2
|We

)(
pi,j+1 − pi,j

s
− pi,j − pi,j−1

s

)
≈
(

(hi)2

2
− 0

)(
pi,j+1 − 2pi,j + pi,j−1

s

)
=

(hi)2

2

(
pi,j+1 − 2pi,j +−pi,j−1

s

)
.

(1.98)

Cuando se tienen condiciones de contorno tipo Dirichlet por ejemplo, p = Pz0

si z = 0, p = PLr si r = Lr y p = PLz si z = Lz. Para los volúmenes cuyo contorno

coincide con r = Lr se tendrá la siguiente aproximación para la integral de las derivadas

en r : ∫
Vc

r
d2pi,j
dr2

dv +

∫
Vc

r
1

r

dpi,j
dr

dv =

∫ No

So

dz

∫ Ea

We

r
d2pi,j
dr2

dr

+

∫ No

So

dz

∫ Ea

We

r
1

r

dpi,j
dr

dr = s

(
r
dpi,j
dr
|Ea − r

dpi,j
dr
|We

)
≈ ish

(
PLr − pi,j
h/2

)
−(i− 1)sh

pi,j − pi−1,j

h
= s(2iPLr + (1− 3i)pi,j + (i− 1)pi−1,j).

(1.99)
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Para los volúmenes cuyo contorno coincide con z = 0 se tendrá la aproximación para

la integral las derivadas de orden dos en z:

∫
Vc

r
d2pi,j
dz2

dv =

∫ Ea

We

rdr

∫ No

So

d2pi,j
dz2

dz =

∫ Ea

We

rdr

(
dpi,j
z
|No −

dpi,j
z
|So
)

≈
(
r2

2
|Ea −

r2

2
|We

)(
pi,j+1 − pi,j

s
− pi,j − Pz0

s/2

)
=
h2

2
(2i− 1)

(
pi,j+1 − 3pi,j + 2Pz0

s

)
,

(1.100)

y para volúmenes cuyo contorno coincide con z = Lz:

∫
Vc

r
d2pi,j
dz2

dv =

∫ Ea

We

rdr

∫ No

So

d2pi,j
dz2

dz =

∫ Ea

We

rdr

(
dpi,j
z
|No −

dpi,j
z
|So
)

≈
(
r2

2
|Ea −

r2

2
|We

)(
PLz − pi,j

s/2
− pi,j − pi,j−1

s

)
=
h2

2
(2i− 1)

(
2PLz − 3pi,j + pi,j−1

s

)
.

(1.101)

Cuando se tienen condiciones de contorno tipo Neumann por ejemplo, dp
dz

= Dz0 si

z = 0, dp
dr

= DLr si r = Lr y dp
dz

= DLz si z = Lz. Para los volúmenes cuyo contorno

coincide con r = Lr se tendrá la siguiente aproximación para la integral de las derivadas

en r:

∫
Vc

r
d2pi,j
dr2

dv +

∫
Vc

r
1

r

dpi,j
dr

dv =

∫ No

So

dz

∫ Ea

We

r
d2pi,j
dr2

dr

+

∫ No

So

dz

∫ Ea

We

r
1

r

dpi,j
dr

dr = s

(
r
dpi,j
dr
|Ea − r

dpi,j
dr
|We

)
≈ ishDLr − (i− 1)sh

pi,j − pi,j−1

h
= s(ihDLr + (1− i)pi,j + (i− 1)pi−1,j).

(1.102)

Para los volúmenes cuyo contorno coincide con z = 0 se tendrá la aproximación para

la integral de las derivadas de orden dos en z:

∫
Vc

r
d2pi,j
dz2

dv =

∫ Ea

We

rdr

∫ No

So

d2pi,j
dz2

dz =

∫ Ea

We

rdr

(
dpi,j
z
|No −

dpi,j
z
|So
)

≈
(
r2

2
|Ea −

r2

2
|We

)(
pi,j+1 − pi,j

s
−Dz0

)
=
h2

2
(2i− 1)

(
pi,j+1 − pi,j + sDz0

s

)
,

(1.103)
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y para volúmenes cuyo contorno coincide con z = Lz:

∫
Vc

r
d2pi,j
dz2

dv =

∫ Ea

We

rdr

∫ No

So

d2pi,j
dz2

dz =

∫ Ea

We

rdr

(
dpi,j
z
|No −

dpi,j
z
|So
)

≈
(
r2

2
|Ea −

r2

2
|We

)(
DLz −

pi,j − pi,j−1

s

)
=
h2

2
(2i− 1)

(
sDLz − pi,j + pi,j−1

s

)
.

(1.104)

Otras de las condiciones de contorno que se usan en los desarrollos numéricos de la

tesis es la condición de campo abierto donde aparece el tiempo, luego se hace uso de la

Eq. (1.78). Por ello ha de aparecer también el sub́ındice k. Por ejemplo, si se tuvieran

condiciones de campo abierto dp
dz

= − 1
c20

dp
dt

si z = 0, dp
dr

= − 1
c20

dp
dt

si r = Lr y dp
dz

= − 1
c20

dp
dt

si z = Lz. Para los volúmenes cuyo contorno coincide con r = Lr se tendrá las siguiente

aproximación para la integral de las derivadas en r:

∫
Vc

r
d2pi,j,k
dr2

dv +

∫
Vc

r
1

r

dpi,j,k
dr

dv =

∫ No

So

dz

∫ Ea

We

r
d2pi,j,k
dr2

dr

+

∫ No

So

dz

∫ Ea

We

r
1

r

dpi,j,k
dr

dr = s

(
r
dpi,j,k
dr
|Ea − r

dpi,j,k
dr
|We

)
≈ −shi

c2
0

dp

dt
−

hs(i− 1)
pi,j,k − pi−1,j,k

h
≈ s

(
−hi
c2

0

pi,j,k − pi,j,k−1

τ
− (i− 1)(pi,j,k − pi−1,j,k)

)
= s

((
− hi

c2
0τ
− (i− 1)

)
pi,j,k +

hi

c2
0τ
pi,j,k−1 + (i− 1)pi−1,j,k

)
.

(1.105)

Para los volúmenes cuyo contorno coincide con z = 0 se tendrá la aproximación para

la integral de las derivadas de orden dos en z:

∫
Vc

r
d2pi,j,k
dz2

dv =

∫ Ea

We

rdr

∫ No

So

d2pi,j,k
dz2

dz =

∫ Ea

We

rdr

(
dpi,j,k
z
|No −

dpi,j,k
z
|So
)

≈
(
r2

2
|Ea −

r2

2
|We

)(
pi,j+1,k − pi,j,k

s
+

1

c2
0

dp

dt

)
=
h2

2
(2i− 1)

(
pi,j+1,k − pi,j,k

s
+

1

c2
0

pi,j,k − pi,j,k−1

τ

)
=
h2

2
(2i− 1)

(
1

s
pi,j+1,k +

(
−1

s
+

1

c2
0τ

)
pi,j,k −

1

c2
0τ
pi,j,k−1

)
,

(1.106)
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y para volúmenes cuyo contorno coincide con z = Lz:∫
Vc

r
d2pi,j,k
dz2

dv =

∫ Ea

We

rdr

∫ No

So

d2pi,j,k
dz2

dz =

∫ Ea

We

rdr

(
dpi,j,k
z
|No −

dpi,j,k
z
|So
)

≈
(
r2

2
|Ea −

r2

2
|We

)(
− 1

c2
0

dp

dt
− pi,j,k − pi,j−1,k

s

)
=
h2

2
(2i− 1)

(
− 1

c2
0

pi,j,k − pi,j,k−1

τ
− pi,j,k − pi,j−1,k

s

)
=
h2

2
(2i− 1)

((
− 1

c2
0τ
− 1

s

)
pi,j,k +

1

c2
0τ
pi,j,k−1 +

1

s
pi,j−1,k

)
.

(1.107)

El error en todas estas aproximaciones es de orden O(h, s).

21



1.4. Métodos numéricos aplicados a la propagación

ultrasónica en ĺıquidos con burbujas: preceden-

tes

Últimamente se ha llevado a cabo un intenso esfuerzo para crear herramientas

numéricas capaces de simular la propagación ultrasónica en distintos tipos de cavidades

con fluidos en los que intervienen burbujas [16]. Muchos de estos trabajos se basan en la

resolución de ecuaciones lineales que describen la propagación ultrasónica en ĺıquidos

homogéneos. Ejemplo de ello podŕıan ser los trabajos presentados en [17,18], donde

se caracteriza y optimiza, respectivamente, la propagación del campo ultrasónico en

un sonoreactor de 20 kHz usando el método de los elementos finitos para resolver la

ecuación de ondas lineal.

Algunos modelos tienen en cuenta el efecto de la viscosidad del ĺıquido y del

amortiguamiento que sufren los ultrasonidos al propagarse. Estos estudios se basan

en la resolución de la ecuación de ondas lineal pero teniendo en cuenta una velocidad

y densidad compleja que dan cuenta de la contribución de estos efectos. Entre otros

están los trabajos desarrollados en [19,20], donde se estudia la distribución del campo

de presión usando el método de los elementos finitos para frecuencias de 20 kHz y 490

kHz respectivamente.

Cuando los ultrasonidos son lo suficientemente intensos aparecen fenómenos no

lineales, dispersivos y disipativos, debido a la presencia de burbujas, por lo que el empleo

de ecuaciones lineales deja de ser suficiente. La propagación acústica teniendo en cuenta

estos efectos ha sido estudiada teóricamente. Muchos de estos trabajos están basados en

el conjunto de ecuaciones no lineales propuestas en [21,22] que describen el movimiento

de las mezclas de ĺıquidos y burbujas de gas. Este conjunto de ecuaciones fue derivado en

[23] usando un método de scattering múltiple [24]. A estas ecuaciones se las denomina

ecuaciones de Caflisch. Posteriormente en [25] se desarrolla un modelo linealizado de

las ecuaciones de Caflish para poblaciones de burbujas mono y polidispersas. Este

sistema lineal es de un gran interés pues da cuenta en cierta medida de los efectos de las

burbujas con la incorporación de la atenuación en la ecuación de ondas lineal empleando
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un número de onda complejo que depende de la cantidad de burbujas. Ejemplos de

este enfoque son entre otros los trabajos [26-28], donde se simula un campo acústico

lineal en un ĺıquido conteniendo una distribución uniforme y no uniforme (distribución

Gaussiana de tamaños) de burbujas usando la técnica de las diferencias finitas. También

se hacen comparaciones experimentales en [29]. Otro estudio del mismo tipo se hace

en [30] donde se analiza la propagación ultrasónica con una distribución inhomogénea

de burbujas. En este caso las simulaciones están basadas en la técnica de los elementos

finitos. Otro ejemplo seŕıa el trabajo presentado en [31] donde se simula la interacción

del campo ultrasónico con las burbujas de cavitación con modelos basados en el método

de los volúmenes finitos.

Además de tener en cuenta las burbujas hay algunos aspectos respecto a las pare-

des de los recipientes donde se hacen los experimentos que deben ser tenidos en cuenta.

En algunos modelos se toman paredes como ŕıgidas sin tener en cuenta las deformacio-

nes que tienen lugar cuando el campo acústico interactúa con ellas. El método de los

elementos finitos, debido a sus propiedades, resulta muy útil para este tipo de enfoques.

Ejemplo de este tipo de estudios puede ser entre otros [32], donde se analiza el campo

acústico a través de la posición de ciertos objetos en el recipiente dando cuenta aśı de

los modos de vibración y de su dependencia en función de las condiciones de contorno.

Otro trabajo donde se calcula el campo de presión considerando la vibración de las

paredes del reactor y la atenuación de las burbujas es el presentado en [33]. Algunas

tendencias van en la dirección de tener en cuenta también la interacción del campo con

las deformaciones del transductor. Ejemplo de este enfoque es el trabajo [34], donde se

investiga teóricamente los fundamentos de la transformación de enerǵıa entre el ĺıquido

y el transductor asumiendo una vibración lineal de las burbujas.

Cuando los modelos lineales no son suficientes para describir la interación entre el

campo acústico y las vibraciones de la burbujas se hace necesario trabajar con modelos

que tengan en cuentan fenómenos no lineales. Un ejemplo es el trabajo presentado en

[35], donde se representa la propagación del campo ultrasónico en ĺıquidos con burbujas

mediante la resolución de la ecuación no lineal de ondas. Este modelo tiene en cuenta

la dinámica y la disipación de enerǵıa de la burbuja, la conservación de enerǵıa en

el ĺıquido y la atenuación no lineal de los ultrasonidos. Las simulaciones se obtienen

23



mediante el método de los elementos finitos. Otro de los enfoques más usados es el

modelo presentado en [7] en el cual se sostiene que las burbujas son la única fuente de no

linealidad. Se resuelven la ecuación no homogénea de ondas acoplada con una ecuación

de Rayleigh-Plesset que representa las oscilaciones de la burbujas. Ejemplos de este

enfoque son los trabajos [36-39], donde se utilizan modelos numéricos (principalmente

basados en el método de las diferencias finitas) para obtener la solución de la presión y

las variaciones de volumen de la burbujas. Es en este enfoque donde entran los trabajos

desarrollados en esta tesis.
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Garćıa, Simulation of the spatial distribution of the acoustic pressure in sonochemical

reactors with numerical methods: a review, Ultrason. Sonochem. 21 (2014) 909-919.
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Caṕıtulo 2

Modelo numérico para el estudio de

la frecuencia diferencia producida a

partir de la mezcla no lineal de

ondas ultrasónicas estacionarias en

ĺıquidos con burbujas

En este caṕıtulo se estudia el comportamiento de ondas ultrasónicas estacionarias

en ĺıquidos con burbujas en cavidades unidimensionales. Para este fin se desarrolla

un modelo numérico basado en el método de volúmenes finitos y el método de las

diferencias finitas. En este modelo se resuelve el sistema diferencial que acopla la presión

acústica con las vibraciones de la burbujas que viene descrito mediante la ecuación de

ondas y una ecuación de Rayleigh-Plesset.

Los resultados obtenidos permiten validar el nuevo modelo propuesto además de

observar los efectos f́ısicos debidos a la presencia de burbujas. Se estudia con detalle

la generación de armónicos (cuando se trabaja con fuentes mono-frecuenciales) como

función de las principales fuentes de no linealidad, amplitud de la fuente y cantidad

de burbujas presentes proponiendo leyes que rigen su generación. Además se examina

qué tamaños de resonadores son más eficientes a la hora de generar nuevas frecuencias
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dando como resultado longitudes proporcionales a media longitud de onda. Cuando

se trabaja con fuentes de dos frecuencias se investiga la frecuencia diferencia como

función de la amplitud de la fuente proponiendo una ley para su generación. También

se estudia su producción como función de las frecuencias fuente. Los resultados sugieren

una mejor respuesta para las frecuencias primarias situadas por debajo de la frecuencia

de resonancia de las burbujas. Este trabajo podŕıa ser útil para algunas aplicaciones

prácticas.

Se incluye la publicación en revista cient́ıfica (Factor de impacto JCR-ISI: 6,012)

cuya referencia es:

M.T. Tejedor Sastre, C. Vanhille, A numerical model for the study of the

difference frequency generated from nonlinear mixing of standing ultrasonic

waves in bubbly liquids, Ultrason. Sonochem. 34 (2017) 881-888.

30



��������� ��		
����
�	��������������
��	�
�
�

��������������������

�
������� 	
���!�	�
�
�"�#!�
$���� ���

31



��������� ��		
����
�	��������������
��	�
�
�

��������������������

�
������� 	
���!�	�
�
�"�#!�
$���� ���

32



A numerical model for the study of the difference frequency generated
from nonlinear mixing of standing ultrasonic waves in bubbly liquids

María Teresa Tejedor Sastre, Christian Vanhille ⇑
Universidad Rey Juan Carlos, Tulipán, s/n, 28933 Móstoles, Madrid, Spain

a r t i c l e i n f o

Article history:
Received 29 April 2016
Received in revised form 15 July 2016
Accepted 26 July 2016
Available online 27 July 2016

Keywords:
Ultrasound
Nonlinear acoustics
Bubbly liquids
Frequency mixing
Standing waves
Numerical simulations

a b s t r a c t

The aim of this paper is the study of the behavior of nonlinear standing ultrasonic waves in bubbly liquids
and the generation of the difference frequency by nonlinear mixing of several signals. To this end we pre-
sent a new numerical model based on the finite-volume method and the finite-difference method. This
model solves the differential system formed by the wave equation and a Rayleigh-Plesset equation cou-
pling the acoustic pressure field with the bubble vibrations. We consider a resonator filled with a bubbly
liquid excited by an ultrasonic pressure source. The numerical experiments presented here are performed
by modifying the source amplitude and frequency, the void fraction in the liquid, as well as the length of
the resonator. The results allow us to observe the physical effects due to the presence of the bubbles in
the liquid: nonlinearity, dispersion, attenuation. The nonlinear frequency mixing performed in the res-
onator is also evidenced. The amplitude of the generated difference frequency is studied as a function
of the pressure amplitude and for several primary frequencies. Our results suggest that a better response
is obtained for primary frequencies situated below the bubble resonance. They show a very high
difference-frequency amplitude response for a cavity resonant at one wavelength of the difference
frequency in the bubbly medium. This analyze could be useful for some practical applications.

� 2016 Elsevier B.V. All rights reserved.

1. Introduction

Industrial and medical applications of ultrasound can be
divided into two categories. Low intensity applications are
employed to obtain information about the medium in which the
wave travels. Nondestructive testing and diagnostic ultrasound
belong to this class. High intensity applications are employed to
produce permanent effects in the medium [1]. This group is used
in the framework of food industry (processing, preservation,
extraction) [2], medicine (ablation, therapy) [3], particle filtration
(agglomeration) [4], and chemical industry [5,6]. Acoustic waves
in this category are of high amplitudes and the propagation of
ultrasound is nonlinear in most fluids and solids [7]. The nonlinear-
ity of a medium is measured by evaluating its nonlinear parameter
[7]. A higher value of this parameter implies that lower intensity is
required to produce nonlinear propagation, i.e., to create nonlinear
distortion of the acoustic signal (existence of harmonics) and shock
waves.

A particular use of high power ultrasound is the nonlinear
frequency mixing [8,9]. This nonlinear effect has multiple

applications. It can be used in medicine in the context of medical
imaging [10], in industrial applications, such as the bubble detec-
tion and characterization [11–13], in underwater communication
[14] and in parametric arrays for generating a penetrating
low ultrasonic-frequency signal from two high frequency waves
(end-fire arrays) [8].

Bubbly liquids are very interesting media because a small
concentration of bubbles changes their acoustic properties. In
particular, the nonlinear parameter of the liquid is drastically
increased [6,15,16]. The propagation of ultrasonic waves produces
oscillations of the bubbles that become nonlinear at finite ampli-
tude and at the same time the oscillations of the bubbles produce
nonlinear effects of the acoustic field. These nonlinear effects are
associated to other phenomena due to the presence of the bubbles
in the liquid: dissipation and dispersion. This situation gives rise to
complex waves [6,16].

The production of a stable population of gas bubbles in a liquid
in which acoustic waves are propagating is not an easy task. It is
thus extremely difficult to obtain stable experimental measures
in bubbly liquids. Therefore, an intense endeavor has been carried
out lately in order to create numerical tools able to simulate the
ultrasonic propagation in such media [17]. Sáez et al. characterize
the ultrasonic field propagation in a 20 kHz sonoreactor [18]. They

http://dx.doi.org/10.1016/j.ultsonch.2016.07.020
1350-4177/� 2016 Elsevier B.V. All rights reserved.
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use the finite element method to solve the linear equation wave.
Klíma et al. study the geometric optimization of a 20 kHz sonore-
actor by using the element finite method [19]. They show that an
appropriate geometry can compensate the decrease in intensity
of the acoustic signal when the distance from the source is
increased. Sutkar et al. predict the cavitation activity in terms of
pressure field [20]. They solve the wave equation by taking into
account the damping effects (reflection, refraction and scattering),
modifying the density and sound speed in the medium. They use a
software based on the finite element method. Prosperetti develop a
linear model based on the Caflisch equations [21,22]. They take
into account the attenuation in the wave number. Dänke et al. sim-
ulate the three-dimensional distribution of a linear acoustic field in
a liquid with an inhomogeneous distribution of bubbles by using a
finite difference approach [23,24]. They assume a Gaussian distri-
bution of bubble sizes and a wave number that considers attenua-
tion. Nomura and Nakagawa analyze the pressure field inside an
ultrasonic cleaning vessel [25]. They use a boundary element
method to solve the wave equation considering the dissipation of
the bubbles. Yasui et al. use the finite element method to calculate
the pressure field by considering the vibration of the reactor walls
and the attenuation of the bubbles [26]. Vanhille and Campos-
Pozuelo characterize the acoustic field in a bubbly liquid by taking
into account the nonlinearity, dispersion, and dissipation in one,
two, and three dimensions [27–29].

Since the presence of bubbles in a liquid enhances the nonlinear
behavior of ultrasound, bubbly liquids are interesting media for all
the applications that require the nonlinear frequency mixing tech-
nique. Several studies have been carried out about this method in a
bubbly liquid. Zabolotskaya and Soluyan [30] study the generation
of harmonics and the creation of the sum and difference frequen-
cies theoretically. Kobelev and Sutin [31] perform a theoretical
and experimental study about the difference-frequency generation
with a continuous size distribution of bubbles. Druzhinin et al. [32]
analyze the low-frequency generation from two high-frequency
waves in a resonant bubble layer analytically and numerically.
Vanhille et al. [33] study the nonlinear frequency mixing in a
resonant cavity numerically.

New developments are necessary to progress in this field and to
get rid of the restrictions associate to the existing methods. In this
paper we develop a new numerical tool based on the finite-volume
method [34,35] and on the finite-difference method [35,36]. We
consider a system that couples the acoustic pressure with the
volume variation of the bubbles. We solve a set of differential
equations formed by the wave equation and a Rayleigh-Plesset
equation.

The objective of this work is to study the propagation of non-
linear ultrasonic waves in bubbly liquids by means of a new
numerical tool able to describe the particular effects due to the
oscillating bubbles on the acoustic field, and to analyze some
aspects of the nonlinear frequency mixing. After describing the
physical model and the development of the numerical model in
Section 2, some numerical experiments are presented in Section 3.
The results shown make it possible to validate the new model. A
comparison between linear and nonlinear data obtained at
infinitesimal and finite amplitudes, respectively, allows us to
highlight the nonlinear effects due to the presence of the bubbles
in the liquid and to study the distribution of the harmonic com-
ponents of the pressure wave in the cavity. A law is proposed for
the description of the second and third harmonics as a function
of the source amplitude and the bubble density. A study is car-
ried out by modifying the resonator length. The nonlinear mixing
of two frequencies in the cavity shows the generation of the dif-
ference frequency component. The amplitude of this created fre-
quency is studied versus the amplitude and the range of the two
driving frequencies.

2. Material and methods

2.1. Physical problem and mathematical model

We consider a resonator of length L filled with a bubbly liquid.
We suppose a homogeneous distribution of spherical gas bubbles
of the same size in the liquid. We study the nonlinear interaction
between the acoustic waves and the bubble oscillations. This inter-
action is described by a differential system that couples the acous-
tic pressure pðx; tÞ and the bubble volume variation vðx; tÞ ¼
Vðx; tÞ � v0g, where Vðx; tÞ is the current bubble volume,

v0g ¼ 4pR3
0g=3 is the initial bubble volume, R0g is its initial radius,

x is the one-dimensional space coordinate, and t is the time coor-
dinate [6,16,30]. The resonator is excited by a pressure source
placed at x ¼ 0 from time t ¼ 0 to t ¼ Tt. The differential system
is formed by the wave equation, Eq. (1), and the Rayleigh-Plesset
equation, Eq. (2):

@2p
@x2 �

1
c20l

@2p
@t2

¼ �q0lNg
@2v
@t2

; 0 < x < L; 0 < t < Tt; ð1Þ

@2v
@t2

þ dx0g
@v
@t

þx2
0gvþgp ¼ av2 þ b 2v

@2v
@t2

þ @v
@t

� �2
 !

;

0 6 x 6 L; 0 < t < Tt: ð2Þ
In these equations c0l is the sound speed in the liquid, q0l is the

density of the liquid at the equilibrium state, and Ng is the density

of the bubbles. d ¼ 4ml=ðx0gR
2
0gÞ is the viscous damping coefficient,

where ml is the cinematic viscosity of the liquid,

x0g ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3cgp0g=q0lR

2
0g

q
is the resonance frequency of the bubbles,

where cg is the specific heat ratio of the gas, p0g ¼ q0gc
2
0g=cg is its

atmospheric pressure, q0g is its density at the equilibrium state,
and c0g is the sound speed in the gas. g ¼ 4pR0g=q0l,
a ¼ ðcg þ 1Þx2

0g=ð2v0gÞ, and b ¼ 1=ð6v0gÞ are constants. We assume
that p and v are at rest at the outset by imposing the following
initial conditions:

pðx–0;0Þ ¼ 0; vðx;0Þ ¼ 0;
@p
@t

ðx–0;0Þ ¼ 0;
@v
@t

ðx;0Þ
¼ 0; 0 6 x 6 L: ð3Þ

Furthermore, we impose two boundary conditions that set the
free-reflector condition at x ¼ L:

pðL; tÞ ¼ 0; 0 6 t 6 Tt; ð4Þ

and the excitation of the system by a time-dependent pressure
source at x ¼ 0:

pð0; tÞ ¼ sðtÞ; 0 6 t 6 Tt: ð5Þ
This model considers that attenuation, dispersion, and nonlin-

ear phenomena are due to the bubbles only, and also assumes
the following physical restrictions [6,16,30]: bubbles are monopole
and have the same size, they are spherical and oscillate at their first
radial mode, their surface tension is neglected, they pulsate at
finite but moderate amplitude (collapse is not modeled), they do
not radiate sound themselves, the adiabatic gas law is used, and
their thermal damping is considered negligible. In addition, the
void fraction in the liquid must be much lower than one, and the
buoyancy, Bjerknes and viscous drag forces are not considered.
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2.2. Numerical model

The numerical model developed to solve the differential system
is a combination of the finite-difference method in the time
domain and the finite-volume method in the space dimension.

2.2.1. Approximation in the time domain (finite-difference method)
The time domain Tt is divided into M� 1 constant intervals of

duration s. Each time discretization point is denoted by
tj ðj ¼ 2; . . . ;M� 1Þ. The following equations are used to approxi-
mate the time derivatives that appear in Eqs. (1)–(3) (Fig. 1a):

@2pj

@t2
� pjþ1 � 2pj þ pj�1

s2
;

@2vj

@t2
� vjþ1 � 2vj þ vj�1

s2
;

@vj

@t

� vj � vj�1

s
;

@pj

@t
� pj � pj�1

s
: ð6Þ

The error in these approximations is Oðs2Þ for the second-order
derivatives and OðsÞ for the first-order derivative [35,36].

2.2.2. Approximation in the space dimension (finite-volume method)
The resonator length L is divided into N control volumes VC of

length h. The central point of each VC is denoted by
xi ði ¼ 1; . . . ;NÞ. The differential equations are integrated in each
VC. The following equations are used to approximate the integrals
that come from Eq. (1), where E and W indicate the east and west
sides of VC, respectively, and K is a generic constant (Fig. 1b):Z
VC

@2pi

@x2 dv ¼
Z E

W

@2pi

@x2 dx ¼ @p
@x

����
E
� @p

@x

����
W

� piþ1 � pi

h
� pi � pi�1

h
¼ piþ1 � 2pi þ pi�1

h
; ð7aÞ

Z
VC

Kdv ¼
Z E

W
Kdx ¼ Kh: ð7bÞ

The error in the approximation used in Eq. (7a) is OðhÞ [34,35].
The application of Eqs. (6) and (7) to Eqs. (1) and (2) is described

below. The first and last VC must consider specific applications of
Eq. (7a) to Eq. (1).

2.2.2.1. Generic volume. For any tj ðj ¼ 2; . . . ;M� 1Þ and any VC

ði ¼ 2; . . . ;N� 1Þ Eq. (1) yields, after multiplying by hs2:

h2

c20l
pi;jþ1�q0lNgh

2vi;jþ1 ¼ s2piþ1;jþs2pi�l;jþ2
h2

c20l
�s2

 !
pi;j�

h2

c20l
pi;j�1

�2q0lNgh
2vi;jþq0lNgh

2vi;j�1 j¼2; . . . ;M�1; i¼2; . . . ;N�1:

ð8Þ
After multiplying by s2, Eq. (2) yields:

2bvi;j � 1
� �

vi;jþ1 ¼ 1� dx0gs� bvi;j�1
� �

vi;j�1

þ �2þ dx0gsþx2
0gs

2
� 	

vi;j þgs2pi;j þ �as2 þ 3b
� �

v2
i;j

j ¼ 2; . . . ;M� 1; i ¼ 2; . . . ;N� 1

ð9Þ

2.2.2.2. First volume. The approximation for i ¼ 1 is (Fig. 1b):Z
VC

@2p1

@x2 dv ¼
Z E

W

@2 p1

@x2 dx ¼ @p
@x

����
E
� @p

@x

����
W

� p2 � p1

h
� p1 � P0

h=2
¼ p2 � 3p1 þ 2P0

h
; ð10Þ

where P0 is the pressure at x ¼ 0 (see Eq. (5)). Thus, Eq. (1) for the
first volume yields, after multiplying by hs2:

h2

c20l
p1;jþ1 � q0lNgh

2v1;jþ1 ¼ s2p2;j þ 2s2P0 þ 2
h2

c20l
� 3s2

 !
p1;j

� h2

c20l
p1;j�1 � 2q0lNgh

2v1;j þ q0lNgh
2v1;j�1

i ¼ 1; j ¼ 2; . . . ;M� 1 ð11Þ

2.2.2.3. Last volume. The approximation for i ¼ N is (Fig. 1b):Z
VC

@2pN

@x2 dv ¼
Z E

W

@2pN

@x2 dx ¼ @p
@x

����
E
� @p

@x

����
W

� PL � pN

h=2
� pN � pN�1

h
¼ 2PL � 3pN þ pN�1

h
; ð12Þ

where PL is the pressure at x ¼ L (see Eq. (4)). Thus, Eq. (1) for the
last volume yields, after multiplying by hs2:

h2

c20l
pN;jþ1 � q0lNgh

2vN;jþ1 ¼ 2s2PL þ s2pN�1;j þ ð2 h2

c20l
� 3s2ÞpN;j

� h2

c20l
pN;j�1 � 2q0lNgh

2vN;j þ q0lNgh
2vN;j�1 i ¼ N;

j ¼ 2; . . . ;M� 1:

ð13Þ
Therefore, Eqs. (8), (9), (11), and (13) form a system valid for all

i and j > 1. These equations are solved in the entire space domain
at each time step. At the end we obtain the acoustic pressure and
bubble volume variation values in the entire cavity at any time.

3. Results

This section shows several numerical experiments performed
by the model developed in Section 2 assuming the bubbly liquid
made of water and air bubbles: c0l ¼ 1500 m=s, c0g ¼ 340 m=s,

Fig. 1. (a) Finite-difference discretization of the time domain (subscript j). (b) Finite-volume discretization of the space domain (subscript i, control volume of center xi).

M.T. Tejedor Sastre, C. Vanhille / Ultrasonics Sonochemistry 34 (2017) 881–888 883

35



q0l ¼ 1000 kg=m3, q0g ¼ 1:29 kg=m3, and ml ¼ 1:43� 10�6 m2=s.
Section 3.1 presents results obtained by exciting the bubbly liquid
with a single frequency source. Only one resonator length is con-
sidered in Section 3.1.1. We show a comparison between the data
given in Ref. [27] and our results that allows us to validate our new
numerical model in Section 3.1.1.1. A comparison between linear
and nonlinear results is given in Section 3.1.1.2. This study allows
us to highlight the nonlinear effects due to the bubbles in the liq-
uid. Sections 3.1.1.3 and 3.1.1.4 analyze the effect of the amplitude
at the source and the bubble density on the generation of harmon-
ics. A physical law is proposed in each case for the second and the
third harmonics in the resonator. Different resonator lengths
are assumed in Section 3.1.2 to localize which of them allows the
enhancement of the second harmonic component. Section 3.2 pre-
sents results obtained by exciting the bubbly liquid with a two-
frequency source. We show the difference frequency generation
in Section 3.2.1. Sections 3.2.2 and 3.2.3 study the effect of the
amplitude and frequencies at the source on the generation of the
difference frequency. Note that the steady state is reached inside
the resonator in all the cases presented in this paper. It must also
be noted that the situation assumed in the numerical simulations
corresponds to the presence of stable oscillating bubbles that could
be obtained with a microbubble generator based on the introduc-
tion of gas into the liquid through a porous material, or could be
a ultrasound contrast agent microbubble suspension.

3.1. One frequency experiment

Air bubbles of radius R0g ¼ 4:5� 10�6 m are used. Their density

in the water is Ng ¼ 2� 1011 m�3 (except in Section 3.1.1.4). The
time-dependent function sðtÞ ¼ p0 sinðxf tÞ of amplitude p0 and fre-
quency f is used at the source in Eq. (5), where x ¼ 2pf. The driv-
ing frequency is set to f ¼ 200 kHz. The sound speed in the bubbly
liquid at f is cf ¼ 1002:2 m=s [16]. We consider Tt ¼ 200 T, where
T ¼ 1=f is the acoustic period. In this section we use s ¼ 1:25�
10�8 s, corresponding to 400 points per period, and h ¼ 1:96�
10�5 m, corresponding to 256 control volumes per wavelength.
These values ensure the convergence of the numerical solution.

3.1.1. Resonator length L = k / 4
The length of the resonant cavity is set to L ¼ k=4, where

k ¼ cf=f is the wavelength at frequency f in the bubbly liquid.

3.1.1.1. Validation of the model. We use our model with the param-
eter values employed in Ref. [27]. Qualitatively (pressure and
bubble volume variation field, waveforms) and quantitatively
(peak-to-peak pressure and bubble volume variation, rms pressure),
similar results are obtained with both models. For p0 ¼ 25 kPa, non-
linear behaviors are found, the maximum and minimum pressure
values obtained are respectively pmax ¼ 25:325 kPa and pmin ¼
�13:285 kPa. These values match the data observed in Fig. 4(a)
shown in Ref. [27]. This qualitative and quantitative agreement
validates our new model.

3.1.1.2. Comparison of linear and nonlinear regimes. We compare the
results obtained for two source amplitudes, p0 ¼ 1 Pa and
p0 ¼ 28:7 kPa, corresponding respectively to the linear and nonlin-
ear regimes [37].

The normalized pressure waveform at L=2 during two periods is
displayed in Fig. 2 for both driving amplitudes. The wave has sym-
metric compression and rarefaction pressures in the linear case.
However, in the nonlinear regime this symmetry does not exist.
Affected by the nonlinearity and the dispersion of the bubbly liq-
uid, the wave is sharpened for positive pressures and smoothed

Fig. 2. Waveform at L/2 during two periods. Linear ðp0 ¼ 1 PaÞ and nonlinear
ðp0 ¼ 28:7 kPaÞ regimes. R0g ¼ 4:5� 10�6 m, Ng ¼ 2� 1011 m�3, f ¼ 200 kHz,
L ¼ k=4.

Fig. 3. Distribution of harmonics. R0g ¼ 4:5� 10�6 m, Ng ¼ 2� 1011 m�3,
f ¼ 200 kHz, L ¼ k=4, p0 ¼ 28:7 kPa.

Fig. 4. Second (at L=2) and third (at 2L=3) harmonic amplitudes vs. source
amplitude. R0g ¼ 4:5� 10�6 m, Ng ¼ 2� 1011 m�3, f ¼ 200 kHz, L ¼ k=4.
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for negative pressure values. Amplitudes reach values slightly
higher than the source amplitude. There are not rarefaction values
below the minimum value at the source. The root mean square
pressure at L=2 is prms ¼ 0:51 Pa in the linear regime and
prms ¼ 15:755 kPa in the nonlinear regime.

Fig. 3 represents the frequency decomposition in the entire res-
onator in the highest amplitude case ðp0 ¼ 28:7 kPaÞ obtained after
applying a Fast Fourier Transform. Different shapes are observed
for each frequency. The fundamental frequency distribution is a
quarter wavelength. The second harmonic distribution almost fits
a half-wavelength form. The third harmonic distribution almost
matches the shape of a three-quarter wavelengths. The shapes of
the second and third harmonics are not exactly equal to half and
three-quarter wavelengths because sound speed is dispersive in
the bubbly liquid. The second harmonic reaches its maximum
amplitude near L=2. The third harmonic reaches its maximum
amplitude near 2L=3. This displacement of maxima at each differ-
ent harmonic component explains the slightly higher amplitudes
than the source amplitude observed in the previous paragraph.
Note that the generation of harmonic components only occurs at
high amplitude, i.e., the amplitude at the source is high enough
to excite the nonlinear behavior of the pressure signal through
the presence of the nonlinearly oscillating bubbles.

Note that, in relation to the model described in Ref. [27], the
code developed here permits the use of higher pressure amplitudes
at the source. This advantage is due to the use of the finite-volume
method and allows us lower CPU costs. This benefit should lead to
a better observation of nonlinear effects.

3.1.1.3. Influence of source amplitude on harmonic generation. The
amplitudes of the second and third harmonics have been calcu-
lated varying the amplitude at the source. They are shown in
Fig. 4. The second harmonic fits p2 ¼ 0:0094p2

0 þ 0:042p0 � 0:077

at L=2 and the third harmonic fits p3 ¼5:8�10�6p4
0�0:00017p3

0þ
0:0033p2

0�0:014p0þ0:0082 at 2L=3, where amplitudes are
expressed in kPa.

3.1.1.4. Influence of bubble density on harmonic generation. A change
of bubble density in the liquid modifies the acoustic characteristics
of the medium [6]. For Ng ¼ 2� 1011 m�3, corresponding to the
volumetric void fraction Vvf ¼ 0:0076%, the sound speed is
cf ¼ 1002:2 m=s and the attenuation coefficient is a ¼ 6:01 m�1.
For Ng¼3�109m�3, corresponding to Vvf ¼0:00011%, cf ¼1496:8
m=s and a ¼ 0:13 m�1. Namely, small changes in the volumetric
void fraction produce important changes on the acoustic properties
of the medium, such as the compressibility and nonlinearity, and

modifications occurs in the generation of harmonics. Fig. 5 shows
the amplitude of the second and third harmonics as a function of
bubble density for the source amplitude p0 ¼ 25 kPa. They fit
the following polynomials at L=2 and 2L=3, respectively, where
harmonic amplitudes are expressed in Pa and Ng

in mm�3, p2 ¼�3:46�10�10N6
g �2:57�10�7N5

g þ7:025�10�5N4
g

�0:0082N3
g þ0:31N2

g þ10:8Ng þ5979:2 and p3 ¼�5:96�10�10

N6
gþ4:44�10�7N5

g�0:00012N4
gþ0:016N3

g�0:92N2
gþ30:26Ng�75:83.

3.1.2. Other resonator lengths
We consider different cavity lengths, L ¼ nk=4, with

n ¼ 1;2;3;4, k ¼ cf=f is the wavelength at frequency f in the bub-
bly liquid. For each resonator length 64, 128, 192, and 256 control
volumes are used, respectively.

The generation of the second harmonic is studied in the four
resonators. The objective of this study is to know the optimum
resonator length that makes it possible to obtain the highest
second-harmonic amplitude. Fig. 6 displays the fundamental and
second-harmonic amplitude distributions for p0 ¼ 1 kPa. Lengths
defined by odd multiples of k=4 imply maximum amplitudes of
12.4 Pa (Fig. 6(a)) and 7.6 Pa (Fig. 6(b)), i.e., 1.24% and 0.76% of
the source amplitude. When resonator lengths of even multiples
of k=4 are employed, maximum amplitudes of 1.794 kPa (Fig. 6
(c)) and 1.849 kPa (Fig. 6(d)) are found, i.e., 179.4% and 184.9% of
the source amplitude. With the use of lengths of odd multiples of
k=4, since Eq. (4) is assumed, the source acts as an anti-node that
imposes the maximum pressure value reached in the resonator.
However, by using even multiples of k=4 to define the cavity
length, Eq. (4) implies that the source point behaves like a node
that does not set the maximum pressure value the wave can reach
in the resonator. Therefore, resonators of even multiple of k=4 are
much more adequate to obtain large harmonic amplitude.

3.2. Two frequency experiment

The density Ng ¼ 5� 1011 m�3 of air bubbles of radius

R0g ¼ 2:5� 10�6 m is considered in the water. The time-
dependent source function is defined here by sðtÞ ¼ p0 sinðx1tÞþ
p0 sinðx2tÞ in Eq. (5), in which p0 is the amplitude, f1 and f2 are
the primary frequencies chosen to generate the difference
frequency fd ¼ f2 � f1, x1 ¼ 2pf1, and x2 ¼ 2pf2. We set
fd ¼ 200 kHz and Tt ¼ 400Td, where Td ¼ 1=fd is the acoustic
period at fd. f1 ¼ 700 kHz and f2 ¼ 900 kHz, except in Section 3.2.3.

The results obtained in Section 3.1.2 suggest the use of a reso-
nant cavity of length L ¼ kd to enhance the difference-frequency

Fig. 5. (a) Second (at L=2) and (b) third (at 2L=3) harmonic amplitudes vs. bubble density. R0g ¼ 4:5� 10�6 m, f ¼ 200 kHz, L ¼ k=4, p0 ¼ 25 kPa.
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amplitude, where kd ¼ cd=fd is the wavelength and cd ¼ 1223 m=s
is the sound speed in the bubbly liquid at fd [16].

In this section the discretization is defined by
s ¼ 3:125� 10�8 s and h ¼ 4:777� 10�5 m to ensure the conver-
gence of the numerical solution, i.e., 160 points per period and
128 control volumes are employed.

3.2.1. Generation of difference frequency
Fig. 7 represents the frequency decomposition in the entire res-

onator for p0 ¼ 14 kPa obtained after applying a Fast Fourier Trans-
form. The maximum amplitude pd of the generated difference

frequency fd is 15.73 kPa obtained at 3L=4. It corresponds to
110% of the source amplitude. The sum frequency fs ¼ f1 þ f2
reaches its maximum amplitude of 4.63 kPa at 0.001 m, corre-
sponding to 33% of the source amplitude. These differences are
due to the dispersive character of attenuation that affects the dif-
ference and the sum frequencies differently, a ¼ 2:83 m�1 at fd
and a ¼ 3162:9 m�1 at fs. The source frequencies are also affected
by attenuation in different ways, a ¼ 58:71 m�1 at f 1 and
a ¼ 157:67 m�1 at f2. It can also be seen that the f2 component
loses much more energy than the f1 component in the cavity when
the fd component is created. In addition to attenuation considera-
tions given above, this result suggests that during the nonlinear
mixing process most of the energy gained by fd comes from f2.

3.2.2. Influence of source amplitude on difference frequency amplitude
The maximum amplitude pd of the difference frequency

obtained in the cavity at 3L=4 is studied as a function of the source
amplitude p0. The result is represented in Fig. 8. It fits the following
polynomial, in which pd and p0 are expressed in kPa,
pd ¼ 0:0017p4

0 � 0:0549p3
0 þ 0:5042p2

0 þ 37:53p0 � 0:0590. Two
different phases are observed: when p0 rises from 0 to 7 kPa pd

grows rapidly; when p0 is raised from 7 kPa pd grows slower and
slower and seems to reach a saturation behavior.

3.2.3. Influence of source frequency values on difference frequency
amplitude

This section studies the influence of the localization of the pri-
mary frequencies on the maximum amplitude pd values of the dif-
ference frequency. The source amplitude is set at p0 ¼ 8 kPa. Fig. 9
shows pd at 3L=4 as a function of the half-sum of the source
frequencies, ðf1 þ f2Þ=2. For frequencies below the peak of

Fig. 6. Distribution of harmonics for different resonator lengths. R0g ¼ 4:5� 10�6 m, Ng ¼ 2� 1011 m�3, f ¼ 200 kHz, L ¼ nk=4 ðn ¼ 1;2;3;4Þ, p0 ¼ 1 kPa. Top diagrams (odd
numbers): (a) n ¼ 1, (b) n ¼ 3. Bottom diagrams (even numbers): (c) n ¼ 2, (d) n ¼ 4.

Fig. 7. Distribution of frequency components. R0g ¼ 2:5� 10�6 m, Ng ¼ 5�
1011 m�3, f1 ¼ 700 kHz, f2 ¼ 900 kHz, L ¼ kd, p0 ¼ 14 kPa.
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attenuation, i.e., between 0.5 and 1 MHz (Fig. 9(a)), the response of
the system is high and we obtain a good efficiency in the
difference-frequency generation because the attenuation affecting
the wave is small (Fig. 10(b)) and the compressibility of the bubbly

liquid is high (Fig. 10(c)). The highest amplitude is obtained for
f1 ¼ 0:7 MHz and f2 ¼ 0:9 MHz: pd ¼ 12:350 kPa, which means a
value equal to 154% of the source amplitude. For frequencies above
the peak of attenuation, i.e., over 1.4 MHz (Fig. 9(b)), the response
of the system is lower and we obtain a smaller efficiency of the
generation process because the compressibility is small (Fig. 10
(c)). The smallest response is pd ¼ 997 Pa, 12% of the source ampli-
tude, corresponding to f1 ¼ 1:4 MHz and f 2 ¼ 1:6 MHz. This value
matches the frequency range for which the compressibility of the
medium is minimum (Fig. 10(c)). Note that for source frequencies
around the bubble resonance, fr ¼ 1:347 MHz, the compressibility
is very high and no data have been obtained with the model.

Our new numerical model allows us to increase the source
amplitude to higher values than other models found in the litera-
ture, in particular in relation to the finite-difference based model
in Ref. [27], which is useful to observe nonlinear phenomena. Fur-
thermore, comparing to the finite-difference techniques, the
expansion to problems with higher space dimensions and involv-
ing other kinds of boundary conditions is made easier by the use
of the finite-volume method, which is helpful to perform more
complex developments and studies in the future. These benefits
are possible because the method integrates the differential equa-
tions after dividing the whole domain in control volumes and
imposes the continuity of variables between adjacent control
volumes by interpolation.

Fig. 9. Difference frequency amplitude at 3L=4 vs. localization of the primary frequencies ððf1 þ f2Þ=2Þ. (a) ððf1 þ f2Þ=2Þ < fr, (b) fr < ððf1 þ f2Þ=2Þ. R0g ¼ 2:5� 10�6 m,
Ng ¼ 5� 1011 m�3, L ¼ kd, p0 ¼ 8 kPa.

Fig. 10. Dispersion curves of sound speed (a), attenuation coefficient (b), and compressibility (c). R0g ¼ 2:5� 10�6 m, Ng ¼ 5� 1011 m�3.

Fig. 8. Difference frequency amplitude at 3L=4 vs. source amplitude.
R0g ¼ 2:5� 10�6 m, Ng ¼ 5� 1011 m�3, f1 ¼ 700 kHz, f2 ¼ 900 kHz, L ¼ kd.
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It is worth noting that the difference-frequency amplitude
obtained in this paper is much higher than the ones found in other
studies of this phenomenon in bubbly liquids [30–33].

4. Conclusions

The numerical model developed here, based on a combination
of the finite-volume and the finite-difference methods, allows us
to study nonlinear ultrasonic standing waves in bubbly liquids. A
differential system that models the interaction of acoustic pressure
and bubble oscillations in a resonator has been solved. The numer-
ical experiments shown here consider different amplitudes, fre-
quencies, void fractions (bubble density or size), and resonator
lengths. Nonlinearity, dispersion, and attenuation due to the bub-
bles have been observed. We have studied the generation of new
frequencies in the resonator as a result of the nonlinear mixing
of two primary ultrasonic signals. The behavior of the difference-
frequency amplitude has been analyzed as a function of several
parameters. The results obtained here suggest the use of primary
frequencies located below the bubble resonance in a resonator
whose length is set at one wavelength of the difference frequency
in the bubbly medium to improve the frequency mixing response
of the system. This study could be useful for some applications.
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Caṕıtulo 3

Modelos numéricos para el estudio

de la mezcla no lineal de

frecuencias en cavidades resonantes

bi y tridimensionales llenas de un

ĺıquido con burbujas

Este caṕıtulo se estudia el comportamiento de ondas ultrasónicas estacionarias en

ĺıquidos con burbujas en geometŕıas bidimensionales y tridimensionales que permitan

el acercamiento a la realidad del problema f́ısico que nos concierne en esta tesis. Este

comportamiento se describe a partir de modelos matemáticos formados por la ecuación

de ondas y una ecuación de Rayleigh-Plesset que relacionan la presión acústica con

las vibraciones de las burbujas en dos y tres dimensiones respectivamente. Para ello se

desarrollan modelos numéricos capaces de simular este comportamiento. Los modelos

están basados en el método de los volúmenes finitos en las dimensiones espaciales y de

las diferencias finitas en el dominio temporal.

Los experimentos numéricos se realizan para modos complejos en muchas cavida-

des diferentes considerando diferentes tipos de condiciones de contorno y aprovechando

el carácter dispersivo del ĺıquido con burbujas para que coincida con las resonancias
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espećıficas de las cavidades. Los resultados permiten estudiar la generación de armóni-

cos (con fuentes de una frecuencia) y la frecuencia diferencia (con fuentes de dos fre-

cuencias) con distintos tipos de condiciones de contorno. Los modelos desarrollados

muestran una enorme flexibilidad a la hora de simular cualquier tipo de geometŕıa.

Se incluye la publicación en revista cient́ıfica (Factor de impacto JCR-ISI: 6,012)

cuya referencia es:

M.T. Tejedor Sastre, C. Vanhille, Numerical models for the study of the

nonlinear frequency mixing in two an three-dimensional resonant cavities

filled with a bubbly liquid, Ultrason. Sonochem. 39 (2017) 597-610.
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A B S T R A C T

The objective of this work is to develop versatile numerical models to study the nonlinear distortion of
ultrasounds and the generation of low-ultrasonic frequency signals by nonlinear frequency mixing in two and
three-dimensional resonators filled with bubbly liquids. The interaction of the acoustic field and the bubble
vibrations is modeled through a coupled differential system formed by the multi-dimensional wave equation and
a Rayleigh-Plesset equation. The numerical models we develop are based on multi-dimensional finite-volume
techniques and a time discretization carried out by finite differences. Numerical experiments are performed for
complex modes in many different cavities considering different kinds of boundary conditions and taking
advantage of the dispersive character of the bubbly fluid to match specific resonances of the cavities. Results
show the distribution of fundamental and harmonics for single frequency excitation and difference-frequency
component for two-frequency excitation that are promoted by the strong nonlinearity of the bubbly medium.
The numerous simulations analyzed suggest that the new numerical models developed and proposed in this
paper are useful to understand the behavior of ultrasounds in bubbly liquids for sonochemical processes and
applications of nonlinear frequency mixing.

1. Introduction

The nonlinear propagation of power ultrasound in homogeneous
and multiphasic media, fluids and solids, has been the topic of many
works in the last decades [1,2]. The nonlinear effects on the acoustic
field are visible through the harmonic distortion that can lead to the
formation of shock waves, the generation of sub and super-harmonics,
and the mixing of all these components [3,4]. These nonlinear features
induce phenomenon useable in many different applications [2]. Bubbly
liquids are biphasic media that have a very high nonlinear acoustic
parameter [3–5]. A small amount of gas bubbles in a homogeneous
liquid modifies its compressibility and makes this parameter be several
orders of magnitude higher [3–6]. These media are thus very interest-
ing in several applications for which bubbles are required or cavitation
is present [7,8]. Other physical properties of the liquid are changed by
adding bubbles [3–5]. Besides compressibility, sound speed and
attenuation acquire a dispersive character that depends on the bubble
resonance. Bubbly liquids have been the subject of many theoretical
and applied researches in recent years [3,9,10]. Several studies have
been carried out in this framework to characterize the acoustic field in
sonoreactors [11], by taking into account different aspects such as the
geometry [12], attenuation [13–15], inhomogeneous distribution of

bubbles [16], wall vibrations [17], nonlinearity [18–20].
The formation of the sum and difference-frequency signals by

nonlinear mixing of two primary waves was described in [21,22].
Applications of this phenomenon are based on the high directivity and
low attenuation of the difference frequency component, in underwater
communication or nondestructive testing [23–25]. Frequency mixing
can be used to detect and characterize bubbles [26–28] in disciplines as
diverse as the safety in aerospace or nuclear industry.

Several experimental works and theoretical studies in one-dimen-
sional space have been carried out to analyze the harmonic generation
and frequency mixing in bubbly liquids. Zabolotskaya and Soluyan [29]
analyze theoretically the emission of harmonics and combination of
frequencies. Kovelev and Sutin [30] study theoretically and experimen-
tally the difference-frequency sound generation in a liquid containing
bubbles of different sizes. Druzhinin et al. [31] explore the low-
frequency generation through a resonant bubble layer analytically
and numerically. Ma et al. [32] examine theoretically and experimen-
tally the difference-frequency generation from microbubbles. Vanhille
et al. [18,33,34] analyze numerically the harmonic generation and
difference frequency in several configurations. Some multidimensional
studies exist in the literature about harmonic distortion [19,20] and
frequency mixing [35]. It must be noted that, unlike what is performed
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here, this latest does not consider resonant cavities.
Obtaining experimental data from the propagation of ultrasound in

a liquid with a stable population of gas bubbles is not straightforward.
On the other hand, a lack of versatile multidimensional numerical
models for the study of nonlinear ultrasound in bubbly liquids exists in
the literature. This deficiency limits the possibility to progress in the
understanding of both the nonlinear distortion and the frequency
mixing in realistic configurations. Moreover, as Tudela et al. point
out [36], the design of more efficient sonoreactors requires more
accurate models able to simulate different realistic multidimensional
acoustic modes. It is thus necessary to develop new models able to go
forward in this direction.

In this paper we present new versatile multidimensional tools able
to simulate the nonlinear effects (harmonic generation, frequency
mixing) that take place in cavities filled with bubbly liquids in different
configurations. We develop several numerical models, based on the
finite-difference method [37,38] in time domain and on the finite-
volume method [38,39] in space dimensions, to solve the differential
system formed by the wave equation and a Rayleigh-Plesset equation.
These equations model the nonlinear coupling between the acoustic
field and the bubble vibrations. The main reason to use the finite-
volume method is the possibility to increase the number of dimension
easily and the straightforward implementation of boundary conditions.
This advantage is due to the integration of the differential system after
dividing the entire space domain in small control volumes and imposing
the continuity of variables between adjacent control volumes by
interpolation.

The objective of this work is to study the harmonic and the
difference frequency generation in different multidimensional config-
urations. In Section 2.1 we present the physical problem treated here. In
Section 2.2 we describe the mathematical problem for three geometries
with different boundary conditions both in two (Section 2.2.1) and
three (Section 2.2.2) dimensions. Section 2.3 presents the discretized
equations corresponding to each mathematical problem and geometry.
In Section 3 we present the results obtain from multiple simulations of
complex modes in all the cases developed in Section 2. Our models are
suitable to observe the nonlinear distortion of ultrasounds and the
generation of the difference frequency produced by nonlinear fre-
quency mixing. Both could be useful in sonochemistry and in applica-
tions of the difference-frequency component.

2. Material and methods

2.1. Physical problem

We consider a mixture of water and air bubbles in different kinds of
resonant cavities. We suppose spherical bubbles that are evenly
distributed in the liquid. For a given mixture, these bubbles are of the
same size. The system is excited by a continuous pressure source at one
or two frequencies. We study the nonlinear mutual interaction between
the pressure field and the bubble vibrations for different geometries and
assuming several types of initial and boundary conditions (Dirichlet and
Neumann). This problem is set out in two and three-dimensional
configurations, and modeled through the corresponding differential
systems in Sections 2.2.1 and 2.2.2, respectively.

It must be noted that the model developed here considers the
nonlinear interaction of ultrasound and bubble vibrations by assuming
one bubble size in each experiment, and neglects the Bjerknes forces of
the acoustic field on bubbles.

2.2. Mathematical problem

2.2.1. Two-dimensional resonant cavity
We consider a cavity of dimensions L (y)−L (y)2 1 in the x-direction

and Ly in the y-direction, where (x,y) are the two-dimensional
coordinates. The interaction between the acoustic pressure p(x,y,t)

and the volume variation of the bubbles v(x,y,t) = V(x,y,t)−v0g, where
v = 4πR /30g 0g

3 is the initial volume of the bubbles, R0g is their initial
radius, and t is the time coordinate, is described by the following
differential system [3–5]:

+ − = −ρ N ,

L (y) < x< L (y), 0 < y< L , 0 < t< T ,

l
∂ p
∂x

∂ p
∂y

1
c

∂ p
∂t 0 g

∂ v
∂t

1 2 y t

l

2

2

2

2
0
2

2

2

2

2

(1)

+ δω + ω v+ η p= av + b(2v + ( ) ),

L (y) ⩽ x⩽ L (y) , 0 ⩽ y⩽ L , 0 < t< T .
t

∂ v
∂t 0g

∂v
∂t 0g

2 2 ∂ v
∂t

∂v
∂

2

1 2 y t

2

2

2

2

(2)

Eq. (1) is the wave equation, where c0l and ρ0l are the sound speed
and the density at the equilibrium state of the liquid. Ng is the density of
bubbles. Eq. (2) is a Rayleigh-Plesset equation, where δ = 4ν /(ω R )l 0g 0g

2 is
the viscous damping coefficient of the bubbly fluid, in which νl is the
cinematic viscosity of the liquid, Rω = 3γ p /ρ0g g 0g 0l 0g

2 is the resonance
frequency of the bubbles, for which γg is the specific heats ratio of the
gas, p = ρ c /γ0g 0g 0g

2
g is its atmospheric pressure, ρ0g and c0g are the density

and sound speed at the equilibrium state in the gas. The parameters
η = 4πR /ρ0g 0l, a= (γ + 1)ω /(2v )g 0g

2
0g , and b= 1/(6v )0g are constants. The

experiment is performed until time Tt is reached.
We suppose that the bubbles are at rest in the unperturbed liquid

when the experiment starts:

p(x,y,0) = 0, v(x,y,0) = 0, (x,y,0) = 0, (x,y,0) = 0,
L (y) ⩽ x⩽ L (y) , 0 ⩽ y⩽ L .

∂p
∂t

∂v
∂t

1 2 y (3)

2.2.1.1. Rectangular cavity. We consider that L (y) = 01 and L (y) = L2 x
is a constant (Fig. 1a and b). The pressure source s(t) is placed at y= 0:

p(x,0,t) = s(t), 0 < x< L , 0 ⩽ t⩽ T .x t (4)

2.2.1.1.1. Rectangular cavity with free walls. We impose a free-wall
condition at the other boundaries of the cavity:

p(0,y,t) = p(x,L ,t,) = p(L ,y,t) = 0, 0 ⩽ x⩽ L , 0 < y⩽ L , 0 ⩽ t⩽

T .
y x x y

t (5)

2.2.1.1.2. Rectangular cavity with rigid walls. We impose a free-wall
condition at y= Ly and a rigid-wall condition at x= 0 and x= Lx:

p(x,L ,t) = 0, 0 ⩽ x⩽ L , 0 ⩽ t⩽ T ,y x t (6)

∂p
∂x

(0,y,t) = ∂p
∂x

(L ,y,t) = 0, 0 < y⩽ L , 0 ⩽ t⩽ T .x y t (7)

2.2.1.2. Trapezoidal cavity with free walls. We consider that
L (y) = yL /4L1 x y and L (y) = L −yL /4L2 x x y (Fig. 1c). The pressure source
s(t) is placed at y= Ly and we impose a free-wall condition at the other
boundaries of the cavity:

p(x,L ,t) = s(t), L /4 < x< 3L /4, 0 ⩽ t⩽ T ,y x x t (8)

p(yL /4L ,y,t) = p(x,0,t) = p(L −yL /4L ,y,t) = 0,
0 ⩽ x⩽ L , 0 ⩽ y< L , 0 ⩽ t⩽ T .

x y x x y

x y t (9)

2.2.1.3. Horn cavity with rigid walls. We consider that
L (y) = L /4 y/L1 x y and L (y) = L −L /4 y/L2 x x y (Fig. 1d). The pressure
source s(t) is placed at y= Ly. We impose a free-wall condition at y= 0
and a rigid-wall condition at the other boundaries of the cavity:

p(x,L ,t) = s(t), L /4 < x< 3L /4, 0 ⩽ t⩽ T ,y x x t (10)

p(x,0,t) = 0, 0 ⩽ x⩽ L , 0 ⩽ t⩽ T ,x t (11)

∂p
∂x

(L /4 y/L ,y,t) = ∂p
∂x

(L −L /4 y/L ,y,t) = 0 , 0 ⩽ y< L , 0 ⩽ t⩽

T .

x y x x y y

t (12)
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Fig. 1. Schematic representation of the cavities and mode shapes. Two-dimensional resonators: (a) Rectangular cavity with free walls and mode (1, 1); (b) Rectangular cavity with rigid
walls and mode (0, 2); (c) Trapezoidal cavity with free walls and mode (1, 1); (d) Horn cavity with rigid walls and mode (0, 2). Three-dimensional resonators: (e) Cylindrical cavity with
free walls and mode (1, 1); (f) Cylindrical cavity with rigid walls and mode (0, 2); (g) Truncated cone cavity with free walls and mode (1, 1); (h) Horn cavity with rigid walls and mode (0,
2).
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2.2.2. Three-dimensional resonant cavity
We assume a symmetry of the problem around the z-axis in the

three-dimensional space (x,y,z) that allows us to reduce the problem and
use the cylindrical coordinates (r,z). We consider a cavity of length L (z)2
in the r-direction and Lz in the z-direction. The interaction between the
acoustic pressure p(r,z,t) and the volume variation of the bubbles
v(r,z,t) = V(r,z,t)−v0g is modeled by the wave equation, Eq. (13), and
the Rayleigh-Plesset equation, Eq. (14), written in cylindrical coordi-
nates [3–5]:

ρ∂ p
∂r

+ 1
r

∂p
∂r

+ ∂ p
∂z

− 1
c

∂ p
∂t

= − N ∂ v
∂t

, 0 < r< L (z), 0 < z< L ,

0 < t< T ,
l

l

2

2

2

2
0
2

2

2 0 g
2

2 2 z

t (13)

( )( )δω ω η+ + v+ p= av + b 2v + ,

0 ⩽ r⩽ L (z), 0 ⩽ z⩽ L , 0 < t< T .

∂ v
∂t 0g

∂v
∂t 0g

2 2 ∂ v
∂t

∂v
∂t

2

2 z t

2

2

2

2

(14)

The symbols used in this system are identical to the ones used in
Eqs. (1) and (2). We also suppose that at the onset of the experiment no
wave affects the fluid and the bubbles are at rest:

p(r,z,0) = 0, v(r,z,0) = 0, (r,z,0) = 0, (r,z,0) = 0 ,
0 ⩽ r⩽ L (z) , 0 ⩽ z⩽ L .

∂p
∂t

∂v
∂t

2 z (15)

2.2.2.1. Cylindrical cavity. We consider that L (z) = L2 r is constant
(Fig. 1e and f). The pressure source s(t) is placed at z= 0. We use the
axial symmetry condition to obtain the three-dimensional solution of
the problem:

p(r,0,t) = s(t), 0 < r< L , 0 ⩽ t⩽ T ,r t (16)

t∂p
∂r

(0,z, ) = 0, 0 ⩽ z⩽ L , 0 < t⩽ T .z t (17)

2.2.2.1.1. Cylindrical cavity with free walls. We consider a free-wall
condition at the other boundaries of the cavity:

p(r,L ,t) = p(L ,z ,t) = 0, 0 ⩽ r⩽ L , 0 < z⩽ L , 0 ⩽ t⩽ T .z r r z t (18)

2.2.2.1.2. Cylindrical cavity with rigid walls. We impose a free-wall
condition at z= Lz and a rigid-wall condition at r= Lr:

p(r,L ,t) = 0, 0 ⩽ r⩽ L , 0 ⩽ t⩽ T ,z r t (19)

∂p(L ,z ,t)
∂r

= 0, 0 < z⩽ L , 0 ⩽ t⩽ T .r
z t (20)

2.2.2.2. Truncated cone with free walls. We consider that
L (z) = L −zL /2L2 r r z (Fig. 1g). The pressure source s(t) is placed at
z= Lz. We impose a free-wall condition at the other boundaries of the
cavity:

p(r,L ,t) = s(t), 0 < r< L /2, 0 ⩽ t⩽ T ,z r t (21)

p(L −zL /2L ,z,t) = p(r,0,t) = 0,
0 ⩽ r⩽ L , 0 < z⩽ L , 0 ⩽ t⩽ T .

r r z

r z t (22)

2.2.2.3. Horn cavity with rigid walls. We consider that
L (z) = L −L /2 z/L2 r r z (Fig. 1h). The pressure source s(t) is placed at
z= Lz We impose a free-wall condition at z= 0 and a rigid-wall
condition at r= L −L /2 z/Lr r z :

p(r,L ,t) = s(t), 0 < r< L /2, 0 ⩽ t⩽ T ,z r t (23)

p(r,0,t) = 0, 0 ⩽ r⩽ L , 0 ⩽ t⩽ T ,r t (24)

∂p(L −L /2 z/L ,z ,t)
∂r

= 0, 0 < z⩽ L , 0 ⩽ t⩽ T .r r z
z t (25)

2.3. Numerical model

To solve the mathematical problems exposed in Section 2.2, we
develop several numerical models that are inspired by the one-dimen-
sional method developed in [34]. The increase of the space dimensions
(two and three) and the consideration of new initial and boundary
conditions (Dirichlet and Neumann) require specific developments.

2.3.1. Time approximations
A finite-difference technique is developed in the time domain. The

total time Tt is divided into R−1 intervals of duration τ. Each time point
is denoted by t ( k= 2,…,R−1)k (Fig. 2a). The following equations are
used to approximate the time derivatives that appear in Eqs. (1), (2),
(13), and (14).

τ t τ τ
∂ p
∂t

≈
p −2p + p

, ∂ v
∂

≈ v −2v + v , ∂v
∂t

≈ v −v ,
∂p
∂t

≈
p −p

τ
.

2
k

2
k+1 k k−1

2

2
k

2
k+1 k k−1

2
k k k−1 k

k k−1
(26)

We use these approximations in all the models described in Sections
2.2.1 and 2.2.2. The error is O(τ )2 for the second-order derivatives and
O(τ) for the first-order derivatives.

Fig. 2. (a) Finite-difference discretization of the time domain (subscript k). (b) Finite volume discretization of the space domain. Subscript i is valid for the x dimension in Section 2.3.2.1
and for the r dimension in Section 2.3.2.2. Subscript j is valid for the y dimension in Section 2.3.2.1 and for the z dimension in Section 2.3.2.2.
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2.3.2. Space approximations
We develop a finite-volume model to approximate the space

dimensions.

2.3.2.1. Two-dimensional resonant cavity. We divide the cavity in N× M
control volumes VC of dimensions h in the x-direction and s in the y-
direction. We denote the central point of each VC by x ( i= 1,…,N)i and
y ( j= 1,…,M)j . The differential equations are integrated over each VC.
The following equations approximate the integrals that come from Eqs.
(1) and (2), where Ea, We, No, and So indicate the East, West, North
and South sides of VC, respectively, and K is a generic constant
(Fig. 2b):

⎜ ⎟
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∫ ∫ ∫Kdv = Kdxdy ≈ Khs .
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No

C (29)

The error in theses equations is O(h,s) .

2.3.2.2. Three-dimensional resonant cavity. We divide the cavity in
N× M control volumes VC of dimensions h in the r-direction and s in
the z-direction. We denote the central point of each control volume by
r ( i= 1,…,N)i and by z ( j= 1,…,M)j . The differential equations are
integrated over each VC. The following equations are used to
approximate the integrals that come from Eqs. (13) and (14), where
Ea, We, No, and So indicate the East, West, North, and South sides of
VC, respectively, and K is a generic constant (Fig. 2b):
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The error in theses equations is O(h,s) .

2.3.3. Discretized equations
The space and time approximations given in Sections 2.3.1 and

2.3.2 are applied to the differential equations of Section 2.2, leading to
an explicit numerical scheme in both the two and the three-dimensional
configurations.

2.3.3.1. Two-dimensional case. Applying the approximations given
above, Eqs. (26)–(29), to Eqs. (1) and (2) we obtain the following
equations for any control volume (i,j) and any tk ( k= 2,…,R−1):
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where A, B, C, D, E, F in Eq. (33) take different values that depends on
the geometry of the cavity and whether VC is on the boundary of the
cavity or not. Equation (34) is common to all geometries and VC.

2.3.3.2. Three-dimensional case. Applying the approximations given
above, Eqs. (26), (30–32), to Eqs. (13) and (14) we obtain the
following equation for any control volume (i,j) and any tk

( k= 2,…,R−1):
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where A, B, C, D, E, F in Eq. (35) take different values that depends on
the geometry of the cavity and whether VC is on the boundary of the
cavity or not. Eq. (34) remains unchanged.

2.3.4. Specific cavities
All the resonant cavities used in Section 3 require a specific

numerical development.

2.3.4.1. Two-dimensional cavities
2.3.4.1.1. Rectangular cavity. The equations of Table 1 and Eq. (34)

allows us to solve the acoustic pressure and volume variation in the
whole rectangular cavity in each time step. The valid values for the
rectangular cavity are the parameters of Table 1. Note that the values
appearing in bold font in column E are only valid with free walls
(Section 2.2.1.1.1), whereas italic font is used with rigid walls (Section
2.2.1.1.2).

2.3.4.1.2. Trapezoidal cavity with free walls. The system formed by
the equations of Table 2 and Eq. (34) allows us to solve the total
pressure and volume variation in the whole cavity in each time step.

2.3.4.1.3. Horn cavity with rigid walls. The system formed by the
equations of Table 3 and Eq. (34) allows us to solve the total pressure

Table 1
Parameters for the rectangular cavity in Eq. (33).

A B C D E F

i= 1 , j= 1 1 0 1 2s(t)/pi,j−1,k 3 1 3

i= 1 , j= M 1 0 0 1 3 1 3
i= 1 , j= (2,…,M−1) 1 0 1 1 3 1 2
i= N, j= 1 0 1 1 2s(t)/pi,j−1,k 3 1 3

i= N, j= M 0 1 0 1 3 1 3
i= N,j = (2,...,M−1) 0 1 1 1 3 1 2
i= (2,...,N−1),j = 1 1 1 1 2s(t)/pi,j−1,k 2 3

i= (2,...,N−1),j = M 1 1 0 1 2 3
i= (2,...,N−1),j = (2,...,M−1) 1 1 1 1 2 2
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and volume variation in the whole cavity in each time step.

2.3.4.2. Three-dimensional resonant cavity
2.3.4.2.1. Cylindrical cavity. The system formed by the equations of

Table 4 and Eq. (34) allows us to solve the total pressure and volume
variation in the whole cylindrical cavity in each time step. The valid
values for the cylindrical cavity are the parameters of Table 4. Note that
the values appearing in bold font in column E are only valid with free
walls (Section 2.2.2.1.1), whereas italic font is used with rigid walls
(Section 2.2.2.1.2).

2.3.4.2.2. Truncated cone with free walls. The system formed by the
equations of Table 5 and Eq. (34) allows us to solve the total pressure
and volume variation in the whole cavity in each time step.

2.3.4.2.3. Horn cavity with rigid walls. The system formed by the
equations of Table 6 and Eq. (34) allows us to solve the total pressure
and volume variation in the whole cavity in each time step.

3. Results

We show here the results obtained from the application of the
models proposed in Section 2. We consider the following data for the
liquid (water), c = 1500 m/s0l , ρ = 1000 kg/m0l

3, ν = 1.43 × 10 m /sl
−6 2 ,

and for the gas (air), c = 340 m/s0g , ρ = 1.29 kg/m0g
3, γ = 1.4g .

Section 3.1 presents the results obtained with three models applied
to two-dimensional resonant cavities: rectangular (Section 3.1.1),
trapezoidal (Section 3.1.2), and horn (Section 3.1.3) cavities. Section
3.2 provides the results obtained with three models applied to three-

dimensional resonant cavities: cylindrical (Section 3.2.1), truncated
cone (Section 3.2.2), and horn (Section 3.2.3) cavities.

Two different kinds of source are used: one-frequency excitation
(Sections 3.1.1.1.1,3.1.1.2.1,3.1.2.1,3.1.3.1,3.2.1.1.1,3.2.1.2.1,3.2.2.1,
and 3.2.3.1) and two-frequency excitation (Sections
3.1.1.1.2,3.1.1.2.2,3.1.2.2,3.1.3.2,3.2.1.1.2,3.2.1.2.2,3.2.2.2, and 3.2.3
.2). In the first case we use bubbles of radius R = 4.5 × 10 m0g

−6 at the
density N = 2 × 10 mg

11 −3, whereas in the second case we use bubbles of
radius R = 2.5 × 10 m0g

−6 at the density N = 5 × 10 mg
11 −3. All the

experiments last the required time to ensure that the steady state is
reached.

3.1. Two-dimensional resonant cavity

The dimensions of the two-dimensional cavities are L = 0.0035 mx
and L = 0.0035 my . We use N× M= 100 × 100 VC.

3.1.1. Rectangular cavity
The source s(t) is situated at the central area of the wall and expands

over 10% of this dimension (Fig. 3a). On the remaining 90% of the wall

the source grows as ( )s(t) α +i
GN + 1

6
for i⩽ GN and ( )s(t) iβ −

GN + 1

6
for

i>( G+ 0.1)N, where α = 0, β = N+ 1, and G= 0.45.

3.1.1.1. Rectangular cavity with free walls
3.1.1.1.1. One-frequency experiment. We consider a continuous

pressure source s(t) = p sin(ωt)0 of amplitude p = 7 kPa0 and frequency
f , where ω = 2πf . The total time of the experiment is T = 400 Tt , where
the period is T= 1/f . We choose the frequency that matches the mode
(1,1) of the cavity (Fig. 1a). We use the method given in Ref. [4] to
obtain the sound speed of the bubbly medium. We use a finite-element
based commercial software [40] to calculate a first approximation of
the resonance frequency. This first frequency is not the real resonance
neither the one corresponding to our model since both geometrical
approximations are different. We calculate a second resonance
frequency with our model doing a frequency sweep close to the first
approximation. We do this in linear regime with a source amplitude of
p = 1 Pa0 . We take the frequency with higher maximum pressure,
f= 2.0247 × 10 Hz5 . We carry out this process in all the cases
presented in this paper.

The sound speed for this medium and this frequency is
c= 1001.7 m/s. We use 400 temporal steps per period. Fig. 4a, b, c show
the amplitude of the first three harmonics obtained after applying a Fast
Fourier Transform (FFT) in the whole resonator. We obtain the
maximum pressure amplitude for the fundamental, the second, and
the third harmonics: p = 22.495 kPaf (321.4% of p0), p = 11.002 kPa2f
(157.2% of p0), p = 6.579 kPa3f (94.0% of p0), respectively.

3.1.1.1.2. Two-frequency experiment. We use a continuous pressure

Table 2
Parameters for the trapezoidal cavity in Eq. (33).

A B C D E F

i= 1 , j= 1 1 0 1 0 3 3
i<N/4 , j= 4iM/N 1 0 0 1 3 3
i= 1, 1 < j< 4iM/N

i⩽ N/4, 4(i−1)M/ N< j< 4iM/N
1 0 1 1 3 2

1 < i< N−1 , j= 1 1 1 1 0 2 3
i= N/4 , j= M 1 0 2s(t)/pi,j−1,k 1 3 3

i= 3N/4 + 1 , j= M 0 1 2s(t)/pi,j−1,k 1 3 3

N/4 < i< 3N/4 + 1 , j= M 1 1 2s(t)/pi,j−1,k 1 2 3

i⩽ N/4,j < 4(N−i)M/Ni⩾ 3N/4 + 1,j < 4(N−i)M/N
N/4 < i< 3N/4 + 1, ( j= 2,…,M−1)

1 1 1 1 2 2

i⩾ 3N/4 + 1, 4(N−i)M/ N< j< 4( N+ 1−i)M/N
i= N, 1 < j< 4( N+ 1−i)M/N

0 1 1 1 3 2

i>3N/4 + 1 , j= 4( N+ 1−i)M/N 0 1 0 1 3 3
i= N, j= 1 0 1 1 0 3 3

Table 3
Parameters for the horn cavity in Eq. (33).

A B C D E F

i= 1 , j= 1 1 0 0 0 1 2
i= 2 , j= 1 1 1 0 0 2 2
( i= 3,…,N−2),j = 1 1 1 1 0 2 3

i⩽ N/4, j < 4 (i−1) M/N2 2 2i⩾ 3N/4,j < 4 (N−i) M/N2 2 2N/4 < i< 3N/4 + 1 , j= 2,.…,M−1 1 1 1 1 2 2

ii⩽ N/4, 4 (i−1) M/N < j< 4 M/N2 2 2 2 2 2 1 0 1 1 1 2

ii⩽ N/4 , j= 4 M/N2 2 2 1 0 0 1 1 1

i= N/4 , j= M 1 0 2s(t)/pi,j+1,k 1 1 3

i⩾ 3N/4 + 1, 4 (N−i) M/N < j< 4 ( N+ 1−i) M/N2 2 2 2 2 2 0 1 1 1 1 2

i= 3N/4 + 1 , j= M 0 1 2s(t)/pi,j+1,k 1 1 3

ii>3N/4 + 1 , j= 4 M/N2 2 2 0 1 0 1 1 1

N/4 < i< 3N/4 + 1 , j= M 1 1 2s(t)/pi,j+1,k 1 2 3

i= N−1 , j= 1 1 1 0 0 2 2
i= N, j= 1 0 1 0 0 1 2
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source s(t) = p sin(ω t) + p sin(ω t)0 1 0 2 of amplitude p = 12 kPa0 and
frequencies f1 and f2, where ω = 2πf1 1 and ω = 2πf2 2. The total time is
T = 400Tt d, where T = 1/fd d is the period at the difference frequency
f = f −fd 2 1. We take f = 6 × 10 Hz1

5 and f = 8.4666 × 10 Hz2
5 so that

f = 2.4666 × 10 Hzd
5 and we consider the mode (1,1). The sound speed

for this medium and this frequency is c = 1220.4 m/sd . We consider 400
temporal intervals per period. Fig. 4d shows the amplitude of the
difference frequency in the whole resonator obtained by FFT. The
maximum amplitude at fd is p = 3.032 kPad (25.3% of p0).

It must be noted that, since the bubbly liquid is dispersive, the
primary frequencies f1 and f2 are chosen so that both of them are not
very close to the bubble resonance, f = 1.347 MHz0g , i) to avoid the peak
of attenuation at frequencies close to the bubble resonance, ii) to work
in a frequency range that allows the nonlinearity of the medium to be
high enough to obtain the desired nonlinear effects. Assuming this
commitment between nonlinearity and attenuation, we set the frequen-
cies such that the difference frequency component is resonant in the
cavity. This procedure is followed for all the two-frequency experiments
presented in this paper.

3.1.1.2. Rectangular cavity with rigid walls
3.1.1.2.1. One-frequency experiment. We consider a continuous

pressure source s(t) = p sin(ωt)0 of amplitude p = 18 kPa0 and
frequency f , where ω = 2πf . The total time of the experiment is
T = 400 Tt , where the period is T= 1/f . We choose the frequency
f= 2.7992 × 10 Hz5 that matches the mode (0,2) of this cavity
(Fig. 1b). The sound speed for this medium and this frequency is
c= 980.9 m/s. We use 400 temporal steps per period. Fig. 5a, b, c show
the amplitude of the first three harmonics obtained after applying a FFT
in the whole resonator. We obtain the maximum pressure amplitude for
the fundamental, the second, and the third harmonics: p = 31.678 kPaf
(176.0% of p0), p = 9.741 kPa2f (54.1% of p0), p = 2.988 kPa3f (16.6% of
p0), respectively.

3.1.1.2.2. Two-frequency experiment. We use a continuous pressure
source s(t) = p sin(ω t) + p sin(ω t)0 1 0 2 of amplitude p = 9 kPa0 and
frequencies f1 and f2, where ω = 2πf1 1 and ω = 2πf2 2. The total time is
T = 400Tt d where T = 1/fd d is the period at the difference frequency
f = f −fd 2 1. We take f = 6 × 10 Hz1

5 and f = 9.4646 × 10 Hz2
5 so that

f = 3.4646 × 10 Hzd
5 and we consider the mode (0,2). The sound speed

for this medium and this frequency is c = 1213.3 m/sd . We take 400
temporal intervals per period. Fig. 5d shows the amplitude of the
difference frequency in the whole resonator obtained by FFT. The
maximum amplitude at fd is p = 1.464 kPad (16.3% of p0).

3.1.2. Trapezoidal cavity with free walls
The source s(t) is situated at the central area of the wall and expands

over 20% of this dimension (Fig. 3a). On the remaining 80% of the wall

the source grows as ( )s(t) α +i
GN + 1

6
for N/4 < i⩽ N/4 + GN and ( )s(t) β −i

GN + 1

6

for N/4 + ( G+ 0.1) N< i⩽ 3N/4, where α = −N/4, β = 3N/4 + 1, and
G= 0.2 .

3.1.2.1. One-frequency experiment. We consider a continuous pressure
source s(t) = p sin(ωt)0 of amplitude p = 16kPa0 and frequency f , where
ω = 2πf . The total time of the experiment is T = 400Tt , where the period
is T= 1/f . We choose the frequency f= 2.3726 × 10 Hz5 that matches the
mode (1,1) of this cavity (Fig. 1c). The sound speed for this medium and
this frequency is c= 993.74 m/s. We use 400 temporal steps per period.
Fig. 6a, b, c show the amplitude of the first three harmonics obtained
after applying a FFT in the whole resonator. We obtain the maximum
pressure amplitude for the fundamental, the second, and the third
harmonics: p = 30.612 kPaf (191.3% of p0), p = 11.301 kPa2f (70.6% of
p0), p = 4.306 kPa3f (26.9% of p0), respectively.

3.1.2.2. Two-frequency experiment. We use a continue pressure source
s(t) = p sin(ω t) + p sin(ω t)0 1 0 2 of amplitude p = 12 kPa0 and frequencies f1

Table 4
Parameters for the cylindrical cavity in Eq. (35).

A B C D E F

i= 1 , j= 1 i 0 2i−1 2(2i−1)s(t)/pi,j−1,k i 3(2i−1)
i= 1 , j= M i 0 0 2i−1 i 3(2i−1)
i= 1 , j= (2,…,M−1) i 0 2i−1 2i−1 i 2(2i−1)
i= N, j= 1 0 i−1 2i−1 2(2i−1)s(t)/pi,j−1,k 3i−1 i−1 3(2i−1)
i= N, j= M 0 i−1 0 2i−1 3i−1 i−1 3(2i−1)
i= N,j = (2,...,M−1) 0 i−1 2i−1 2i−1 3i−1 i−1 2(2i−1)
i= (2,…,N−1),j = 1 i i−1 2i−1 2(2i−1)s(t)/pi,j−1,k 2i−1 3(2i−1)
i= (2,…,N−1),j = M i i−1 0 2i−1 2i−1 3(2i−1)
i= (2,…,N−1),j = (2,…,M−1) i i−1 2i−1 2i−1 2i−1 2(2i−1)

Table 5
Parameters for the truncated cone cavity with free walls in Eq. (35).

A B C D E F

i= 1 , j= 1 i 0 2i−1 0 i 3(2i−1)
i= 1 , j= M i 0 2(2i−1)s(t)/pi,j+1,k 2i−1 i 3(2i−1)
i= 1 , j= (2,…,M−1) i 0 2i−1 2i−1 i 2(2i−1)
1 < i< N−1 , j= 1 i i−1 2i−1 0 2i−1 3(2i−1)
1 < i< N/2 , j= M i i−1 2(2i−1)s(t)/pi,j+1,k 2i−1 2i−1 3(2i−1)
i= N/2 , j= M 0 i−1 2(2i−1)s(t)/pi,j+1,k 2i−1 3i−1 3(2i−1)
i>N/2,j = 2( N+ 1−i)M/N 0 i−1 0 2i−1 3i−1 3(2i−1)
i>N/2,2(N−i)M/ N< j< 2( N+ 1−i)M/Ni = N,1 < j = 4M/N 0 i−1 2i−1 2i−1 3i−1 2(2i−1)
i= N,j = 1 0 i−1 0 2i−1 3i−1 3(2i−1)
i<N/2, j = (2,…,M−1) i ⩾ N/2,j < 2(N−i)M/N i i−1 2i−1 2i−1 2i−1 2(2i−1)
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and f2, where ω = 2πf1 1 and ω = 2πf2 2. The total time is T = 400Tt d where
T = 1/fd d is the period at the difference frequency f = f −fd 2 1. We take
f = 5 × 10 Hz1

5 and f = 7.9082 × 10 Hz2
5 so that f = 2.90820 × 10 Hzd

5

and we consider the mode (1,1). The sound speed for this medium and

this frequency is c = 1217.6 m/sd . We take 400 temporal intervals per
period. Fig. 6d shows the amplitude of the difference frequency in the
whole resonator obtained by FFT. The maximum amplitude at fd is
p = 2.507 kPad (20.9% of p0).

Table 6
Parameters for the horn cavity with free walls in Eq. (35).

A B C D E F

i= 1 , j= 1 i 0 2i−1 0 i 3(2i−1)
i= 1 , j= M i 0 2(2i−1)s(t)/pi,j+1,k 2i−1 i 3(2i−1)
i= 1 , j= (2,…,M−1) i 0 2i−1 2i−1 i 2(2i−1)
1 < i< N−2 , j= 1 i i−1 2i−1 0 2i−1 3(2i−1)
1 < i< N/2 , j= M i i−1 2(2i−1)s(t)/pi,j+1,k 2i−1 2i−1 3(2i−1)
i= N/2 , j= M 0 i−1 2(2i−1)s(t)/pi,j+1,k 2i−1 i−1 3(2i−1)

i>N/2,j = 4( N+ 1−i) M/N2 2 0 i−1 0 2i−1 i−1 2i−1

i>N/2, 4(N−i) M/N < j< 4( N+ 1−i) M/N2 2 2 2 0 i−1 2i−1 2i−1 i−1 2(2i−1)
i= N,j = 1 0 i−1 0 2i−1 i−1 2(2i−1)
i<N/2,j = (2,…,M−1) i⩾ N/2,j < 4(N−i) M/N2 2 i i−1 2i−1 2i−1 2i−1 2(2i−1)

Fig. 3. Source shape. (a) Two-dimensional source. (b) Three-dimensional source with axial symmetry.

Fig. 4. Distribution of frequencies. Two-dimensional rectangular cavity with free walls. (a) Fundamental frequency. (b) 2nd harmonic. (c) 3rd harmonic. (d) Difference frequency.
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3.1.3. Horn cavity with rigid walls
The source is situated like in Section 3.1.2.

3.1.3.1. One-frequency experiment. We consider a continuous pressure
source s(t) = p sin(ωt)0 of amplitude p = 19 kPa0 and frequency f , where

ω = 2πf . The total time of the experiment is T = 400 Tt , where the
period is T= 1/f . We choose the frequency f= 2.7927 × 10 Hz5 that
matches the mode (0,2) of this cavity (Fig. 1d). The sound speed for this
medium and this frequency is c= 981.1 m/s. We use 400 temporal steps
per period. Fig. 7a, b, c show the amplitude of the first three harmonics

Fig. 5. Distribution of frequencies. Two-dimensional rectangular cavity with rigid walls. (a) Fundamental frequency. (b) 2nd harmonic. (c) 3rd harmonic. (d) Difference frequency.

Fig. 6. Distribution of frequencies. Two-dimensional trapezoidal cavity with free walls. (a) Fundamental frequency. (b) 2nd harmonic. (c) 3rd harmonic. (d) Difference frequency.
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obtained after applying a FFT in the whole resonator. We obtain the
maximum pressure amplitude for the fundamental, the second, and the
third harmonics: p = 26.539 kPaf (139.7% of p0), p = 7.820 kPa2f
(41.2% of p0), p = 2.279 kPa3f (12.0% of p0), respectively.

3.1.3.2. Two-frequency experiment. We use a continuous pressure
source s(t) = p sin(ω t) + p sin(ω t)0 1 0 2 of amplitude p = 12 kPa0 and
frequencies f1 and f2, where ω = 2πf1 1 and ω = 2πf2 2. The total time is
T = 400Tt d where T = 1/fd d is the period at the difference frequency
f = f −fd 2 1. We take f = 5 × 10 Hz1

5 and f = 8.4543 × 10 Hz2
5 so that

f = 3.4543 × 10 Hzd
5 and we consider the mode (0,2). The sound speed

for this medium and this frequency is c = 1213.4 m/sd . We take 400
temporal intervals per period. Fig. 7d shows the amplitude of the
difference frequency in the whole resonator obtained by FFT. The
maximum amplitude at fd is p = 3.936 kPad (32.8% of p0).

3.2. Three-dimensional resonant cavity

The dimensions of the three-dimensional cavities are L = 0.00175 mr

and L = 0.0035 mz . We use N× M= 50 × 100 VC.

3.2.1. Cylindrical cavity
The source s(t) takes 10% of the wall (Fig. 3b). On the remaining

90% of the wall the source grows as ( )s(t) γ −i
GN + 1

6
for i>N−GN, where

γ = N+ 1 and G= 0.9 .

3.2.1.1. Cylindrical cavity with free walls
3.2.1.1.1. One-frequency experiment. We consider a continuous

pressure source s(t) = p sin(ωt)0 of amplitude p = 20 kPa0 and
frequency f , where ω = 2πf . The total time of the experiment is
T = 400 Tt where the period is T= 1/f . We choose the frequency
f= 2.58 × 10 Hz5 that matches the mode (1,1) of this cavity (Fig. 1e).
The sound speed for this medium and this frequency is c= 987.63 m/s
.We take 400 temporal steps per period. Fig. 8a, b, c show the
amplitude of the first three harmonics obtained after applying a FFT

in the plane that defines the axisymmetric. We obtain the maximum
pressure amplitude for the fundamental, the second, and the third
harmonics: p = 29.310 kPaf (146.6% of p0), p = 5.7054 kPa2f (28.6% of
p0), p = 0.857 kPa3f (4.3% of p0), respectively.

3.2.1.1.2. Two-frequency experiment. We use a continuous pressure
source s(t) = p sin(ω t) + p sin(ω t)0 1 0 2 of amplitude p = 12 kPa0 and
frequencies f1 and f2, where ω = 2πf1 1 and ω = 2πf2 2. The total time is
T = 400Tt d where T = 1/fd d is the period at the difference frequency
f = f −fd 2 1. We take f = 6 × 10 Hz1

5 and f = 9.1758 × 10 Hz2
5 so that

f = 3.1758 × 10 Hzd
5 and we consider the mode (1,1). The sound speed

for this medium and this frequency is c = 1215.7 m/sd . We take 400
temporal intervals per period. Fig. 8d shows the amplitude of the
difference frequency in the plane that defines the axisymmetric
obtained by FFT. The maximum amplitude at fd is p = 0.643 kPad
(5.4% of p0).

3.2.1.2. Cylindrical cavity with rigid walls
3.2.1.2.1. One-frequency experiment. We consider a continuous

pressure source s(t) = p sin(ωt)0 of amplitude p = 20 kPa0 and
frequency f , where ω = 2πf . The total time of the experiment is
T = 400Tt where the period is T= 1/f . We choose the frequency
f= 2.7992 × 10 Hz5 that matches the mode (0,2) of this cavity (Fig. 1f).
The sound speed for this medium and this frequency is c= 980.88 m/s.
We take 400 temporal steps per period. Fig. 9a, b, c show the amplitude
of the first three harmonics obtained after applying a FFT in the plane
that defines the axisymmetric. We obtain the maximum pressure
amplitude for the fundamental, the second, and the third harmonics:
p = 18.911 kPaf (94.6% of p0), p = 3.249 kPa2f (16.2% of p0),
p = 0.678 kPa3f (3.4% of p0), respectively.

3.2.1.2.2. Two-frequency experiment. We use a continuous pressure
source s(t) = p sin(ω t) + p sin(ω t)0 1 0 2 of amplitude p = 12 kPa0 and
frequencies f1 and f2, where ω = 2πf1 1 and ω = 2πf2 2. The total time is
T = 400Tt d where T = 1/fd d is the period at the difference frequency
f = f −fd 2 1. We take f = 5 × 10 Hz1

5 and f = 8.4636 × 10 Hz2
5 so that

f = 3.4636 × 10 Hzd
5 and we consider the mode (0,2). The sound speed

Fig. 7. Distribution of frequencies. Two-dimensional horn cavity with rigid walls. (a) Fundamental frequency. (b) 2nd harmonic. (c) 3rd harmonic. (d) Difference frequency.
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for this medium and this frequency is c = 1213.3 m/sd . We take 400
temporal intervals per period. Fig. 9d shows the amplitude of the
difference frequency in the plane that defines the axisymmetric
obtained by FFT. The maximum amplitude at fd is p = 0.596 kPad (5%
of p0).

3.2.2. Truncated cone cavity with free walls
The source s(t) takes 20% of the wall (Fig. 3b). On the remaining

80% the source grows as ( )s(t) γ −i
GN + 1

6
for N/2−NG < i⩽ N/2, where

γ = N/2 + 1 and G= 0.4.

Fig. 8. Distribution of frequencies. Three-dimensional cylindrical cavity with free walls. (a) Fundamental frequency. (b) 2nd harmonic. (c) 3rd harmonic. (d) Difference frequency.

Fig. 9. Distribution of frequencies. Three-dimensional cylindrical cavity with rigid walls. (a) Fundamental frequency. (b) 2nd harmonic. (c) 3rd harmonic. (d) Difference frequency.
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3.2.2.1. One-frequency experiment. We consider a continuous pressure
source s(t) = p sin(ωt)0 of amplitude p = 20 kPa0 and frequency f , where
ω = 2πf . The total time is T = 400 Tt where the period is T= 1/f . We
choose the frequency f= 3.109 × 10 Hz5 that matches the mode (1,1) of
this cavity (Fig. 1g). The sound speed for this medium and this
frequency is c= 970.02 m/s. We take 400 temporal steps per period.
Fig. 10a, b, c show the amplitude of the first three harmonics obtained
after applying a FFT in the plane that defines the axisymmetric. We
obtain the maximum pressure amplitude for the fundamental, the
second, and the third harmonics: p = 18.696 kPaf (93.5% of p0),
p = 1.065 kPa2f (5.3% of p0), p = 0.079 kPa3f (0.4% of p0), respectively

3.2.2.2. Two-frequency experiment. We use a continuous pressure
source s(t) = p sin(ω t) + p sin(ω t)0 1 0 2 of amplitude p = 12 kPa0 and
frequencies f1 and f2, where ω = 2πf1 1 and ω = 2πf2 2. The total time is
T = 400Tt d where T = 1/fd d is the period at the difference frequency
f = f −fd 2 1. We take f = 6 × 10 Hz1

5 and f = 9.8756 × 10 Hz2
5 so that

f = 3.8756 × 10 Hzd
5 and we consider the mode (1,1). The sound speed

for this medium and this frequency is c = 1209.6 m/sd . We take 400
temporal intervals per period. Fig. 10d shows the amplitude of the
difference frequency in the plane that defines the axisymmetric
obtained by FFT. The maximum amplitude at fd is p = 0.285 kPad
(2.4% of p0).

3.2.3. Horn cavity with rigid walls
The source is situated like in Section 3.2.2.

3.2.3.1. One-frequency experiment. We consider a continuous pressure
source s(t) = p sin(ωt)0 of amplitude p = 20 kPa0 and frequency f , where
ω = 2πf . The total time is T = 400 Tt where the period T= 1/f . We
choose the frequency f= 2.7951 × 10 Hz5 that matches the mode (0,2) of
this cavity (Fig. 1h). The sound speed for this medium and this
frequency is c= 981 m/s. We take 400 temporal steps per period.
Fig. 11a, b, c show the amplitude of the first three harmonics
obtained after applying a FFT in the plane that defines the
axisymmetric. We obtain the maximum pressure amplitude for the

fundamental, the second, and the third harmonics: p = 19.955 kPaf
(100.0% of p0), p = 4.511 kPa2f (22.6% of p0), p = 1.261 kPa3f (6.3% of
p0), respectively.

3.2.3.2. Two-frequency experiment. We use a continuous pressure
source s(t) = p sin(ω t) + p sin(ω t)0 1 0 2 of amplitude p = 12 kPa0 and
frequencies f1 and f2, where ω = 2πf1 1 and ω = 2πf2 2. The total time is
T = 400Tt d where T = 1/fd d is the period at the difference frequency
f = f −fd 2 1. We take f = 5 × 10 Hz1

5 and f = 8.4571 × 10 Hz2
5 so that

f = 3.4571 × 10 Hzd
5 and we consider the mode (0,2). The sound speed

for this medium and this frequency is c = 1213.4 m/sd . We take 400
temporal intervals per period. Fig. 11d shows the amplitude of the
difference frequency in the plane that defines the axisymmetric after
obtained by FFT. The maximum amplitude at fd is p = 0.812kPad (6.8%
of p0).

The results shown in this paper are highly dependent on the choice
of the geometry, the kind of boundary conditions, and the size of the
source. The results obtained in a specific configuration cannot be
compared quantitatively to the data produced by simulations in other
cases.

This paper proves that the versatility of the numerical models allows
us to choose and design the geometries that potentiate the effects of
nonlinear distortion or nonlinear frequency mixing. This can be very
useful for the design of efficient sonochemical reactors. Moreover,
when free boundaries are assumed, this design could have a prime
importance in applications when the propagation of the difference-
frequency component in open-field media is useful.

4. Conclusions

The new numerical models proposed in this paper (based on the
finite-volume and finite-difference methods) allow us to increase the
knowledge on the interaction of oscillating bubbles and ultrasound in
different multi-dimensional resonant cavities filled with bubbly fluids.
We analyze the harmonic and difference-frequency generation, conse-
quence of the strong nonlinearity of bubbly liquids. The versatility of

Fig. 10. Distribution of frequencies. Three-dimensional truncated cone cavity with free walls. (a) Fundamental frequency. (b) 2nd harmonic. (c) 3rd harmonic. (d) Difference frequency.
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the models developed here makes it possible to study many different
geometries and boundary conditions. The analysis of the simulations
suggests that these tools could be helpful to understand the behavior of
ultrasounds in bubbly liquids in different application frameworks, to
design more efficient resonators in sonochemical processes and to
enhance the generation of low ultrasonic signals obtained indirectly by
frequency mixing for parametric arrays. Moreover, this study allows us
to observe which geometries are the most adequate to enhance the
amplitude of the difference-frequency component. This result is even
more important with free-wall boundary conditions for applications of
parametric arrays that require open-field propagation beyond the edges
of the resonator.
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Caṕıtulo 4

Resonancia no lineal de cavidades

llenas de ĺıquidos con burbujas: Un

estudio numérico

Este caṕıtulo surge a partir de las observaciones hechas en el Caṕıtulo 3. En

la búsqueda de la frecuencia de resonancia de las cavidades multidimensionales llenas

de un ĺıquido con burbujas del Caṕıtulo 3 se observó un aumento en la respuesta

(trabajando en régimen no lineal) si se trabajaba con frecuencias un poco inferiores a

la frecuencia de resonancia obtenida para el régimen lineal.

En este caṕıtulo se hace un estudio del cambio que tiene lugar en la frecuencia de

resonancia de una cavidad llena de ĺıquido con burbujas, es decir, en la velocidad de

propagación de la onda, en resonadores unidimensionales cuando se trabaja en régimen

no lineal. Las simulaciones permiten proponer leyes de la variación en la frecuencia de

resonancia de la cavidad y por tanto en la velocidad de propagación como función de la

amplitud de presión. Los resultados indican un ablandamiento del medio (disminución

en la velocidad de propagación). Además se da una aplicación en la generación de la

frecuencia diferencia ya que se consigue aumentar en gran medida su generación al

tener en cuenta este fenómeno.

Se incluye el manuscrito enviado a una revista cient́ıfica (Factor de impacto JCR-

ISI: 1,320):
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Nonlinear resonance of cavities filled with bubbly

liquids: A numerical study

This paper studies the resonance of a system composed by a nonlinear biphasic

medium made of a liquid and gas bubbles in a cavity. The analysis is performed

through numerical simulations at different pressure amplitudes. The finite-volume and

finite-difference based model developed in the time domain simulates the nonlinear

interaction of ultrasound and bubble dynamics via the resolution of a differential system

formed by the wave and a Rayleigh-Plesset equations. The results reveal the existence

of a nonlinear resonance of the system, which is observed by a frequency shift of the

resonance of the cavity that rises with pressure amplitude. This effect evidences the

fact that under finite amplitudes the bubbly medium undergoes global changes, i.e., the

sound speed decreases and the softening of the medium is produced as acoustic pressure

amplitude grows. Numerical experiments show that this effect is more pronounced

when the bubble density in the liquid is raised. Moreover, this nonlinear resonance

effect is used to enhance the generation of the frequency-difference signal by nonlinear

frequency mixing in the medium by maximizing its amplitude.

4.1. Introduction

Adding bubbles to a liquid modifies its acoustic properties [1-4]. The nonlin-

ear parameter increases several orders of magnitude. The sound speed, attenuation

coefficient, compressibility, and nonlinear parameter acquire dispersive dependence on

bubble resonance. The nonlinear interaction of ultrasound and bubble oscillations must

be understood to take advantage of these properties in different applied frameworks

such as sonochemistry [5], medicine [6], and others [7,8].

The nonlinearity of the medium is responsible of the generation of harmonics

from the fundamental frequency and generates combinations of frequencies by nonlin-

ear frequency mixing (sum frequency and difference frequency) when several ultrasonic

signals travel through the medium [9]. These effects have multiple applications. Med-
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ical imaging can be generated from higher harmonic components [10]. Underwater

exploration or transmission and nondestructive testing are fields where the difference

frequency signal has a huge interest because of its low attenuation, good directivity, and

high penetration [11,12]. Characterization and detection of bubbles are also attractive

applications of the frequency mixing phenomenon [13-16].

Several studies based on linear models have been performed to understand the

behavior of ultrasonics waves in bubbly liquids inside a cavity [17-19]. Other works

that analyze the behavior of standing ultrasonics waves are based on nonlinear mod-

els [20,21]. In those papers both the sound speed and the resonance frequencies are

calculated without taking into account the amplitude of the waves [2,3]. In this paper

we aim at showing that the pressure amplitude of the signal changes the resonance

frequency of the cavity (and the sound speed).

The dependence of the resonance frequency on drive amplitude has been observed

in solids, for which the nonlinear features of ultrasound are used in areas as damage

diagnostics in materials [22], granular media and dynamic earthquake triggering [23]

and fluids in closed tubes of variable cross-section [24].This effect has also been studied

in bubbly liquids for a resonance frequency associated to the multiple scattering of

bubbles that changes as a function of the amplitude of an incident Gaussian pulse [25].

The objective of this work is to study the variation with pressure amplitude of

the resonance of a one-dimensional resonator filled with a fluid made of a liquid and gas

bubbles when working at nonlinear regime with finite-amplitude signals. A continuous

excitation at a frequency well below the bubble resonance is used to take advantage of

the nonlinearity with a relative low attenuation.

In Section 4.2 we present the physical problem and the corresponding mathe-

matical model used in this work. Some numerical results obtained in a specific case

by varying the amplitude at the source are shown in Section 4.3. They allows us to

observe the nonlinear resonance phenomenon of the cavity. This variation of resonance

frequency is then analyzed when the bubble density in the liquid is changed. Finally,

we apply this phenomenon to maximize the difference frequency component generated

by nonlinear frequency mixing. Section 4.4 gives the discussion of this work.
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4.2. Materials and methods

We consider a one-dimensional cavity of length L filled with a mixture of water

and air bubbles. Under the Rayleigh-Plesset approximation, we suppose that, among

others, the bubbles are spherical and have the same size. We also assume that they are

evenly distributed in the liquid. The model assumes that bubbles are the only source

of attenuation, dispersion and nonlinearity. The buoyancy, Bjerknes and viscous drag

forces are not considered in this work. The interaction between the acoustic pressure

p(x, t), and the volume variation of the bubbles v(x, t) = V (x, t) − v0g is modeled by

the wave equation, Eq. (4.1), and a Rayleigh-Plesset equation, Eq. (4.2) [26,3], where

x is the one-dimensional space coordinate, t is the time, V is the current volume of the

bubble, and v0g = 4/3πR3
0g is the initial bubble volume, with R0g the initial radius.

∂2p

∂x2
− 1

c2
0l

∂2p

∂t2
= −ρ0lNg

∂2v

∂t2
, 0 < x < L, 0 < t < Tt (4.1)

∂2v

∂t2
+ δω0g

∂v

∂t
+ω2

0gv+ηp = av2 + b

(
2v
∂2v

∂t2
+

(
∂v

∂t

)2
)
, 0 ≤ x ≤ L, 0 < t < Tt (4.2)

In Eq. (4.1) c0l and ρ0l are the sound speed and the density at the equilibrium

state of the liquid. Ng is the density of bubbles, i.e., the bubble number per m3. In Eq.

(4.2) δ = 4νl/ω0gR
2
0g is the viscous damping coefficient of the bubbly fluid, in which νl is

the cinematic viscosity of the liquid, ω0g =
√

3γgp0g/ρ0lR2
0g is the resonance frequency

of the bubbles, in which γg is the specific heats ratio of the gas, p0g = ρ0gc
2
0g/γg is its

atmospheric pressure, ρ0g and c0g are the density and sound speed at the equilibrium

state of the gas. The parameter η = 4πR0g/ρ0l, and the nonlinear coefficients a =

(γg + 1)ω2
0g/2v0g and b = 1/6v0g, are constant. The numerical experiments last a total

time Tt. In the following studies, Section 4.3, the value of this parameter Tt is high

enough to ensure that the steady state of the waves is reached. The system is closed by

supposing that the liquid and the bubbles are unperturbed at the onset of the studies:

p(x 6= 0, 0) = 0, v(x, 0) = 0,
∂p

∂t
(x 6= 0, 0) = 0,

∂v

∂t
(x, 0) = 0, 0 ≤ x ≤ L, (4.3)
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that the resonator is excited by a time-dependent pressure source s(t) placed at

x = 0:

p(x = 0, t) = s(t), 0 ≤ t ≤ Tt, (4.4)

and that a free-wall condition is imposed at the reflector:

p(L, t) = 0, 0 ≤ t ≤ Tt. (4.5)

To solve this differential system we use a numerical model developed in [21] based

on a finite-volume method in the space dimension and a finite-difference method in the

time domain.

4.3. Results

We show the results obtained by setting the following data into the model: c0l =

1500 m/s, ρ0l = 1000 kg/m3 , νl = 1.43 × 10−6 m2/s for the liquid (water) and c0g =

340 m/s , ρ0g = 1.29 kg/m3 , γg = 1.4 for the gas (air). We use bubbles of radius

R0g = 2.5 µm.

4.3.1. Single bubble density

The pressure source used is s(t) = p0sin(ωf t) where p0 is the amplitude, ωf = 2πf

and f is the frequency. The length of the cavity is set at L = λ/2 to reach a resonant

mode, where λ = cf/f is the wavelength and cf is the sound speed in this biphasic

medium at this frequency [3]. The bubble density used here is Ng = Ng2 = 5×1011m−3.

For this medium and f = 200 kHz the sound speed is cf = 1222.8m/s. Therefore, we

set the cavity length at L = cf/2f = 0.0031 m. We apply a frequency sweep to the

source of amplitude p0 = 1 Pa with an interval ∆f = 10 Hz around f to check that

the frequency able to achieve the better response matches our considered frequency f ,

and thus ensure that we work at the resonance frequency for this amplitude (linear

resonance of the cavity). The maximum pressure is found in the cavity by applying a

Fast Fourier Transform for the signal obtained at each frequency. We now perform the

same procedure for higher amplitude values at the source, up to p0 = 250 Pa. Figure
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4.1 shows the maximum pressure reached in the resonator for each source amplitude

over the studied frequency range. The maximum pressure value in the linear case,

p0 = 1 Pa, is pmax = 113 Pa, corresponding to f = 200 kHz, as expected. For the

lowest amplitudes (linear case) the curve is perfectly symmetrical. However, we observe

that by increasing the source amplitude the resonance frequency, i.e., the frequency that

allows the higher response of the system, decreases, and that the nonlinear attenuation

implies a decrease of the maximum pressure reached in relation to the source amplitude

and a loss of symmetry around the nonlinear resonance. The resonance of the cavity is

thus a function of the pressure amplitude. This means that by changing the amplitude

a frequency shift from the linear resonance f is observed. For the source amplitude

p0 = 250Pa the frequency that permits the best response is f250 = 198.74kHz, and the

frequency shift is therefore ∆f250 = f −f250 = 1.26kHz. Since the length of the cavity

remains the same for all the amplitudes, the sound speed in the medium changes with

amplitudes. For p0 = 250Pa the sound speed is modified to c250 = 2Lf250 = 1215.1m/s.

Thus, the medium undergoes a modification of its acoustic properties, not only on

a local basis (velocity of particles) when nonlinear distortion occurs (e.g., as for a

shock wave), but on a global basis. The medium is modified when amplitudes change.

Specifically, it suffers a softening process when pressure amplitudes are raised. This

effect is due to the increase of the effective bubble volume. At nonlinear regime the

positive volume variations prevail over the negative values. This makes the oscillations

of the bubble produced around a volume bigger than the initial one, v+
0g > v0g, and

thus, the sound speed in the effective medium is lower [3], i.e., it undergoes a softening

process. Section 4.3.2 gives more details about this effect.

4.3.2. Several bubble densities

We now study this nonlinear resonance shift for three different bubble densities by

keeping the same amplitude sweeping range as in Section 4.3.1, Ng2, Ng1 = 3×1011m−3,

and Ng3 = 7 × 1011 m−3. For Ng2 the sound speed and resonator length remain the

same as in Section 4.3.1. For Ng1 = 3 × 1011 m−3 we use cf = 1314.1 m/s and

L = cf/2f = 0.0033 m. For Ng3 = 7 × 1011 m−3 we use cf = 1148.2 m/s and L =
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Figure 4.1: Maximum pressure in the cavity vs. source frequency for different source

amplitudes.

cf/2f = 0.0029 m. Figure 4.2 represents the resonance frequency variation from the

linear resonance at f = 200 kHz as a function of the maximum pressure achieved in

the cavity for each bubble density, including the third degree polynomial fitting of the

resonance frequency variation: ∆f = 8.4×10−12p3
max+2.3×10−6p2

max+0.00018pmax+2.5

for Ng3 , ∆f = 1.2 × 10−11p3
max + 1.8 × 10−6p2

max − 1.4 × 10−5pmax + 1.9 for Ng2,

and ∆f = 3.5 × 10−11p3
max + 3 × 10−7p2

max + 0.0062pmax − 5.2 for Ng1, where ∆f is

expressed in Hz and pmax in Pa. We observe that for the same maximum pressure the

frequency shift is higher in the media with higher bubble density, since their nonlinear

acoustic parameter is higher, i.e., as the bubble density rises the frequency shift is

more pronounced. Nevertheless, for the same source amplitude the maximum pressure

reached is higher when the bubble density is lower, since there is less attenuation in the

medium. Figure 4.3 shows the frequency shift (the resonance frequency variation from

the linear resonance of the cavity) as a function of the average volume increase ∆v

for the three bubble densities. We observe that the frequency shift increases (higher

maximum pressure, Fig. 4.2) with ∆v , i.e., when the effective bubble volume is higher,

following a linear fit: ∆f = 1.3986× 1021∆v− 19.83 for Ng1 , ∆f = 2.0129× 1021∆v+
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Figure 4.2: Fitting curves of the resonance frequency shift vs. maximum pressure in

the cavity for different bubbly densities. (a) Ng1 = 3×1011m−3, (b) Ng2 = 5×1011m−3,

(c) Ng3 = 7× 1011 m−3.

Figure 4.3: Fitting curves of the resonance frequency shift vs. average volume increase

∆v for different bubbly densities (a) Ng1 = 3× 1011 m−3, (b) Ng2 = 5× 1011 m−3, (c)

Ng3 = 7× 1011 m−3.

1.2361 for Ng2 , and ∆f = 2.5326× 1021∆v + 4.6884 for Ng3 , where ∆f is expressed

in Hz and ∆v in m3 .

4.3.3. Application to frequency mixing and difference-frequency

generation

The nonlinear frequency shift effect observed in the previous sections is now used

to maximize the amplitude of the difference-frequency component generated in the

context of the nonlinear frequency mixing [1, 27]. The pressure source used is s(t) =

p0sin(ω1t) + p0sin(ω2t), where f1 and f2 are the primary source frequencies chosen to

generate the difference frequency fd = f2−f1, ω1 = 2πf1 and ω2 = 2πf2. Like in Section

4.3.1 the bubble density is Ng = Ng2 = 5 × 1011 m−3 and the length of the cavity is
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L = 0.0031. This length is chosen to fit the linear resonance at the difference frequency

200 kHz, thus L = λdL/2, fdL = 200 kHz, where λdL = cdL/fdL is the wavelength and

cdL = 1222.8 m/s is the sound speed for this frequency in this medium. The source

amplitude for this study is p0 = 10 kPa, and we analyze the difference frequency

generation for two difference frequencies, fdL = 200 kHz and fdNL = 198.41 kHz to

compare the results when we take into account the resonance frequency shift, which

is the frequency that produces the highest response by parametric emission in this

case. The primary frequencies at the source are respectively f1L = 700 kHz and

f2L = f1L+fdL = 900kHz, and f1NL = 700kHz and f2NL = f1NL+fdNL = 898.41kHz.

These frequencies are chosen close to half the resonance frequency of the bubbles since

the nonlinearity is high at this frequency in the dispersive medium [3]. Figure 4.4

shows the amplitude distribution along the cavity of the primary frequencies f1L, f2L,

the difference frequency fdL (continuous lines), the primary frequencies f1NL, f2NL,

and the difference frequency fdNL (dashed lines) obtained after applying a Fast Fourier

Transform. Different amplitudes are observed for fdL and fdNL. Whereas the maximum

pressure for fdL is pdL = 12.092 kPa (121% of p0), the corresponding value for fdNL

is pdNL = 17.376 kPa (174% respect to p0, which is a very high value for parametric

emission). The benefit drawn in terms of difference-frequency amplitude is 53%. It

is also interesting to note that the energy of the primary frequencies is distributed

differently by changing one of them, f1L = f1NL, f2L 6= f2NL. By taking into account

the shift of the resonance frequency both primary frequencies undergo a strong loss of

intensity whereas the difference frequency is much stronger.

4.4. Discussion

This work shows the existence of a nonlinear resonance effect of a system com-

posed by a nonlinear biphasic medium made of a liquid and gas bubbles in a cavity,

i.e., the observation of a frequency shift of its resonance that grows with pressure am-

plitudes. The numerical results at different pressure amplitudes and for several bubble

densities reveal that the bubbly medium undergoes global modifications dependent on

pressure amplitudes. The decrease of the sound speed as acoustic pressure amplitude
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Figure 4.4: Amplitude distribution of frequency components along the resonator. f1L =

700 kHz, f2L = 900 kHz, fdL = 200 kHz (continuous lines), f1NL = 700 kHz, f2NL =

898.41 kHz and fdNL = 198.41 kHz (dashed lines).

grows suggests a softening of the medium. This effect is due to the increase of the

effective bubble volume with acoustic pressure amplitude. This nonlinear resonance

effect of the cavity is then used to maximize the frequency-difference amplitude gener-

ated by nonlinear frequency mixing in the bubbly medium.
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Caṕıtulo 5

Estudio numérico de la mezcla de

frecuencias en un campo

ultrasónico focalizado en ĺıquidos

con burbujas a partir de una fuente

esférica de dos frecuencias

En este caṕıtulo se pretende estudiar el comportamiento de campos ultrasóni-

cos focalizados en ĺıquidos con burbujas en campos abiertos generados mediante un

transductor esférico. Este comportamiento se describe a partir del modelo matemático

formado por la ecuación de ondas y una ecuación de Rayleigh-Plesset que describen

el acoplamiento entre la presión acústica y las vibraciones de las burbujas. Para ello

se desarrollan modelos numéricos basados en el método de los volúmenes finitos en las

dimensiones espaciales y de las diferencias finitas en el dominio temporal.

Los resultados permiten analizar los armónicos (con fuentes de una frecuencia) y

proponer leyes que rigen su comportamiento como función de la amplitud de la fuente.

También se consigue estudiar las frecuencias suma y diferencia (con fuentes de dos

frecuencias) y a proponer leyes f́ısicas que describen su generación como función de la

amplitud de la fuente. Además en este trabajo se incluye un estudio de la convergencia
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y de la estabilidad del modelo desarrollado.

Se incluye el manuscrito enviado a una revista cient́ıfica (Factor de impacto JCR-

ISI: 2,147):

M.T. Tejedor Sastre, C. Vanhille, Numerical study of frequency mi-

xing in a focused ultrasonic field in bubbly liquids from a dual-frequency

spherical source, Results Phys. (2018) Enviado.
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Numerical study of frequency mixing in a focused ul-

trasonic field in bubbly liquids from a dual-frequency

spherical source

The aim of this work is to study the nonlinear frequency mixing that comes out in

the focus region in a bubbly liquid when a spherical transducer emits a dual-frequency

ultrasonic wave of finite amplitude in a three-dimensional open domain with axial sym-

metry. The nonlinear interaction between the acoustic field and the bubble vibrations

is modeled through a coupled differential system formed by the wave equation and a

Rayleigh-Plesset equation. Simulations are performed by means of an ad-hoc numerical

model developed on the basis of multi-dimensional finite-volume and finite-difference

techniques. Results show the nonlinear response of the system by showing the space

distribution of the fundamental and harmonics for a single-frequency excitation (for

which a convergence study is also carried out) and the space distribution of the dif-

ference and sum-frequency components for a two-frequency excitation. In the former

case a law is proposed for the evolution of each one of the second and third harmonics

vs. amplitude. In the latter configuration a law is proposed for the evolution of each

one of the difference and sum frequencies vs. amplitude. This work suggests that

the combination of two frequencies emitted from a spherical transducer can allow the

enhancement of the generation of the difference and sum-frequencies in a restricted

volume of the bubbly liquid. This could be used to control the amplitude and space

extent of these frequency components by modifying the shape of the spherical trans-

ducer, the primary frequencies, and the pressure amplitude. Our results can be useful

for industrial and medical processes based on nonlinear frequency mixing.

5.1. Introduction

Bubbly liquids are dispersive media that affect the propagation of an ultrasonic

wave differently depending on the ratio of the driven frequency to the bubble resonance.

These media can strongly attenuate and nonlinearly distort the wave. They are very
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interesting media since at some frequency ranges this nonlinear distortion (harmonic

generation) can become huge even at relatively small amplitudes and for small void

fractions (low bubble density in the liquid) [1-3]. When a dual-frequency wave travels in

a bubbly liquid, the nonlinearity of the medium produces the mixing of these frequency

that generates new frequency components in the signal, in particular the difference

and sum frequencies of the two primary ones. Harmonic generation from a single-

frequency signal is used in medical imaging [4]. Nonlinear mixing from a dual-frequency

signal is useful for applications such as bubble detection and characterization [5-7]

and underwater communication [8,9], mainly because of the low attenuation and high

directivity of the created difference frequency.

Theoretical, experimental, and applied studies about nonlinear frequency mixing

exist in the literature [9-11]. In bubbly liquids, few works about nonlinear frequency

mixing have been reported [12-19]. Zabolotskaya and Soluyan derived a differential

model to analyze the combination of frequencies in a bubbly liquid [12]. The difference-

frequency is analyzed theoretically and experimentally in a liquid containing bubbles of

different sizes by Kobelev and Sutin in Ref. [13]. Druzhinin et al. explore analytically

and numerically the low-frequency generation in a resonant bubble layer [14]. Ma et

al. analyze the difference-frequency generation from microbubbles theoretically and

experimentally [15]. Vanhille et al. study numerically the difference frequency in

several configurations in one or more dimensions [16-19].

Although the effect of a dual-frequency HIFU field is studied experimentally in

Ref. [20] to show the efficiency of the therapeutic effects due to the cavitation field ob-

tained at the low difference frequency signal, the nonlinear frequency mixing produced

in a focused ultrasonic field in a liquid containing bubbles evenly distributed has not

been analyzed in the literature, even if its implication in some industrial and medical

applications could be interesting because of the specific properties of the difference-

frequency component [9-11,21]. In the present work, we draw our attention on this

topic.

The aim of this work is the study of the difference and sum frequencies generated

by a focused ultrasonic field created by a spherical transducer in a bubbly liquid in

an axi-symmetric three-dimensional open domain. To this end, we chose to develop a
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numerical model able to perform simulations at several pressure amplitude ranges. Sec-

tion 5.2 presents the physical problem we consider and the differential equations used

to perform its modeling. This section also describes the numerical model developed

to solve the mathematical model. In Section 5.3 we present the results obtained from

numerical simulations when the source is driven at one and two frequencies. Section

5.4 gives the discussion of this study. An appendix gives the results of the study of the

convergence in the one-frequency source case.

5.2. Material and methods

5.2.1. Physical problem

We consider a mixture of water and air bubbles in a three-dimensional open do-

main, with variables (x, y, z), excited by a spherical transducer (Fig. 5.1), in which

bubbles are evenly distributed in the liquid. We assume that all the bubbles are spher-

ical, have the same size, and that bubbles are the only source of attenuation, nonlin-

earity, and dispersion in the medium. We also consider that bubbles are monodisperse

and oscillate at their first radial mode, the surface tension is neglected, and the bubble

collapse is not modeled. Buoyancy, Bjerknes and viscous drag forces are not consid-

ered in this work. The transducer excites the system with a continuous pressure source

driven at one frequency, f , or at two frequencies, f1 and f2. We study the nonlinear

mutual interaction between the pressure field and the bubble oscillations in the time,

variable t, and space domains.

5.2.2. Mathematical model

We assume a symmetry of the problem around the z-axis in the three-dimensional

space that reduces the problem to an axi-symmetric space domain and allows us to use

cylindrical coordinates (r, z). The interaction between acoustic pressure p(r, z, t) and

bubble volume variation v(r, z, t) = V (r, z, t) − v0g is modeled by the coupling of the

wave equation, Eq. (5.1), and the Rayleigh-Plesset equation, Eq. (5.2), [1-3],
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∂2p

∂r2
+
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r

∂p

∂r
+
∂2p

∂z2
− 1

c2
0l

∂2p

∂t2
= −ρ0lNg

∂2v

∂t2
,

0 < r < R/2, R−
√
R2 − r2 < z < L, 0 < t < Tt,

(5.1)

∂2v

∂t2
+ δω0g

∂v

∂t
+ ω2

0gv + ηp = av2 + b

(
2v
∂2v

∂t2
+

(
∂v

∂t

)2
)
,

0 ≤ r ≤ R/2, R−
√
R2 − r2 ≤ z ≤ L, 0 < t < Tt,

(5.2)

in which c0l and ρ0l are the sound speed and the density at the equilibrium state

of the liquid, Ng is the density of bubbles in the liquid, δ = 4νl/ω0gR
2
0g is the viscous

damping coefficient of the bubbly fluid, νl is the cinematic viscosity of the liquid,

ω0g =
√

3γgp0g/ρ0lR2
0g is the resonance frequency of bubbles, γg is the specific heats

ratio of the gas, p0g = ρ0gc
2
0g/γg is the atmospheric pressure of the gas, ρ0g and c0g

are the density and sound speed at the equilibrium state in the gas, R is the radius of

curvature (R/2 is the opening radius) of the transducer, and L is the length of the space

domain in the main axis direction. Parameters η = 4πR0g/ρ0l, a = (γg + 1)ω2
0g/(2v0g),

and b = 1/(6v0g) are constants. Our simulations are performed from t = 0 up to time

Tt is reached. We suppose that the bubbles are at rest in the unperturbed liquid when

the experiment starts:

p(r, z, 0) = 0, v(r, z, 0) = 0,
∂p

∂t
(r, z, 0) = 0,

∂v

∂t
(r, z, 0) = 0,

0 ≤ r ≤ R/2, R−
√
R2 − r2 ≤ z ≤ L(r).

(5.3)

The axi-symmetrical condition is also set:

∂p

∂r
(0, z, t) = 0, R−

√
R2 − r2 ≤ z ≤ L(r), 0 < t < Tt. (5.4)

The source s(t) is placed at the bottom part in Fig. 5.1. The other boundary

conditions, including the open-domain condition, are

s(t) = p(r, z = R−
√
R2 − r2, t), 0 < r < R/2, 0 ≤ t ≤ Tt, (5.5)

∂p

∂r
(R/2, z, t) = − 1

c2
0l

∂p

∂t
(R/2, z, t), R(1−

√
3/2) < z < L, 0 ≤ t ≤ Tt, (5.6)
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Figure 5.1: Schematic representation of the open space domain (linear regime) showing

the axi-symmetric plan section, the spherical transducer, and the region of the focus.

∂p

∂z
(r, L, t) = − 1

c2
0l

∂p

∂t
(r, L, t), 0 < r < R/2, 0 ≤ t ≤ Tt, (5.7)

5.2.3. Numerical model

The numerical model developed is based on our previous works developed for

resonators in one and several dimensions [17,18]. This new model solves the differential

system formed by Eqs. (5.1-5.7). It is based on a combination of numerical techniques,

the finite-volume method in the space dimensions and the finite-difference method in

the time domain [22-24]. The space discretization is performed by dividing the domain

R/2×L in a number of N ×M control volumes, each one of size h×h. We define each

control volume of the axi-symmetric plane (r, z) by its central point denoted by the

subscripts (i, j). The differential equations are then integrated in each volume control
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assuming a linear relation between adjacent control volumes. The truncation error of

the space scheme is O(h). The time discretization is carried out by dividing the total

time Tt in Qt intervals, each one of dimension τ . We denote each time point by the

subscript k. We use central finite-difference formulas to approximate the second-order

time derivatives and central backward finite-difference formulas to approximate the

first-order time derivatives. The truncation error in these approximations is O(τ 2)

and O(τ), respectively. These developments for Eqs. (5.2)(5.3) lead to the following

discretized system, valid for any control volume (i, j) and any time point such that

k = 3, ..., Qt + 1,

h2B

c2
0l

pi,j,k+1 − ρ0lNgh
2Bvi,j,k+1 = τ 2(A1pi+1,j,k + A2pi−1,j,k)

+τ 2B(A3pi,j+1,k + A4pi,j−1,k) +

(
−h

2B

c2
0l

+ A5

)
pi,j,k−1

+ρ0lNgh
2B(−2vi,j,k + vi,j,k−1) +

(
A6τ

2 + A7Bτ
2 +

2Bh2

c2
0l

+ A8

)
pi,j,k,

(5.8)

(2bvi,j,k − 1)vi,j,k+1 = (−2 + δτω0g + τ 2ω2
0g − τ 2avi,j,k + 3bvi,j,k)vi,j,k

+(1− δτω0g − bvi,j,k)vi,j,k−1 + ητ 2pi,j,k

(5.9)

where B = (1 − 2i)/2 and Ac, with c = (1, 2, 3, 4, 5, 6, 7, 8). Ac takes different values

that depend on whether the control volume is in the interior of the space domain, at

the boundary of the space domain, at the symmetry axis, or at the source. We have

thus the following cases:

- in the former case, within the interior of the space domain, A1 = i, A2 = i− 1,

A3 = 1, A4 = 1, A5 = 0, A6 = 1− 2i, A7 = −2, and A8 = 0;

- if the volume is at the source, A1 = i, A2 = i − 1, A3 = 1, A4 = 2s(t)/pi,j−1,k,

A5 = 0, A6 = 1− 2i, A7 = −3, and A8 = 0;

- if the volume is at the source and at the symmetry axis, A1 = i, A2 = 0, A3 = 1,

A4 = 2s(t)/pi,j−1,k, A5 = 0, A6 = −i, A7 = −3, and A8 = 0;

- if the volume is at the source and at the right boundary, A1 = 0, A2 = i − 1,

A3 = 1, A4 = 2s(t)/pi,j−1,k, A5 = τ 2/c2
0l, A6 = 1− i, A7 = −3, and A8 = −τ 2/c2

0l;

- if the volume is at the right boundary, A1 = 0, A2 = i − 1, A3 = 1, A4 = 1,

A5 = τ 2/c2
0l, A6 = 1− i, A7 = −2, and A8 = −τ 2/c2

0l;
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- if the volume is at the right boundary and at the top boundary, A1 = 0,

A2 = i − 1, A3 = 0, A4 = 1, A5 = τ 2(1 + B)/c2
0l, A6 = 1 − i, A7 = −1, and

A8 = −τ 2(1 +B)/c2
0l;

- if the volume is at the top boundary, A1 = i, A2 = i − 1, A3 = 0, A4 = 1,

A5 = τ 2B/c2
0l, A6 = 1− 2i, A7 = −1, and A8 = −τ 2B/c2

0l;

- if the volume is at the top boundary and at the symmetry axis, A1 = i, A2 = 0,

A3 = 0, A4 = 1, A5 = τ 2B/c2
0l, A6 = −i, A7 = −1, and A8 = τ 2B/c2

0l;

- if the volume is at the symmetry axis, A1 = i, A2 = 0, A3 = 1, A4 = 1, A5 = 0,

A6 = −i, A7 = −2, and A8 = 0.

Eq. (5.9) is valid for all control volumes. This set of discretized equations,

considering the different values of Ac for each control volume, leads to the explicit

scheme that allows us obtain the solution (vi,j,k, pi,j,k) in each space volume and at

each time point.

5.3. Results

In this section we consider the following data for the liquid (water), c0l = 1500 m/s,

ρ0l = 1000 kg/m3, νl = 1.43 × 10−6 m/s, and for the gas (air), c0g = 340 m/s,

ρ0g = 1.29 kg/m3, γg = 1.4. We use bubbles of radius R0g = 2.5 × 10−6 m at density

Ng = 5 × 1011 m−3. The dimensions of the space domain simulated here is given by

the opening radius of the spherical transducer R/2 = 0.02 m, since its radius is set at

R = 0.04 m, and the length in the main axial direction L = 0.16 m (Fig. 5.1). For

the numerical discretization we set N = 100 and thus use N × 8N = 80000 control

volumes of size h2 = 4× 10−8 m2. Two cases are considered. The first one assumes a

one-frequency source (Section 5.3.1). The other one considers a two-frequency source

(5.3.2). The frequency components shown in the following are obtained after applying

a Fast Fourier Transform to the solution calculated in the time domain.

5.3.1. One-frequency experiment

We use the single-frequency continuous pressure source s(t) = p0sin(ωt) of am-

plitude p0 = 6 kPa and frequency f = 200 kHz. The sound speed in this medium at
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Figure 5.2: Space distribution of frequencies in the open domain: (a) fundamental

frequency f ; (b) 2nd harmonic 2f ; (c) 3rd harmonic 3f . Single-frequency source case.

f , 2f , and 3f is c = 1222.8 m/s, c = 1208.4 m/s, and c = 1180.7 m/s, respectively

[2]. The experiment lasts Tt = 50T , where T = 1/f and we use Q = 400 time intervals

of length τ = 1.25× 10−8 s per period.

Figure 5.2 displays the space distribution in the open domain of the fundamental

frequency, (a) f , 2nd harmonic, (b) 2f , and 3rd harmonic, (c) 3f. Figure 5.3 presents

the distribution along the axis of symmetry of the open domain of the fundamental

frequency f , 2nd harmonic 2f , and 3rd harmonic 3f . Figure 5.4 shows the fitting curves

of maximum pressure obtained in the open domain as a function of the amplitude at

the source, of the 2nd and 3rd harmonics, (a) 2f and (b) 3f .

The maximum pressure amplitude of the fundamental frequency obtained in the

space domain (Figs. 5.2 and 5.3), pmf = 32.391kPa, which is 539.9% of p0, indicates

a high-pressure focus on the symmetry axis. The second and third harmonics also

reach high values, respectively the maximum pressure amplitudes, pm2f = 19.910kPa

(331.8% of p0) and pm3f = 11.280kPa (188.0% of p0). It can be seen in Fig. 5.3 that

these maximum values, corresponding to the three frequency components, are obtained

at the same position, i.e., the focus which is situated near the center of curvature of the
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Figure 5.3: Distribution of fundamental frequency f , 2nd harmonic 2f , and 3r harmonic

3f along the symmetry axis of the open domain. Single-frequency source case.

spherical source. As expected, both harmonics increase only once the amplitude of the

pressure wave is high enough, i.e., when the traveling wave approaches the theoretical

focus region. Moreover, it is interesting to observe that the third harmonic allows us to

clearly localize the place of the real focus on the symmetry axis in the bubbly liquid,

in a much precise way than using the fundamental or the second harmonic. The fitting

curves of the maximum values of the second and third harmonic in Fig. 5.4, for which

amplitudes are expressed in kPa, are respectively, pf2f = 0.4859p2
0 + 0.4724p0 − 0.1310

and pf3f = 0.0281p3
0 + 0.1829p2

0 − 0.2231p0 + 0.0278.

The study of the convergence of the numerical model developed in Section 5.2.3

is performed in the Appendix in this single-frequency source case.

5.3.2. Two-frequency experiment

We use the dual-frequency continuous pressure source s(t) = p0sin(ω1t)+p0sin(ω2t)

of amplitude p0 = 6 kPa and primary frequencies f1 = 570 kHz and f1 = 770 kHz.

The total time is Tt = 50Td , where Td = 1/fd is the period at the difference fre-

quency defined by fd = f2 − f1 = 200 kHz. The sum frequency is defined as
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Figure 5.4: Fitting curves of maximum pressure vs. source amplitude in the open

domain: (a) 2nd and (b) 3rd harmonics, 2f and 3f . Single-frequency source case.

fs = f2 + f1 = 1.34 MHz. It must be noted that the primary frequencies are around

the nonlinear peak of the dispersive medium, 673 kHz [2]. The sound speed in this

medium at f1, f2, fd, and fs is c = 1185.9 m/s, c = 1141 m/s, c = 1222.8 m/s,

and c = 853.9 m/s, respectively [2]. We use Q = 400 time intervals of length

τ = 1.25 × 10−8s per period. Figure 5.5 displays the space distribution in the open

domain of the primary frequencies, (a) f1 and (b) f2, the difference frequency, (c) fd,

and the sum frequency, (d) fs. Figure 5.6 presents the distribution along the axis of

symmetry of the open domain of the primary frequencies, (a) f1 and f2, the difference

and sum frequencies, (b) fd and fs. Figure 5.7 shows the fitting curves of the maximum

pressure obtained in the open domain as a function of the amplitude at the source, of

the difference and sum frequency components, (a) fd and (b) fs.

The maximum pressure amplitude at the difference and sum frequencies obtained

in the space domain (Figs. 5.5 and 5.6) are, respectively, pmfd = 2.089 kPa, which

is 34.8% of p0, and pmfs = 4.663 kPa, which is 77.7% of p0. These high relative

values reflects the high nonlinearity of the bubbly medium. It can be seen in Fig.

5.6 that the maximum values corresponding to the primary and sum frequencies are

situated at the same position as in the case of the single-frequency case, the focus

in Section 5.3.1, whereas the maximum value of the difference frequency is slightly

shifted toward the source. As it was expected, both the difference and sum frequency

components hugely increase when the traveling wave approaches the focus region, i.e.,
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Figure 5.5: Space distribution of frequencies in the open domain: primary frequencies,

(a) f1 and (b) f2; (c) difference frequency fd; (d) sum frequency fs. Dual-frequency

source case

Figure 5.6: Distribution of frequencies along the symmetry axis of the open domain:

(a) primary frequencies, f1 and f2; (b) difference and sum frequencies, fd and fs.

Dual-frequency source case.
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Figure 5.7: Fitting curves of maximum pressure vs. source amplitude in the open

domain: (a) difference and (b) sum frequencies, fd and fs. Dual-frequency source case.

once the amplitude of the pressure wave is high enough in the high nonlinear medium.

Moreover, it is very interesting to observe in Figs. 5.5 and 5.6 that the sum frequency

component allows us to clearly localize the place of the focus on the symmetry axis

in the bubbly liquid, in a much more precise way than using the difference frequency

in this section or the driven and harmonic frequencies in Section 5.3.1. However,

the difference frequency signal still have a significant amplitude beyond the focus,

whereas the sum frequency vanishes beyond the focus. This result could be useful

to detect or characterize the bubble population with a hydrophone situated beyond

the focus region. The fitting curves of the maximum values of the difference and

sum frequencies in Fig. 5.7 are respectively, pffd = 0.0571p2
0 + 0.0067p0 − 0.0012 and

pffs = 0.0241p3
0 − 0.0481p2

0 + 0.1881p0 − 0.0270, for which amplitudes are expressed

in kPa. They indicate, since the sum-frequency response is of higher degree, that the

detection or characterization of the bubbly medium through the measurement of the

sum-frequency component in a focused ultrasonic field as the source amplitude is raised

could be more useful that through the difference-frequency component. It must be also

noted that the cubic coefficient of the fitting curve pffs is similar to the corresponding

coefficient of pf3f (Section 5.3.1).
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5.4. Discussion

We have proposed a numerical model to study the nonlinear frequency mixing

in the focus region of a three-dimensional bubbly liquid excited by a spherical trans-

ducer emitting at two ultrasonic frequencies, by considering an axial symmetry of the

problem. The model solves a Rayleigh-Plesset equation coupled to the wave equation

that has allowed us to simulate the nonlinear interaction between bubble oscillations

and ultrasonic field. The ad-hoc numerical model has been constructed by developing

multi-dimensional finite-volume and finite-difference techniques. Our simulations have

been performed with one frequency and two frequencies at the source. A convergence

study has also been carried out. Results have shown the nonlinear response in terms

of fundamental frequency, harmonics components, difference and sum-frequency com-

ponents. A law has been proposed for the behavior of each one of these components

vs. amplitude at the source. The results show the existence of a huge enhancement of

the sum frequency in a very restricted volume of bubbly liquid around the focus region

and the enhancement of the difference frequency over a much larger distance on the

symmetry axis, which could be used to localize the focus and characterize the bubbly

medium. This work suggests that the amplitude and space extent of the difference

and sum frequencies could be controlled by changing the parameters of the transducer,

which can be useful for industrial and medical processes based on nonlinear frequency

mixing.

Appendix

The study of the convergence of the numerical model developed in Section 5.2.3

in the single-frequency source case of Section 5.3.1 is performed in this Appendix. To

this end, we analyze in both the linear and nonlinear regimes, (i) the stability of the

model, and (ii) its convergence.

In both regimes we consider a reference pressure amplitude at the source, p0r,

and a perturbed pressure amplitude obtained from this reference value by introduc-

ing an error, p0p = 1.0017p0r, and we observe the response of the system, through
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the maximal pressure amplitude obtained (at the focus) with both excitations, pmr

and pmp, to evaluate the stability of the model. In the linear regime, p0r = 1Pa and

p0p = 1.0017Pa, whereas p0r = 6kPa and p0p = 6.010kPa in the nonlinear regime.

The response obtained is the following: pmp/pmr = 0.1666% in the linear regime and

pmp/pmr = 0.2853% in the nonlinear regime. These results show that the introduc-

tion of a perturbation (an error) into the source data leads to a bounded response of

the model after many time steps and calculations, which proves the stability of the

numerical model in both the linear and the nonlinear regimes.

Since the discretized equations obtained are consistent with the differential equa-

tions, the stability induces the convergence of the model, at least in the linear regime.

In the nonlinear regime, this result can be extrapolated locally [25-27].

In this sense, a von Neumann stability analysis for Eq. (5.2) is performed to de-

termine the discretization parameters that guarantee the stable behavior of our model

[27]. To this end, we assume a perturbation of the system in the form of a finite Fourier

expansion ε(r, z, t) =
∑+q

m=−q vm(r, z)eiαmt, where i2 = −1 , vm is the amplitude and αm

is the time frequency of the m-component of the series, introduced into the discretized

equation. For each m-component we have εk,m(r, z, t) = vm(r, z)eiαm(k−1)τ . This analy-

sis considers that the solution is stable if the absolute value of the amplification factor

verifies |ξ| = |eiαmτ | ≤ 1. Following the comment in the previous paragraph, we sim-

plify our model by considering that both differential equations are not coupled, i.e.,

p = 0 for Eq. (5.2), and that we work in the linear regime, i.e., both constants a and

b null. After introducing the perturbation, the following relation is obtained:

(ξ − 2 + ξ−1) + τδω0g(1− ξ−1) + ω2
0gτ

2 = 0. (5.10)

which, after multiplying by ξ and reorganizing the equation, leads to

ξ2 + ξ(−2 + τδw0g + w2
0gτ

2) + (1− τδw0g) = 0, (5.11)

The solutions of the latter are

ξ± =
(2− τδw0g − w2

0gτ
2)±

√
(−2 + τδw0g + w2

0gτ
2)2 − 4(1− τδw0g)

2
.

(5.12)
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Fig. 5.8a represents the absolute value of ξ± as a function of τ , in which the continuous

line indicates the unit value and the red, respectively blue, dashed line represents

|ξ+|, respectively |ξ−|. Whereas |ξ+| ≤ 1 is verified for any τ , |ξ−| ≤ 1 only for

τ ≤ τma = 2.2395×10−7s. Thus, from this analytical study, we assume that the system

is stable, |ξ±| ≤ 1, for τ ≤ τma. About Eq. (5.1), written in cylindrical coordinates,

we chose to obtain a stability condition through numerical experiments, in the linear

regime. We consider several values of the time step τ . For each one of them, the length

of the control volumes h is varying over a range from large to small values and we

observe the limit value from which the model is stable. The overall relation between h

and τ gives us the actual stability condition, i.e., the stability domain which is the semi-

infinite space in the h− τ plane situated below the limit-value curve, as shown in Fig.

5.8b. Note that the system is never stable for time-step values τ ≥ τmn = 1.786×10−7 s.

This value, calculated numerically, is different from the one evaluated analytically

above, although both have the same order of magnitude. Since many simplifications

are introduced, the von Neumann analysis only gives an approximation of the actual

stability of our model. For time-step values τ < 1.2 × 10−7 < τmn both domains are

separated by a straight line that fits the relation hn(τ) = 2298.9τ − 3.383 × 10−6m ,

shown in brown color in Fig. 5.8b. Thus, the use of τ < 1.2× 10−7 and h > hn ensures

the stability, and convergence, of our model. Note that the discretization steps used

in Section 5.3, τ = 1.25 × 10−8 s and h = 2 × 10−4 m , verify the stability conditions

described above, τ < τmn < τma and hn(1.25× 10−8) = 2.5353× 10−5 m < h .

The following empirical study of convergence corroborates the consequence given

in one of the previous paragraphs, stability induces convergence. The maximum pres-

sure amplitude obtained (at the focus), pm, is represented in Fig. 5.9 in both regimes,

(a) linear and (b) nonlinear, by employing a constant value τ = 1.25×10−8 s and vary-

ing the control volume size parameter h , i.e., modifying the control volume number

N (top diagrams), and by employing a constant value h = 2 × 10−4 and varying the

time step parameter τ , i.e., modifying the time point number per period Q (bottom

diagrams). In all the diagrams a rough fitting line is indicated for each phase of the

convergence curve, which slope shows the behavior of the convergence. Note that the

discretization steps used in this convergence study all verify the stability conditions
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Figure 5.8: Stability curve showing the behavior of the amplification factor vs. time-

step length in the linear regime (a) and stability domain in the h− τ plane (b). Linear

regime. Single-frequency source case.

described in the previous paragraph (Fig. 5.8b). In both top diagrams, with large con-

trol volumes, i.e., small N values, the curve shows a quasi-vertical asymptote, whereas

the slope of the fitting line undergoes a clear drop (in absolute values) for intermediate

N values, and the curve finally tends to a constant value (quasi-horizontal asymptote)

when the dimension of the control volumes decreases, i.e., for high N values. In both

bottom diagrams, a similar behavior, with three different phases, is observed as Q

increases. This behavior proves the convergence of the numerical model in both the

linear and the nonlinear regimes.
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Figure 5.9: Convergence curves, showing the maximum pressure amplitude vs. number

of control volumes (top) and time points per period (bottom): (a) linear and (b)

nonlinear regimes. Single-frequency source case.
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Discusión general

Esta etapa de formación ha dado lugar al desarrollo de varios modelos numéricos

en una, dos y tres dimensiones (con simetŕıa axial) basados en el método de volúmenes

finitos, en las dimensiones espaciales, y el método de las diferencias finitas, en el dominio

temporal, que simulan la propagación del campo ultrasónico en ĺıquidos con burbujas.

El sistema de ecuaciones diferenciales formado por la ecuación de ondas y una ecuación

de Rayleigh-Plesset, acoplando aśı la presión acústica y las oscilaciones en el volumen de

las burbujas, describe este comportamiento y ha sido resuelto para obtener conclusiones

f́ısicas.

En primer lugar se ha desarrollado un nuevo modelo numérico capaz de simular la

propagación ultrasónica en ĺıquidos con burbujas en resonadores unidimensionales y que

ha sido validado por comparación con resultados publicados en la literatura. Con este

modelo se ha estudiado la generación de armónicos, con fuentes mono-frecuenciales,

en función de la amplitud de la fuente para aśı poder proponer leyes que rigen su

comportamiento. En particular se ha obtenido que el segundo armónico se ajusta a

un polinomio de grado dos mientras que el tercer armónico se ajusta a un polinomio

de grado cuatro. Asimismo, el análisis de su formación en función de la cantidad de

burbujas presentes en el medio se ha llevado a cabo. En este caso ambas frecuencias

se ajustan a polinomios de grado seis, llegando a observar una saturación cuando el

número de burbujas aumenta. En este trabajo se ha investigado también las longitudes

de resonador que son más eficientes a la hora de potenciar la producción de armónicos,

obteniendo aśı mucho mejores resultados cuando se trabaja con resonadores múltiplos

de λ/2 (se han obtenido resultados para la mejora en la producción del segundo armóni-

co que van del 1 % para múltiplos de λ/4 al 180 % con múltiplos de λ/2 respecto a la

amplitud de la fuente). De igual modo, se ha estudiado la mezcla de frecuencias cuan-
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do se excita el sistema con fuentes bi-frecuenciales y teniendo en cuenta la condición

mencionada anteriormente sobre la longitud de los resonadores. Se ha obtenido una

amplitud del 110 % para la frecuencia diferencia respecto de la amplitud de la fuente

(resultado muy alto comparado con la literatura). Igualmente, se ha propuesto una ley

para su comportamiento (en este caso su generación sigue una ley polinómica de grado

cuatro) y se ha investigado la eficiencia de su producción en función de las frecuencias

fuente obteniendo mejores resultados para frecuencias por debajo de la resonancia de

las burbujas (del 154 % por debajo de la frecuencia de resonancia al 27 % por encima

respecto a la amplitud de la fuente). Este detallado estudio del comportamiento de los

campos ultrasónicos en ĺıquidos con burbujas ha permitido un primer acercamiento al

problema f́ısico considerado en esta tesis que ha servido como base fundamental para

el entendimiento de los fenómenos y de referencia para todos los estudios en dos y tres

dimensiones desarrollados a partir de este estudio unidimensional.

Una vez hecho el profundo estudio unidimensional, se ha aumentado el número de

dimensiones para acercarse a la realidad f́ısica del problema que se investiga en esta tesis

doctoral. Se han desarrollado varios modelos numéricos que simulan la interacción entre

el campo ultrasónico y las burbujas con diferentes geometŕıas en dos y tres dimensiones

(con paredes verticales, horizontales, oblicuas o curvas) con diferentes fuentes (de una

o dos frecuencias y con diferentes perfiles de crecimiento en su amplitud) y condiciones

de contorno (paredes libres o reflectantes). En este estudio se hace un primer cálculo de

la frecuencia de resonancia (en régimen lineal) de cada una de las cavidades a partir de

un software comercial (COMSOL Multiphysics), y a partir de esa frecuencia obtenida

se hace un barrido más fino a fin de conseguir la verdadera frecuencia de resonancia del

modelo. Los armónicos, con fuentes mono-frecuenciales, han sido estudiados obteniendo

para los trabajos bidimensionales amplitudes para el segundo armónico que oscilan

entre el 157 % y el 41 % y para el tercer armónico entre el 94 % y el 12 %. Para los

modelos tridimensionales se han obtenido amplitudes que van desde el 29 % al 5 % para

el segundo armónico y del 6 % al 0, 5 % para el tercer armónico. La frecuencia diferencia

también ha sido estudiada obteniéndose amplitudes que van desde el 33 % al 25 % para

el caso bidimensional y entre el 7 % y el 2 % para los casos tridimensionales. La gran

diferencia en los porcentajes entre los casos bidimensionales, tridimensionales y el caso
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unidimensional se debe principalmente a la relación entre el tamaño de la fuente y el

tamaño de la cavidad. Este estudio ha revelado una gran versatilidad de los modelos

numéricos desarrollados con cualquier geometŕıa y condición de contorno.

A partir de los modelos en dos y tres dimensiones, en la búsqueda de la frecuencia

de resonancia de las cavidades, se ha observado una mejor respuesta (trabajando en

régimen no lineal) con frecuencias un poco inferiores a la resonancia en régimen lineal.

Este fenómeno ha sido muy poco estudiado en la literatura y por tanto, el modelo

unidimensional ha sido retomado a fin de analizarlo. Se ha estudiado la variación de la

frecuencia de resonancia de la cavidad unidimensional (y por tanto en la velocidad de

propagación de la onda) al aumentar la amplitud de la fuente para varias densidades

de burbujas. Se han propuesto leyes que describen este comportamiento obteniendo

que la variación en dicha frecuencia se ajusta a polinomios de grado tres para todas las

densidades estudiadas. Además, se ha justificado el fenómeno debido a un aumento del

volumen efectivo de la burbuja, pues al aumentar la amplitud aumenta el volumen en

torno al cual oscila la burbuja, y por tanto, aumenta la fracción de volumen ocupada

por el gas y, como consecuencia, disminuye la velocidad de propagación de la onda.

La variación en dicha frecuencia sigue una relación lineal con dicho volumen, lo que

conlleva dicha disminución en la velocidad de propagación de la onda. Este estudio ha

dado paso a su aplicación en la generación de la frecuencia diferencia y, al tener en

cuenta este fenómeno, se ha obtenido una amplitud del 174 % respecto a la amplitud

de la fuente. Este resultado es muy interesante de cara a la optimización de cavidades

resonantes en procesos industriales, pues con sólo una ligera variación de la frecuencia

o de la geometŕıa, se puede aumentar en gran medida la generación de las componentes

frecuenciales de las señales ultrasónicas.

Por último, se ha desarrollado un modelo numérico tridimensional que simula la

propagación ultrasónica en ĺıquidos con burbujas para estudiar los armónicos y mezcla

de frecuencias a partir de un transductor esférico que produce campos focalizados.

Las condiciones de contorno en este caso son de campo abierto, para que no haya

ningún tipo de reflexión. Se ha analizado la producción de armónicos, con fuentes

mono-frecuenciales, y la generación de las frecuencias suma y diferencia, con fuentes

bi-frecuenciales, en función de la amplitud de la fuente, obteniendo leyes que rigen su
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comportamiento. En este caso los armónicos se ajustan a polinomios de grado dos para

el segundo armónico, de grado tres para el tercer armónico, y en el caso de la mezcla,

polinomios de grado dos para la frecuencia diferencia y de grado tres para la frecuencia

suma. Las amplitudes para este caso han sido del 331 % para el segundo armónico,

188 % para el tercer armónico, 35 % para la frecuencia diferencia y 78 % para la suma.

Este estudio ha mostrado dos posibles aplicaciones del uso de la mezcla de frecuencias

en campos focalizados. Con la frecuencia suma se podŕıa localizar el foco con mucha

más precisión que con otras frecuencias debido a que el pico que presenta es muy agudo

y más restringido espacialmente, mientras que con la frecuencia diferencia se podŕıan

hacer medidas mucho más allá del foco debido a su menor atenuación, lo que podŕıa

ser interesante en el marco de la detección de burbujas.

Todos los modelos numéricos desarrollados en esta tesis doctoral son propios. Des-

de las ecuaciones que describen el problema f́ısico considerado, se han aplicado técnicas

basadas en el método de los volúmenes finitos y de las diferencias finitas, obteniendo

aśı un sistema de ecuaciones discretizadas. Mediante la compleja implementación de

los correspondientes códigos en el lenguaje de programación Matlab, se han hecho las

simulaciones pertinentes para obtener todos los resultados presentados en esta tesis.

Este arduo proceso tiene la gran ventaja de mantener un control total del modelo.

En esta etapa de formación se han desarrollado modelos numéricos propios ca-

paces de simular los fenómenos acústicos no lineales en ĺıquidos con burbujas de gas.

Estos modelos permitirán seguir haciendo estudios que nos acercarán cada vez más a la

comprensión de este complejo problema y del comportamiento de los efectos asociados.

Esta investigación se llevará a cabo en el marco del nuevo proyecto financiado por el

Plan Nacional [DPI2017-84758].

Uno de los logros de este trabajo ha sido el conseguir optimizar la generación de

armónicos y la mezcla de frecuencias en ĺıquidos con burbujas teniendo en cuenta las

dimensiones y las frecuencias idóneas que hacen que su producción sea más eficiente.

Como continuación de esta labor, el siguiente paso será hacer un estudio de optimización

del medio, es decir, estudiar qué tamaño y cantidad de burbujas, para una frecuencia

dada, hacen que la generación no lineal sea más eficaz.

Otra de las ĺıneas que se seguirá a partir de este trabajo es considerar modelos
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más realistas intentando acoplar las vibraciones de las paredes de las cavidades con la

propagación acústica en el medio con burbujas e incluir términos en las ecuaciones que

den cuenta de contribuciones no tenidas en cuenta es esta tesis, como podŕıan ser la

tensión superficial o las fuerzas de Bjerknes.

También se prevé desarrollar modelos donde la distribución y los tamaños de

las burbujas no sean uniformes. Además, se desarrollarán modelos que estudien la

propagación a través de distintos medios, modelos de capas con presencia/ausencia de

burbujas o con distintas densidades.

De igual modo, se intentarán hacer mejoras en los modelos desarrollados usando

aproximaciones más finas que den lugar a errores de truncamiento más pequeños.

Por otra parte, podŕıa ser muy interesante intentar acoplar más variables al mo-

delo como por ejemplo ecuaciones que den cuenta de efectos térmicos al producirse los

efectos no lineales.

De una manera global, esta etapa de formación predoctoral ha sido un est́ımulo

para seguir estudiando en el futuro fenómenos no lineales en acústica mediante el

desarrollo de modelos numéricos propios.
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Conclusiones generales

En este trabajo, mediante el desarrollo de nuevos modelos numéricos, se ha con-

seguido definir leyes f́ısicas que ayudan a comprender el comportamiento muy complejo

de campos ultrasónicos en un tipo espećıfico de medio no lineal, a saber, los ĺıquidos

con burbujas.

Los modelos numéricos desarrollados en esta tesis han demostrado ser una herra-

mienta muy poderosa para simular la interacción no lineal mutua entre presión acústica

de amplitud finita y variaciones de volumen de las burbujas de gas, que viene descrita

por un sistema diferencial acoplando la ecuación de ondas y una ecuación de Rayleigh-

Plesset. Este sistema es resuelto por los nuevos modelos numéricos que presentan gran

versatilidad a la hora de llevar a cabo simulaciones en cualquier geometŕıa con diversos

tipos de condiciones de contorno. Han permitido analizar en profundidad los efectos no

lineales buscados y proponer leyes f́ısicas que los describen. En particular, se han pro-

puesto leyes para la generación de armónicos y de frecuencias suma y diferencia como

función de las principales causas que influyen en su producción, que son la amplitud

de la fuente y la cantidad de burbujas presentes en el medio.

Asimismo, nuestros desarrollos numéricos han facilitado el estudio sobre las con-

diciones a tener en cuenta para potenciar tanto la producción de armónicos como la

frecuencia suma y diferencia. Aśı, condiciones sobre las cavidades y sobre las frecuen-

cias de excitación para que esa generación sea mucho más eficiente han sido obtenidas.

Han permitido también observar fenómenos muy poco estudiados anteriormente en

este tipo de medios que sugieren un cambio en la velocidad de propagación de la on-

da (ablandamiento del medio) al aumentar su amplitud. Se han propuesto leyes que

cuantifiquen esta variación en función de las amplitudes con las que se trabaje.
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General conclusions

In this work, by means of the development of new numerical models, physical

laws have been defined to better understand the very complex behavior of ultrasonic

fields in a specific type of nonlinear medium, namely bubbly liquids.

The numerical models developed in this thesis are a very powerful tool to simulate

the mutual nonlinear interaction between finite-amplitude acoustic pressure and vol-

ume variations of gas bubble, described by a differential system that couples the wave

equation and a Rayleigh-Plesset equation. This system is solved by the new numeri-

cal models that present huge versatility when performing simulations in any geometry

with different kinds of boundary conditions. They have made it possible to analyze

thoroughly the intended nonlinear effects and to propose physical laws that describe

them. In particular, some laws have been proposed for the generation of harmonic

components, and sum and difference frequencies, as a function of the main parameters

that influence their production, which are the source amplitude and the amount of

bubbles in the medium.

Additionally, our numerical developments have provided the study about the

conditions that must be taken into account to enhance the production of harmonic

components and sum and difference frequencies. In this way, conditions on the cavities

and on the driven frequencies that make that generation much more efficient have

been obtained. They have also allowed us to observe phenomena insufficiently studied

previously in this kind of media that suggest a change in the sound speed (smoothing

of the medium) by increasing the source amplitude. Laws that quantify this variation

as a function of the wave amplitude have been proposed.
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Apéndice A

Análisis del comportamiento

numérico

A.1. Convergencia

La convergencia de los modelos numéricos desarrollados en esta tesis doctoral se

alcanza si al tomar cada vez más pasos temporales y volúmenes espaciales, los resultados

tienden hacia un mismo valor finito [1]. En este apéndice se estudia la convergencia

para el caso unidimensional, modelo desarrollado en el Caṕıtulo 2 y con el que también

se trabaja en el Caṕıtulo 4. En este caso se trabaja con un resonador de longitud

L = λ/2 = 0,0031 m. Se va variando el número de volúmenes espaciales desde N = 5

hasta N = 100, que se corresponden con longitudes de volumen de control de h =

3,057 × 10−4 m a h = 1,529 × 10−5 m. El número de pasos temporales por periodo

T = 1/f , donde f = 200kHz, va desde M = 25 hasta M = 400, que se corresponde

con pasos temporales que van de τ = 2× 10−7 s a τ = 1,25× 10−8 s. Para cada una de

las combinaciones de (h, τ) se toma el valor máximo de la presión en el último periodo

temporal. Cada experimento numérico dura un tiempo total Tt = 100 T . Este estudio

se hace tanto en baja amplitud p0 = 1 Pa (Fig. A.1a), cuyo valor máximo de presión

está en torno a los 100 Pa, como en alta amplitud p0 = 250 Pa (Fig. A.1b), cuyo valor

máximo de presión está en torno a los 20 kPa. Como se puede observar, el modelo es

convergente ya que, cuanto más pasos temporales y espaciales se toman, el valor del
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Figura A.1: Presión máxima en función del número de volúmenes N e intervalos tem-

porales M . a) p0 = 1 Pa. b) p0 = 1 Pa

máximo de presión tiende a un valor constante. En ambos casos casos la convergencia

es rápida como se observa en la Fig. A.1, tanto en baja como en alta amplitud, el valor

de la presión se aproxima a un plano cuando el número de pasos e intervalos aumenta.

También cabe destacar que el modelo tiene un comportamiento correcto para ciertos

valores (h, τ) y para otros no (donde no se obtiene solución). Este estudio se hace a

continuación, pero a simple vista se observa que estos valores (h, τ) son los mismos

independientemente de la amplitud.
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A.2. Estabilidad

Los modelos numéricos desarrollados en esta tesis doctoral se consideran estables

si la solución obtenida al introducir una perturbación en los datos iniciales sigue siendo

acotada. El método de von Neumann es una herramienta para analizar la estabilidad

de un método numérico [1]. Si se supone un error o perturbación del sistema escrito

a través de una serie de Fourier finita y se introduce en la ecuación discretizada, se

podrá evaluar cómo evoluciona el error dando unas condiciones sobre la estabilidad del

sistema. Para el sistema considerado en esta tesis el método consiste en suponer una

perturbación del sistema de la forma

p(x, t) =

+q∑
m=−q

p0me
iβxeiαt, (A.1)

v(x, t) =

+q∑
m=−q

v0me
iβxeiαt, (A.2)

donde p es la perturbación en la presión (siendo p0m su amplitud), v es la perturbación

en el volumen (siendo v0m su amplitud), i =
√
−1 , β y α son las frecuencias espacial

y temporal respectivamente. Estas perturbaciones escritas de un modo discretizado

para un término de la serie evolucionando separadamente de los otros son de la forma

pm(n,j) = p0me
iβnheiαjτ y vm(n,j) = v0me

iβnheiαjτ , donde x = nh y t = jτ , y verificarán

las ecuaciones formadas por Eq. (1.29) y Eq. (1.50) ya discretizadas. Para ver qué

condiciones aseguran la estabilidad del sistema discretizado, se impone que el valor

absoluto del factor de amplificación ξ sea menor o igual a 1, |ξ| = |eiατ | ≤ 1, aśı el error

inducido por la perturbación estará acotado. Esto permite obtener condiciones sobre el

paso temporal τ y sobre la longitud del volumen espacial h que garantizan la estabilidad

del sistema. La estrategia para usar el método con este sistema de ecuaciones es tomar

la ecuaciones como desacopladas para obtener una relación en cada una de ellas.

La ecuación discretizada mediante el método de los volúmenes finitos en la di-

mensión espacial y el método de las diferencias finitas en la dimensión temporal para

la ecuación de ondas no lineal, Eq. (1.29), es
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τ 2(pn+1,j − 2pn,j + pn−1,j)−
h2

c2
0l

(pn,j+1 − 2pn,j + pn,j−1)

= −ρ0Ngh
2(vn,j+1 − 2vn,j + vn,j−1).

(A.3)

Si se toman como independientes una de la otra entonces v = 0. La Eq. A.3 queda

entonces
c2

0lτ
2

h2
(pn+1,j − 2pn,j + pn−1,j) = pn,j+1 − 2pn,j + pn,j−1. (A.4)

Si se denomina A = c2
0lτ

2/h2 y se sustituye la perturbación pm(n,j) = p0me
iβnheiαjτ en

la Eq. (A.4) se tiene

Ap0me
iαjτ (eiβ(n+1)h − 2eiβnh + eiβ(n−1)h)

= p0me
iβnh(eiα(j+1)τ − 2eiαjτ + eiα(j−1)τ ).

(A.5)

Si ahora se divide todo por p0me
iβnheiαjτ se obtiene

(Aeiβh − 2 + e−iβh) = (eiατ − 2 + e−iατ ). (A.6)

Usando la relación cos(βh) = (eiβh + e−iβh)/2 y si se sustituye ξ = eiατ se obtiene

2A(cos(βh)− 1) = eiατ − 2 + e−iατ , (A.7)

2A(cos(βh)− 1) = ξ − 2 + ξ−1. (A.8)

Haciendo uso de la relación trigonométrica (cos(βh) − 1) = −2sen2 (βh/2) y

multiplicando por ξ y reorganizando la ecuación se obtiene

−4Asen2

(
βh

2
)

)
= ξ − 2 + ξ−1, (A.9)

ξ2 − 2

(
1− 2Asen2

(
βh

2

))
ξ − 1 = 0. (A.10)

Cuyas soluciones son de la forma

ξ± =

(
1− 2Asen2

(
βh

2

))
±

√(
1− 2Asen2

(
βh

2

))2

− 1. (A.11)
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El seno cuadrado está acotado por 1 y como A es positivo, entonces se verifica

que 1− 2Asen2
(
βh
2

)
≤ 1. Se pueden tener dos opciones:

i) 1− 2Asen2
(
βh
2

)
< −1.

ii) −1 ≤ 1− 2Asen2
(
βh
2

)
≤ 1.

Si se da i) las ráıces son reales con ξ− < −1 y por tanto |ξ−| > 1 luego en este

caso habŕıa inestabilidad. Si se da ii) las ráıces son complejas conjugadas y |ξ+,−| ≤1

luego habŕıa estabilidad. La condición ii) es equivalente a poner 0 ≤ Asen2 (βh/2) ≤ 1,

entonces 0 < A ≤ 1. La condición de estabilidad es 0 < c2
0lτ

2/h2 ≤ 1 o 0 < c0lτ/h ≤ 1

[1].

Para la ecuación de la burbuja, Eq. (1.50), se sigue un proceso análogo suponiendo

ahora p = 0 para que sean independientes. Además, se considera que las constantes a

y b de la ecuación son nulas ya que se trabaja en régimen lineal. Entonces la ecuación

discretizada usando el método de los volúmenes finitos en la dimensión espacial y el

método de las diferencias finitas en la dimensión temporal es

(vn,j+1 − 2vn,j + vn,j−1) + τδω0g(vn,j − vn,j−1) + ω2
0gτ

2vn,j = 0. (A.12)

Ahora se supone que la perturbación vm(n,j) = v0me
iβnheiαjτ es solución de la

ecuación,

v0me
iβnh(eiα(j+1)τ − 2eiαjτ + eiα(j−1)τ ) + τδω0gv0me

iβnh(eiαjτ − eiα(j−1)τ )

+ω2
0gτ

2v0me
iβnheiαjτ = 0.

(A.13)

Si ahora se divide toda la ecuación por v0me
iβnheiαjτ y se sustituye ξ = eiατ se obtiene:

(eiατ − 2 + e−iατ ) + τδω0g(1− e−iατ ) + ω2
0gτ

2 = 0, (A.14)

(ξ − 2 + ξ−1) + τδω0g(1− ξ−1) + ω2
0gτ

2 = 0. (A.15)

Multiplicando por ξ y reorganizando la ecuación se tiene
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ξ2 + ξ(−2 + τδw0g + w2
0gτ

2) + (1− τδw0g) = 0, (A.16)

cuyas soluciones serán de la forma:

ξ± =
(2− τδw0g − w2

0gτ
2)±

√
(−2 + τδw0g + w2

0gτ
2)2 − 4(1− τδw0g)

2
.

(A.17)

Ahora habŕıa que ver para que valor de τ se cumple |ξ±| ≤ 1. Dado que esta ecuación

sólo es dependiente del tiempo entonces sólo da información sobre las restricciones en

τ . Como no son funciones que a priori se puedan acotar, se procede a ver un ejemplo

concreto y a representar las soluciones en función de τ para ver qué valores de τ cumplen

tal condición. Una vez hecho esto, se puede usar la condición obtenida en la ecuación

anterior a fin de dar las condiciones de convergencia.

A.2.1. Ejemplo

Se supone que se trabaja con un ĺıquido, agua, con burbujas de gas, aire, de

radio R0g = 2,5 × 10−6 m. La frecuencia de resonancia para las burbujas es ω0g =√
3γgp0g/ρ0lR2

0g = 8,46 × 106 rad/s tomando γg = 1,4 y p0g = ρ0gc
2
0g/γg = 1,0652 ×

105 Pa donde ρ0g = 1,29 kg/m3 , ρ0l = 1000 kg/m3 son las densidades y c0g = 340 m/s

es la velocidad del sonido en el gas en el estado de equilibrio. δ = 4νl/ω0gR
2
0g = 0,1082

es el coeficiente de viscosidad donde νl = 1,43× 10−6 m2/s es la viscosidad cinemática.

En la Fig. A.2 se representa el valor absoluto de ξ± en función de τ . Se observa como ξ+

en valor absoluto es siempre menor que uno mientras que ξ− llega un valor para el cual

su valor absoluto es mayor que 1 y conduciŕıa por tanto a la inestabilidad. Ese valor

se corresponde con τm = 2,2395 × 10−7 s. Entonces la condición para la estabilidad

debida a la ecuación de la burbuja en este caso es τ ≤ τm. Esta condición sólo depende

de los parámetros del medio y es independiente de la ecuación de ondas que se use,

es decir, no depende de la geometŕıa ni de las dimensiones del modelo considerado. Si

ahora se considera la condición debida a la ecuación de ondas se tiene que los valores

que conducen a valores estables de la solución son aquellos que verifican h ≥ c0lτ y

además τ ≤ τm. Para ilustrar estas condiciones se representan en la Fig. A.3.
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Figura A.2: Valor absoluto de las soluciones de la Eq.(A.17)

.

Figura A.3: Relaciones h vs. τ que conducen a soluciones estables.
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Estas condiciones de estabilidad son una aproximación de la estabilidad del mo-

delo, ya que se ha supuesto que las ecuaciones están desacopladas y linealizadas (a = 0

y b = 0). Ahora se estudia cómo se comporta el modelo unidimensional tomando

los mismos valores que se ha supuesto en las ecuaciones y se usa un caso análogo

al Caṕıtulo 4 con la diferencia que ahora se toma un resonador más largo, L = 3λ,

a fin de poder tener volúmenes más grandes que permitan analizar el modelo. Para

ilustrar este comportamiento se representan las condiciones obtenidas con el modelo

en la Fig. A.4. Como se observa en la Fig. A.4, el comportamiento es similar al ob-

tenido anaĺıticamente, Fig. A.3, hay un valor máximo de τ para que el sistema sea

estable: en este caso τmn = 1,78 × 10−7s. Además, para valores pequeños de τ se ob-

serva que tiene claramente un comportamiento lineal. Si se hace un ajuste para esos

valores se obtiene que se aproxima a la ecuación h = 1532,3τ − 5,0825 × 10−7. La

pendiente de esta recta, 1532,3, es un poco mayor al valor obtenido anaĺıticamente

c0l = 1500. También cabe destacar que tanto anaĺıticamente como numéricamente, en

todos los modelos desarrollados en esta tesis se ha trabajado en condiciones de estabili-

dad, pues siempre se ha comprobado que se verifiquen dichas condiciones. Por ejemplo,

en la sección 3.2 del Caṕıtulo 2, donde se trabaja con el mismo medio considerado

en este ejemplo, se hacen simulaciones con pasos temporales τ2 = 3,125 × 10−8 s

y longitudes de los volúmenes h2 = 4,777 × 10−5 m. h2 está por encima del va-

lor mı́nimo de estabilidad anaĺıtico que seŕıa h2a = c0lτ2 = 4,6875 × 10−5 m y del

numérico que seŕıa h2n = 1532,3τ2 − 5,0825 × 10−7 = 4,7376 × 10−5 m. En la sec-

ción 3.1 del Caṕıtulo 4, donde se vuelve a tener el mismo medio y modelo, se trabaja

con frecuencias que oscilan entre f41 = 198,74 kHz y f42 = 202,50 kHz, lo cual

tomando 400 intervalos temporales por periodo nos lleva a pasos temporales entre

τ41 = 1,2579 × 10−8s y τ42 = 1,2346 × 10−8s. La longitud de los volúmenes en es-

te estudio es siempre h4 = 2,3883 × 10−5 m. h4 está muy por encima del mı́nimo

para la estabidad tanto anaĺıtica h41a = c0lτ41 = 1,8869 × 10−5 m como numérica

h41n = 1532,3τ41 − 5,0825 × 10−7 = 1,8767 × 10−5 m para τ41. h4 también está por

encima del mı́nimo para la estabidad tanto anaĺıtica h42a = c0lτ42 = 1,8519 × 10−5 m

como numérica h42n = 1532,3τ42 − 5,0825× 10−7 = 1,8409× 10−5 m para τ42.
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Figura A.4: Relaciones h vs. τ del modelo obtenidas numéricamente.
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Apéndice B

Transformada Rápida de Fourier

(FFT)

La transformada discreta de Fourier, o DFT, es un tipo de transformada discreta

que permite expresar un conjunto discreto de datos temporales en el dominio de la

frecuencia y viceversa [1]. Se define la transformada discreta de Fourier y su inversa

como

Fk =
N−1∑
n=0

fne
−ikω0n, k = 0, 1, 2, ..., N − 1, (B.1)

fn =
1

N

N−1∑
k=0

Fke
ikω0n, n = 0, 1, 2, ..., N − 1, (B.2)

donde N es el número de datos, el sub́ındice n indica los tiempos discretos donde

se toman las muestras y el sub́ındice k indica las frecuencias discretas. Los valores

f1, f2, ..., fN−1 son las muestras en el dominio temporal, F1, F2, ..., FN−1 en el dominio

frecuencial y ω0 = 2π/N . El cálculo de esta transformada discreta requiere un total

de N2 operaciones complejas por lo que calcularla conlleva un gran tiempo y esfuerzo.

Por ello se utilizan métodos que permiten calcularla de un modo más eficiente, como

es la Tansformada Rápida de Fourier (FFT). Supongamos que N es una potencia de

dos N = 2M , donde M es un número entero. Si se introduce la notación W = e−i
2π
N , la

Eq. (B.1) queda
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Fk =
N−1∑
n=0

fnW
kn, k = 0, 1, 2, ..., N − 1. (B.3)

Si se divide la muestra por la mitad se tiene

Fk =

N
2
−1∑

n=0

fne
−ik 2π

N
n

N−1∑
n=N

2

fne
−ik 2π

N
n, k = 0, 1, 2, ..., N − 1. (B.4)

Si se crea una variable m = n−N/2 se tiene

Fk =

N
2
−1∑

n=0

fne
−ik 2π

N
n

N
2
−1∑

m=0

fm+N
2
e−ik

2π
N

(m+N
2

), k = 0, 1, 2, ..., N − 1, (B.5)

Fk =

N
2
−1∑

n=0

(fn + e−iπkfn+N
2

)e−ikn
2π
N , k = 0, 1, 2, ..., N − 1. (B.6)

Como e−iπk = (−1)k, para los valores pares vale 1 mientras para los impares vale -1,

luego se puede separar Eq. (B.6) en dos ecuaciones. Para los valores pares se tiene

F2k =

N
2
−1∑

n=0

(fn + fn+N
2

)e−i
2π(2k)n

N =

N
2
−1∑

n=0

(fn + fn+N
2

)e−
i2πkn
N/2 , (B.7)

y para los valores impares

F2k+1 =

N
2
−1∑

n=0

(fn − fn+N
2

)e−i
2π(2k+1)n

N =

N
2
−1∑

n=0

(fn − fn+N
2

)e−i
2πn
N e−

i2πkn
N/2 . (B.8)

con k = 0, 1, 2, ..., N/2− 1.

Estas ecuaciones se pueden poner en también, haciendo uso de la notación W =

e−i
2π
N , para los valores pares,

F2k =

N
2
−1∑

n=0

(fn + fn+N
2

)W 2kn (B.9)

y para lo valores impares,

F2k+1 =

N
2
−1∑

n=0

(fn − fn+N
2

)W nW 2kn (B.10)

Estas expresiones se pueden interpretar como si fueran las transformadas discretas con

N/2 valores gn = fn + fn+N
2

y hn = (fn + fn−N
2

)W n con n = 0, 1, 2, ..., N/2− 1. De este

modo se pasa a F2k = Gk y F2k+1 = Hk con k = 0, 1, 2, ..., N/2− 1.
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Se ha transformado el cálculo de N2 ecuaciones en 2(N/2)2, es decir, se ha logrado

dividir entre dos el número de operaciones. Si se aplica lo anterior una vez más se

lograŕıa pasar de N2 a 4(N/4)2, es decir, se habŕıa logrado dividir entre cuatro el

número de operaciones. Si se continua este proceso de ir dividiendo los puntos hasta

que N/2 Transformadas Discretas de Fourier de dos puntos se hayan calculado, lo que

se logra es el paso de N2 a N log2N operaciones. En una muestra de 1000 datos, la

diferencia entre número de cálculos seŕıa del orden de 100 veces mayor para la DFT

que para la FFT.

Referencias

[1] S.C. Chapra, R.P. Canale, Métodos numéricos para Ingenieros , McGraw-Hill,

Mexico, 1999.

117


