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Granular gases general conditions are given for the system to reach consensus. The case when the
Master equation interaction frequency is proportional to the 8-power of the relative opinions is studied in
Boltzmann equation more detail. It is shown that the mean-field approximation to the master equation leads

to the Boltzmann kinetic equation for the opinion distribution. In this case, the system
always approaches consensus, which can be seen as the approach to zero of the opinion
temperature, a measure of the width of the opinion distribution. Moreover, the long-time
behaviour of the system is characterized by a scaling solution to the Boltzmann equation
in which all time dependence occurs through the temperature. The case 8 = 0 is related
to the Deffuant model and is analytically soluble. The scaling distribution is unimodal
and independent of «. For 8 > 0 the distribution of opinions is unimodal below a critical
value of |«|, being multimodal with two maxima above it. This means that agents may
approach consensus while being polarized. Near the critical points and for |«| > 0.4, the
distribution of opinions is well approximated by the sum of two Gaussian distributions.

Monte Carlo simulations are in agreement with the theoretical results.
© 2021 The Author. Published by Elsevier B.V. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

A fundamental problem when studying the opinion formation in social systems is to determine whether consensus
can be reached or not [1,2]. In other words, when and under what conditions does a group of agents/individuals end
up having the same opinion on a given topic? Different models have been proposed in the literature to answer this and
related questions across different social contexts [3]. From the modelling point of view, they differ in the way opinions
and dynamics are considered. A possible classification distinguishes between discrete- and continuous-opinion models.

The discrete-opinion models assume agents can hold a finite number of possible opinions. A paradigmatic example is
the Voter Model (VM), a model closely related to spin systems in which only two possible opinions are allowed [4,5]. In
this case the dynamics is determined by a stochastic copying mechanism: at each time step a randomly selected agent
copy the opinion of a neighbour, also selected at random. The evolution of the system to a final steady state is determined
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by a simple criterion: consensus is reached whenever the effective dimension of the network of interactions (neighbours)
is below two, while a coexistence state prevails in other cases [6,7]. In addition, consensus is also an absorbing state in
which the dynamics gets frozen. However, the previous criterion does not generally apply when the VM is, even slightly
modified. This is the case, for instance, when individuals can hold more than two opinions, as in the so-called multi-state
VM: the time to reach consensus [8-12] as well as the geometry of the ordering process [13-15] turn out to be quite
different from the original VM. A modification of the VM in its dynamics may also prevent the system from reaching
consensus or even remove the absorbing state. This is the case when considering memory effects (ageing) [16-20] or
when including intrinsic noise as a new mechanism of opinion transition [21-28], just to mention a few examples.

As for the continuous-opinions models [29], the set of all possible opinions forms a continuum. A relevant example is
the Deffuant et al. model (DM) [30-33], an instance of a bounded confidence model [34] in which agents have opinions
in the interval [0, 1]. Similarly to the VM, in the DM the dynamics is driven by stochastic pairwise interactions. However,
as a result of the social interaction, both agents in the DM suffer a convergent adjustment of their opinions, reducing
the absolute value of their opinion difference. This is the way the social influence is modelled in the DM. Moreover,
the adjustment proceeds if and only if the opinion difference is below a given threshold, the so-called coefficient of
bounded confidence. This abruptly removal or hard cut-off in opinion space [35] defines the similarity between individuals
and, together with the social influence mechanism, determines the tendency of individuals to associate with others
(homophily). Interestingly, the DM describes an evolution of the system towards consensus if the bound of confidence is
bigger than a critical value, otherwise the agents split into a finite number of groups or clusters within which individuals
share the same opinion [36-39]. Even more, the critical value may be dependent on the initial opinion distribution [37,40].

Variations of the Deffuant model and similar ones include noise [40-43], adaptivity of the network of contacts [44],
stronger and weaker opinions [45], repulsive interactions [46], diffusing jumps [47], random social interactions [48],
spatial heterogeneity and noise [49,50], etc. Remarkably, most of these works use a kinetic approach based on a
Boltzmann-like equation [51], even though the microscopic dynamics is very often stochastic. Hence, a first motivation of
the present work is to understand how a kinetic description can emerge from a stochastic dynamics as given by a master
equation.

A second motivation comes from the already recognized relation between models of opinion dynamics and models
of one-dimensional granular gases [42,52,53]: the approach to closer opinions after a social interaction of two agents,
the so-called compromise propensity, is identified with the tendency of grains to reduce their relative velocity after an
inelastic collision. The coefficient of normal restitution @ can be used then to tune the strength of the social interaction.
This analogy opens up the opportunity to explore the behaviour of continuous-opinion models under the optics of the
physics of granular gases. In this work, this is done in a first approach by taking the collision rule of DM and assuming
generic form for the collision rates. Later, the approach to consensus is studied in more details by taking the rates as
the B-power of the opinion difference, with 8 being a positive parameter of the model. The problem is to explore the
different patterns (shapes of the distribution) of opinions as the system approaches consensus, as « and g take different
values.

When rates are taken as proportional to the S-power of the opinion difference, our model is in apparent contradiction
with other theories, such as homophily, in which the tendency of agents with similar traits to influence each others is
bigger than with dissimilars [54]. Homophily explains not only cultural convergence but also the formation of cultural
groups [55]. In this respect, the social context our model is trying to reflect is a situation where the initial difference of
opinions between any two agents is small, say below the coefficient of bound confidence in the DM, so the agents already
form a (cultural) group. Under these conditions, it is reasonable to assume that the bigger the opinion differences are
the more frequent the social interactions are, 8 > 0; the neutral case § = 0 corresponding to the DM. In other words,
when the differences of opinions within a group are not too large, the discussions preferentially take place between
agents having different opinions. Alternatively, the model can be seen as way of including social mechanisms that oppose
homophily, such as heterophily [56].

The remainder of the paper is organized as follows. Section 2 is devoted to the model and its connection with a mono-
dimensional granular gas. In Section 3 the master equation is analysed. From it, equations for the opinion distribution, the
mean opinion, and the opinion temperature (related to the width of the opinion distributions) are derived. From them,
a condition for the system to reach consensus is given. In the last part of Section 3, the Boltzmann kinetic equation for
the opinion distribution is derived form the master equation under the mean-field approximation. Section 4 focuses on
the approach to consensus when the interaction frequency between individuals is taken as the S-power of the opinion
difference. This is done by first identifying a scaling solution to the master equation in which all time dependence occurs
through its dependence on the temperature. This property is then used at the mean-field level to approximately infer a
phase diagram in space («, B) separating unimodal and multimodal shapes of the opinion distribution. Section 5 contains
the numerical simulations and their comparison against the theoretical results. They have been obtained by means of a
Monte Carlo method to solve the scaled master equation. Summary and conclusions are reported in Section 6. Further
information is given in the Appendix.

2. Model

In this section, the model is precisely defined. It can be regarded as a general agent-based model for continuous-opinion
dynamics that contains the Deffuant model as a special case. It is also shown that the model has some important properties
in common with most one-dimensional granular gases. This analogy motivates the study carried out in the subsequent
sections.
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2.1. State and dynamics

The system is an ensemble of N agents (particles) on an arbitrary symmetric (undirected) network. The nodes represent
the agents/particles while links the interactions among neighbours. The opinion of an agent i is denoted by s; and can
take any real value s; € R. The state of the system at any time is given by the opinions/states of all particles {si}f’z 1

The state {s; f": 1 changes through pairwise interactions among neighbours. Two linked particles i and j change their
states after an interaction, encounter, or collision according to the following rule:

g b,’jS,’ES?ES,’-FM(Sj-S,’), (1)

Sj —> biij = S} =S5 — M(Sj — S,'), (2)

where u € [0, 1] is a fixed parameter measuring the agents’ persuasibility or tendency to keep their pre-collision opinion
and bj; is the collision operator. For u = 0 there is no changes at all, while for u = 1 the agents interchange their opinions.
Note that the range of possible values of  has been extended if compared to the DM in which u is restricted to values
in [0, 0.5].

Two agents i and j, with opinions s; and s;, interact in a stochastic manner with a rate taken as

7 (si, 8j) = rAp(si — sj), (3)

where r > 0 is a constant, A; is the adjacency matrix (it is one if i and j are linked and zero otherwise), and p is a
non-negative function.

This model is a generalization of other well known models. For instance, the Deffuant model is recovered when A; = 1,
0 < u < 1/2, the function p is taken as 1 if |[s; — s;] < € and 0 otherwise, and if initially all opinions lie in the interval
[0, 1]. The collision rule ensures that all opinion will stay in [0, 1] for any later time. The parameter € > 0 is the so-called

bound of confidence.
When explicitly said, the collision frequency will be given a more explicit form by taking p in Eq. (3) as

p(x) = Ix|F, (4)

with 8 > 0 a constant of the model. Even for this form of p, the Deffuant model is recovered for § = 0 and if the bound of
confidence is big enough, so that the population stays in a single group or cluster. The parameter 8 controls the influence
of the opinion difference on the probability of social interactions. Within a cluster of agents, interactions are assumed to
be more frequent between those with larger opinion differences, which is the case when g > 0.

2.2. Properties

The model has the following important properties:

(i) Conservation of the number of agents/particles. The dynamics only modify the opinions, the number of agents is
kept constant.
(ii) Conservation of the “total opinion”. For two interacting agents i and j, it is easily seen that
si+s;=si+sj, (5)

that is, the sum of the opinions after the interaction equals the sum before it. This implies that the sum of all opinions
Zf’: 1 Si is a constant of motion.

(iii) Consensus. If all agents have the same opinion (consensus), the system does not evolve in time, it gets frozen to an
absorbing state. Consensus is a unique state, with all agents having the same opinion % ZL s;, given by the initial
conditions.

(iv) Dissipation of the “opinion energy”. When p # 0, 1 a couple of interacting agents reduces their opinion difference:

Isi = sil = 11— 2ullsi — s;| < Isi — sjl. (6)

By defining a sort of “opinion energy” of the two colliding agents as s? + sjz, the approach to a common opinion can
be seen as the decreasing of the energy:

(57 +57) = (7 +57) = —2u(1 — p)(s; — 5;)° < 0. (7)

Note that the previous inequalities do not imply necessarily that the system reaches consensus, since the dynamics
can stop before it is reached.
(v) Symmetry. The dynamics is almost the same for x and for 1 — w. The collision rule for 1 — u is

— Si+ (1= p)sj—si) =sj — ulsj — si)s (8)
si— s;— (1 — p)(sj — si) = si + pu(sj — si)s (9)

which is a collision with a given u followed by an interchange of the agents’ labels. Hence, regarding the number
of particles with given opinions, the collision rule is the same for « and 1 — p.

3
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2.3. Analogy with granular gases

The collision rule (1)-(2) is the usual collision rule of two inelastic particles moving on a straight line, provided s; is
identified with the velocity of grain i. The parameter p can be expressed as a function of «, the so-called coefficient of
normal restitution:

14+«
n= 5 (10)
Since u € [0, 1], the granular gas has @« € [—1, 1]. Note that for the DM it is u € [0, 0.5], which is equivalent to
o €[—1,0].

An important observation is that the previous properties of the opinion model are also verified by a one-dimensional
granular gas. More specifically, properties (i), (ii), and (iv) now refer to the conservation of particles in collision, the
conservation of linear momentum when grains have the same mass, and the dissipation (conservation) of kinetic energy
when |a| < 1 (Ja| = 1).

There are, however, important differences between the opinion model and a one-dimensional granular gas. On the
one hand, the state of the granular system is given not only by the set of all velocities but also by the set of all positions.
On the other hand, the dynamics of (most) real granular gases is deterministic, are governed by Newton laws, while the
opinion dynamics of the model is stochastic.

Nevertheless, the identification of a fully-connected continuous-opinion model with p(x) = |x|® and some models of a
granular gas can still be done. This will become very apparent when obtaining the same Boltzmann kinetic equation for
both systems in the next section.

3. From master equation to Boltzmann equation

In this section the master equation for the probability density p of the state {si}f": 1 is considered first. This equation is
used then to derive equations for the probability density p; of the opinion of a given agent i, which allows to get other
quantities of interest and their equations, such as the equations for the mean opinion S (proportional to the total opinion)
and the opinion temperature T (proportional to the total opinion energy). These quantities provide valuable information
on the evolution of the system towards a steady, eventually consensus state. It is shown that S is a conserved quantity
while T is a decreasing function of time. A steady state, with a constant opinion temperature, is of consensus if and only if
T = 0. Finally, the Boltzmann equation is obtained as the mean-field approximation of the master equation. This equation
is used in the next section to unveil the evolution towards consensus states when the function p defining the interaction
rate is of the form p(x) = |x|?.

3.1. Master equation

Let p(sy, . . ., Sn; t) be the probability density of the state {s,-}f.": ; at time t. Assuming the dynamics unveils in continuous
time, the probability density verifies the following master equation,
ap =y (lel™'by" — 1) (si, s;)p, (11)

i>j
where bi]_- 1 is the restitution operator which provides the opinions giving rise to s; and s; after a collision, and the

term |a|~! on the gain term of the right-hand side of the equation comes from the Jacobian of the transformation
(si, sj) = (bU’.lsi, bl.jf]sj). The action of the new operator on the opinion variables results from inverting the collision rule

Egs. (1)-(2),
" 14+«

bij_.ls,- =Si— 1= Zﬂ(sj —S)=si+ 2a (sj — si)s (12)
B 1+«
by'si = s+ 1_2M(51 —Si) =S$j — 2 (85— si)- (13)

The new transformation is well defined except for the case © = 1/2 (¢ = 0), when the dynamics becomes non-unitary:
different pairs of opinions can give rise to the same final shared opinion after a collision. This case has been studied in [40]
and will not be considered in this work. For a recent model considering general Markov jump processes see [57].

Note that the symmetry property of the collisions rule under the interchange u <> 1 — u (or @ <> —a) can also be
recognized at the level of the master equation. Let p* be the probability density verifying the master equation when u
() is replaced by 1 — u (—a). Its equation reads

dp* = Z lae| =" (by s, by 'sp*(- .o by s by i) — (s s)p” | (14)
4
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This coincides with the equation of p, provided the particles are (classically) indistinguishable or, equivalently, if 7 (s;, s;) =

(s, si)and p(...,Si ..., S, ...)=p(...Sj,...,S, ...)
Let pi(s, t) be the probability density of agent i to have an opinion s at time t. By definition,

pi(s, t) = (8(si — s)) = /ds 8(si —s)p(s1, ..., SN, t), (15)

where the braket is defined in the last relation, §(-) is the Dirac delta function, and ds = ds ... dsy. . Similarly, for i # j,
pii(s, u, t) is the probability density of agents i and j, defined as

pii(s, u, t) = (8(si — $)8(s; — u)) = /ds 8(si — $)8(s; — w)p(s1, - . ., SN, £). (16)

In order to obtain an equation for p;, the master equation is multiplied by §(s; — s) and integrating over all the opinion
variables:

opi(s, t) = /ds 8(si —s) Z(|oz|’1bj_k1 — D (sj, si)p(s1, ..., Sn, )

j>k
= Z/dss -—s)(lal”b U D)7 (sj, 5P, - - -5 SN, E). (17)
j>k
Ifi ¢ {j, k} then
/ds 8(si — s)(ler|"'by! — V(s si)p(st. .. sy, £) =0, (18)

since the operator only makes a change of integration variable with Jacobian equal to |«/|. For i = j,

/ds 8(si — s)(ler| "' — 1)ﬂ(sj,sk)p(51,...,sN,t)=/dsk (le| ~"by" — 1r(s, si)pcs, Sk ). (19)

Similarly, for i = k:

[ ds8tsi = a1 = st s 0) = [ dy a1 = Dot sy 0. (20)
Using these results, the equation for p; becomes
s )= Y- [ ds Gl 'by" = rlss)pyti 5 ) 1)
Uiz}

where use has been made of the fact that n(s;, s;) = 7(sj, si) and p;(si, s, t) = pji(sj, si, t). This equation is used next to
obtain the balance equations for some relevant quantities.

3.2. Opinion temperature and absorbing states

It is useful to define the “mean opinion” S and the “opinion temperature” T as

N
1 1
S=— Zfds Sipls1, - S D) = ;/dsi sipi(sit) (22)

and

1 1¢
T = NZ«S"_S)z): N;/ds (5t — S)P(s1, -+, Sn3 £) Z/ds, si — Sy pilsit). (23)

1
The mean opinion is nothing but the total opinion divided by the number of agents, while the granular temperature is
a measure of the width of the distributions of opinion and is zero if and only if the system is at the absorbing state,
iie.si=Sfori=1,...,N.
The balance equations for the defined quantities can be obtained from the master equation, or the equation of p;(s;, t).
In doing so, the following property is very useful. After multiplying the equation of p; by a generic (though well behaved)
function g(s;) and integrating over s; it is

/ dsgts ol 0) = [ dsetsn - [ dsy (ol 15,7 = s spyts s )
(i}

g(sl Z /dsldsj 5175] l](slssjv )(bl] — )g(si). (24)
(U}
5
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Hence, summing over i:

d
Gt = Y [ dss nlss)pyts s 00— )
i {i.jlij}

Z /dsidsj 7 (si, si)pji(sj, si, £)(bji — 1)g(s;)
{i.jli#j}

1
3 > /dSide 7 (si, 5)pii(si, 85, £)(by — 1)[g(si) + &(s;)]- (25)
{i.jlij}
In the second equality the labels i and j in the sum have been interchanged and use has been made of the identity
ds;ds; 7 (sj, si) = dsidsj m(s;, s;). In the third equality the identities pji(s;, si. t) = p;i(si, S, t) and b = b;; have been used in
order to sum and divide by two the two previous expressions.
Using the previous result with

(bl‘j — 1)(si + Sj) =0, (26)
the equation for S reads

d

—S=0, 27

i (27)

which is the macroscopic manifestation of the microscopic conservation of the total opinion. As for the temperature, since

(b — DI(si — SV + (5 — SP’1 = —2u(1 — p)(si — 5;)%, (28)
the resulting equation is

d

—T =—¢T, 29

GT= (29)
with

u(l—p)
{=—pr > fdsidsj (si — s (s, 5))py(sis 5y, £) = 0 (30)
{i.jlizj}

being the so-called cooling rate.

Note that the temperature is a decreasing function of time, i.e. the tendency of the system is always to reduce the
opinion discrepancies. However, the final state is not necessarily of consensus (absorbing state), since ¢ = 0 (time
independent T) does not imply in general s; = S for all i. An example is when we have two subgroup of agents with
opinions s; and s, such that 7(sq, s;) = 0, either because there are no links among the two groups, because the opinions
are above the confidence limit, or whatever other reason. In all of these cases, it is { = 0 while T # 0, in general.

If the interaction among agents is long-range, i.e. 7(s;, s;) > 0 for any values of s; and sj, s; # s;, then the only possible
steady state is of consensus. That is to say, a sufficient condition for reaching the absorbing state is the interaction rate ot
two different opinions to be a positive function. However, it is not a necessary condition in general. Namely, taking the
rate of Deffuant model, the system always reaches consensus if initially all agents interact with all others, even though
7 can be zero for some values of their arguments.

3.3. Mean-field approximation: Boltzmann kinetic equation

Here the Boltzmann equation is identified as the mean-field approximation of the master equation. The derivation to
be presented in the sequel is different from the usual one in Kinetic Theory, since the underlying microscopic dynamics
are different. For an alternative derivation of a similar model, closer to a Kinetic Theory approach, see [51,58,59].

The focus now is on the distribution function f(s, t) defined as the mean number of agents with a given opinion at
time ¢:

N N
fsty= 30005 — ) = Y [ dsatsi = pls w00 = Yopits o) (31)
i=1 i=1 i
Note that the definition of f in terms of the average of the deltas is completely analogous to the usual one in Kinetic
Theory, except for the meaning of the average (-); see for instance [60]. Using the definition of f in terms of p; and
Eq. (21) for p;,

afs.0)= 30 Y [ ds 57 = Dt spyts s 0 (32)
i {ili#l)
The previous exact equation is simplified under the following two approximations:

6
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(a) Homogeneity (exact for fully-connected networks):
Aj=1,
pi(s, t) = p(s, t) = f(s, t) = Np(s, t), (33)

which means that the probability densities of the opinion is the same for all agents.
(b) Mean-field approximation (“Molecular chaos”):

1
pi(si, 5j, t) = pilsi, Opi(sj, ) = pig(si, sin 1) = mf(sf, ) (sj. £). (34)
The latter is only needed just “after a collision”, as usual in Kinetic Theory.
This way,
0f(si, t) =~ /dsj (le| ="y " = Dr(si, 5)f (i, ) (s 0), (35)

with the addition approximation NON=1) ~ 1. This is the one-dimensional Boltzmann kinetic equation for an (spatially)

2

homogeneous gas with velocities {s,-[}’ and colliding rate . More specifically, it corresponds to some sort of granular gas,
due to the energy dissipation when |«| # 1.

Note that condition A; = 1 of the homogeneity hypothesis can be relaxed for a connected graph. In this case, Eq. (35)
also holds with the time ¢ rescaled by },_; A; /N2

Now becomes clear what is the connection between the opinion model and the granular gas: the mean-approximation
of the master equation of the former coincides with the usual kinetic description of the latter. That is to say, when space
is irrelevant (homogeneity) and correlations are absent, both systems have the same mesoscopic description.

It is worth noting that the relation between a Boltzmann kinetic equation and a master equation is not new [61]. In
fact, this relation is behind the so-called DSMC method, a Monte Carlo method to solve kinetic equations [62,63].

4. Approach to consensus: unimodal-multimodal transitions

In this section the evolution of the system towards the consensus states is studied. This is done by taking the function
p given by Eq. (4), hence assuming a rate function of the form

7'[(5,‘, Sj) = rA,-j|s,- — Sj|ﬁ. (36)

Nevertheless, some of the results of the present section are also useful for understanding the time evolution of other
systems having other rates. This is the case, for instance, when observing the evolution of an isolated group/cluster of
agents in the DM. The long-range character of the rate when A; = 1 ensures the existence of a unique steady state,
consensus, with zero temperature, as already stated.

The scaling form of the rate in Eq. (36) allows to subtract the time dependence of the distribution function p by means
of a proper scaling of the opinion variables. The new representation, in term of a new scaling probability density and
scaled opinions, is considered next. Then, the Boltzmann equation resulting from the previous scaling is analysed. Finally,
special attention is paid to the form of the scaled distribution function when A; = 1 (fully-connected network) as the
values of « and 8 change.

It is worth mentioning that in [42] Toscani considered a kinetic model with a more general collision rule which includes
noise and may not conserve the mean opinion. For the case 8§ = 0 (Maxwell molecules) the author derive Fokker-Planck
equations from the Boltzmann equation which are much easier to deal with. Under suitable chosen of the parameters, the
model by Toscani reduces to the mean-field description of the present work. However, the results in [42] are not relevant
here, either because they are relevant when noise is present or because they apply to 8 = 0 for which we provide exact
analytic results.

4.1. Scaled probability density @

A new probability density @ is defined as

d(cq,...,cyn; T)de = p(sq, ..., Sy; t)ds, (37)

where
si—S
G = ; dc =dc;...dcy, (38)
So

so = V2T, (39)
with T being the opinion temperature defined in Eq. (23) and the new time variable t being defined as

dr = shdt. (40)
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This way,
P(St, ... SN3 E) = Sp®(Cr, ., ON T), (41)
p = 3 (sh®)+ 55 8P - 3¢ = s [atcp + %ac . (ccp)} , (42)
> Ul ™byt = Nm(sioslp =557 > (el ”'by " = D (ci, ), (43)
i>j i>j

where bj; act on ¢; and ¢j as on s; and s;, and use has been made of fact that 7 (s;, s;) o |s; — sj|ﬂ. Additionally, the cooling
rate can be written as

1 — ZM
;= Z fds i— i) s,,s])p—s0 Z fdc i — ) (ci, )@ = sﬂ;“ ,
{i,jli)} {i.jlij)

where the scaled cooling rate ¢* is defined by the last equality. Using all previous relations, the new “master equation”
for the scaled distribution function @ is

*

0, P + %(% (c@) = Z(lozl”bij_.1 — (e, ¢)®. (44)

1>]
The time evolution of @ has two contributions. The term on the right-hand side of the equation accounts for collisions
among neighbouring agents, as in the equation for p. The second sum on the left-hand side of the equation has the form of
a Gaussian thermostat with amplitude given by the dimensionless cooling rate. This later term increases the absolute value
of the opinions between collisions. Thanks to the new term, the equation for ¢ admits a nontrivial steady-state solution,
as can be seen by computing the first moments of @. Note that the new master equation is valid for any network topology.
From definition, @ is normalized, has zero mean, and its second moment is one half:

/dcq>:/dsp:1, (45)

—Z/dccldﬁ_—s Z/ds i—S)h (46)
_ 1
NZ/dccizdb = NSOZZ/ds (si—S)Pp = 5 (47)

These properties are conserved by the new master equation. In particular, the cooling induced by the inelastic collisions
are exactly compensated for by the Gaussian thermostat at any time. This can be seen by multiplying the master equation
= % > ci2 and integrating over c:

1
N /dcc q+—i de c?. - (cq)

— Z fdcc (le| b5 " = Dr(ci, G)a

N 2
{IJU#J}
é-*
=>0—?=—Z/dcnc,,cj (bj — 1)(c? +c2)——— (48)
{i.jli#i}

where an integration by parts in the left-hand side has been done and it has been assumed that c?c® — 0 as ¢ — oo.

In order for @ to completely determine the time evolution of p, the temperature T(t) as a function of time has to be
determined. This can be done once @ is known, after solving its equation. Upon using the scaling form of the cooling rate
Eq. (30), with Eq. (29), the equation for T becomes

d 1+5
T =— 2 2
dtT 22¢%T)T' 2, (49)
where the dependence of ¢* on T is due the dependence of @ on .

After a few social interactions (collisions per particle), the system is expected to reach a situation where all time occurs
through the opinion temperature, ® — &;. This is usually identified as the homogeneous cooling state of a granular
gas [64-66]. When @ = @ the scaled cooling rate becomes time independent {* — ¢, and the time dependence of the
temperature T can be analytically obtained from Eq. (49), provided ¢/ is known,

T(t) > Tee 5%, B =0, (50)
_2
1 B . B
T(t) — To [1 + E(ZTO)Z B¢, t} , B >0, (51)
with Ty a constant of integration. Note the important difference on the time dependence of the temperature between
B =0and B > 0. However, that difference is not very drastic, in the sense that the case § = 0 can be recovered from
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the case 8 > 0 by taking the limit 8 — 0. The difference between this two set of values will also appear in the form of
the distribution function, as seen below.

Eqs. (50) and (51) provide useful information on the form and time needed for the system to reach consensus. In
general, for a given value of the coefficient of normal restitution «, the approach to consensus is faster the smaller the
value of g is. For a fixed value of §, consensus is faster reached for smaller values of |«|, since the scaled cooling rate ¢
is (obviously) a positive and decreasing function of |«| (it is ¢ = O for |a| = 1).

Finally, the probability density p scales in the homogeneous cooling state as

P(S1, ...y SN E) = SEDs(Cry ..., CN)- (52)

The variables ¢; on the argument of @; are now defined in terms of the temperature as given by Egs. (50)-(51).
So far, the results given in this section are valid for any network topology. Next, further progress is archived by
considering the mean-field approximation A; = 1.

4.2. Mean-field theory: shape of the distribution function
At the mean-field level, the distribution function of the homogeneous cooling state has the following scaling form:

f(s.t) = Nsy 'p(c). (53)

with ¢ = s/sp and s = +/2T. It is a normal solution to the Boltzmann equation, in which all time dependence is given
through the temperature.
The scaled distribution function is normalized, has zero mean, and its second moment is one half,

/dc¢=1, (54)
/dc cp =0, (55)
1
2 —_
/dccqb_z. (56)

Its equation can be obtained by direct integration of the master equation of &, or by plugging the scaling form into the
Boltzmann equation of the distribution function f, see Appendix. It reads

z 4 :
%E[Cld)(C])] = /ch ey — colf <Wb‘_2] _ 1) B(c1)p(c2) (57)
where
F=l=® p+2
¢ = > /dC]dCz |C1 — C2| ¢(C1 )¢(C2)’ (58)

is a new scaled cooling rate obtained under the mean-field approximations.

The case B = 0 is related to the so-called Maxwell model for granular gases. The resulting equation for ¢ has an

analytical solution [61,67-69]:
)= Az (for B =0). (59)
7 [142¢?]
Interestingly, there is no o dependence on ¢, which is a peculiarity of this specific case. Note that the distribution function
is unimodal, with a unique maximum at ¢ = 0, and decays as ¢~ when |c| — oo.

For B > 0 there is no known analytical solution to the equation of ¢. Approximate analysis of the hard-sphere case
(B = 1) [66,69,70] shows that the distribution function loses its unimodal character for || above a critical value. The
generality of the analysis carried out in [66] suggests a similar behaviour for any g8 > 0.

In order to investigate the shape of the scaled distribution function ¢ for 8 > 0, and hence that of the distribution
function f, several approaches are possible. The usual procedure in Kinetic Theory is to expand the distribution function
using the Sonine polynomials (see Appendix), where the coefficient of the expansion are related to the cumulants of the
distribution. This is a systematic approach that in many cases provides good approximations by keeping only the first
terms of the expansion. However, this needs for the removed higher-order cumulants to be (much) smaller than the
ones kept in the expansion. In the present case, though, it turns out that the first cumulants of the distribution are of
the same order, specially close to the unimodal/multimodal transition (see below). Hence, truncation does not produce a
good approximation in general.

Although other systematic approaches are still possible (see Appendix), a more heuristic one is proposed next. It
is motivated by the shapes of the distributions observed in numerical simulations, as shown in Section 5. The scaled
distribution function ¢ is approximated using the so-called 2-Gaussian approximation, namely

#(c) ~ do [exp (—(C_d])z> + exp (—(C“Ld])zﬂ , (60)
da da

9
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where dy, dq, and d, are constants to be determined. Imposing normalization and the value of the second moment:

1
2dov/dor = 1= dgy = , 61
oy da7 o T (61)
J1—d
2do/dom(2d? +dy) =1 — (2d> +dy) = 1= dy = ﬂ:%, (62)
where 0 < d, < 1 for the solution to be real. The scaled distribution function can now be written as
1 1 JI—d\° 1 < «/1—d2)2
c)~ exp|——(c— ——— +exp|l——c+ ——— , 63
¢(c) szz{ p[ d2< ﬁ)} p{ d2 7 (63)

with d, the only unknown coefficient to be determined.
An equation for d, is taken from the equation of the fourth moment of ¢, as usual. It can be written as

1— d
ngdc C4E[c¢(c)] =1y, (64)

with the different terms given in the Appendix. The explicit expression for d; is long and will not be given. However,
a much simple expression can be given for the critical line «.(8) in space («, 8) separating unimodal and multimodal
phases/shapes of the distribution ¢. The critical line is determined by the condition ¢”(0) = 0, which occurs when
d, = 1/2. The critical line is

\/—e(ﬁ + 1)+ 20e1F (<5 =1 4 =1) = 64F (52 3:1) = (B + 3 (5% 451
e~ . (65)

with {F; being the Hypergeometric 1F1 function.

For |a| < a.(B) the distribution function approaches consensus having only one maximum, while for |«| > a.(8) the
scaled distribution function develops two maxima. Note that |o.| — 1 as 8 — 0, meaning that for 8 = 0 the distribution
function is always unimodal for all values of «, consistently with the exact result already obtained.

Using the 2-Gaussian approximation, the first two cumulants of ¢ are

— 1 (C4) ~ 2 66
az_fw_] _7(‘1_d2) s ( )
1 <C6> <C4) - 16 3 67
a3_—_TW+W_Z ——1 (l—dz), ( )

where the brakets denote an average using ¢. These quantities measure the deviation of ¢ from the Gaussian distribution.
The first two cumulants are of the same order when d; >~ 1/2, i.e. when the proposed approximation is expected to be
accurate. This explains why the traditional approximation of the distribution using the Sonine expansion fails to give an
accurate estimation of the unimodal-multimodal transition.

5. Numerical simulations

This section contains the numerical simulation results of a system with all-to-all interactions (A; = 1), i.e. when all
agents can interact with each others with the rate in Eq. (36) and r = 1. First, the Monte Carlo method to solve the
master equation (44) for the scaled probability density @ is presented. Then, the shape of the scaled distribution function
¢ is investigated. The main objective is to construct the phase diagram in the space of parameters («, 8) showing the
unimodal and multimodal phases.

5.1. DSMC/Monte Carlo simulation of the master equation

The master equation for @ can be numerically solved by means of a Monte Carlo algorithm as follows:

1. Initial condition: a number N of agents with given random opinions (velocities) is generated, such as the mean
opinion is zero and the temperature equals 1/2.

2. At each Monte Carlo step, a small fraction of pairs of particles is selected at random. Pairs collide according to the
collision rule (1)-(2) given by u = (1+ o)/2 with a probability given by 7 (c;, ¢;) = |¢; — cj|ﬁ.

3. Just after the previous (collision) step, all agents’ opinion are re-scaled such as the temperature is restored to 1/2.
This requires the computation of the “opinion energy” lost in the previous step.

4, Eventual measurements are done, and go back to step 2.

10
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Fig. 1. The scaled distribution function ¢ as a function of the scaled opinion ¢ = s/+/2T in normal-normal scale (left plot) and log-normal scale
(right plot). Symbols are from numerical simulations with « = 0.7, 0.8, 0.9, and 8 = 0, while the lines are the theoretical expression given in
Eq. (59).
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Fig. 2. The scaled distribution function measured in simulations for different values of the parameters |«| an S. Left plot: |«¢| = 0.7 (squares), 0.8
(circles), 0.9 (triangles), and B = 1. Right plot: |«| = 0.8 and g = 0.5 (squares), 1 (circles), and 1.5 (triangles).

This method is closely related to the DSMC method used to solve the Boltzmann equation [62,63]. The main difference
here is in the implementation of the Gaussian thermostat that imposes the conservation of the second moment of the
distribution at any time. This is not the only possible approach, though. The master equation for p can also be numerically
solved without invoking any scaling property. This allows to get the distribution function f, but the temperature would be
a time dependent function which makes the numerical implementation of the method less obvious. On the other hand, the
so-called steady-state representation used to make the homogeneous cooling state of a granular gas a time-independent
state [65,71] seems not to work for values of 8 different from 1.

5.2. Shape of the distribution function: phase diagram

The results reported next have been obtained after the system has reached the last stage of its evolution, once @
becomes time independent, & = &;. This condition has been identified with the situation in which the first two cumulants
of ¢ become time independent.

Fig. 1 shows the scaled distribution function for a system with 8 = 0 and different values of «. All data collapse into
the same distribution Eq. (59), meaning that the analytical solution of Eq. (59) is the one reached by the system for all
considered initial conditions.

For a given 8 > 0 and by increasing the value of «, the distribution function changes from unimodal to multimodal.
This is what is shown in the left plot of Fig. 2 for 8 = 1 and |«¢| = 0.7, 0.8, and 0.9. Similarly, for a given |«| # 1, the
distribution changes from unimodal below a critical value of 8 to a multimodal for values above the critical one. This is
shown in the right plot of Fig. 2 for || = 0.8 and 8 = 0.5, 1, and 1.5. Similar results have been observed for other values
of the parameters.

The parameter space (|«|, 8), with 0 < |¢|] < 1 and 8 > 0, is shown in the left plot of Fig. 3. It is divided into
two regions with the two shapes/phases of the distribution function: the unimodal phase below the critical line, and the
multimodal phase above it. The solid line is the theoretical critical given in Eq. (65) while points indicate the transitions
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Fig. 3. Left: phase diagram with the unimodal and multimodal regions. The solid line is the critical line Eq. (65) of the 2-Gaussian approximation,
the dashed line is the critical line Eq. (A.15) obtained in Appendix, and symbols are from numerical simulations. Right: the distribution of opinions
measured at the critical line for (Ja|, 8) = (0.79, 1), (0.63, 2), (0.52, 3), (0.43, 4) (symbols) and the 2-Gaussian approximation (line).

as obtained from numerical simulations. Along the critical lines, for || > 0.4, all distribution functions observed in
simulations collapse fairly well into the approximate expression (63) with d, = 1/2. This surprising collapse is shown
in the right plot of Fig. 3 for different values of |«| and B. For |«| < 0.4 the 2-Gaussian approximation seems to deviate
from the distribution observed in simulations. Hence, an important discrepancy can be observed between the theoretical
an numerical critical lines, specially as |o| — 0. It is worth noting that the numerical simulations gets slower as § rises,
which makes it difficult to numerically determine if the critical line crosses the @ = 0 axis or not. This stays as an open

problem.
6. Conclusions

A model for continuous-opinion dynamics has been proposed and studied in two complementary ways, from a
theoretical point of view and by means of Monte Carlo simulations. The dynamics is driven by stochastic pairwise
interactions among agents, as in the Deffuant et al. model [30]. For generic forms of the rate of social interactions, the
model shares its fundamental properties with a mono-dimensional granular gas. This has motivated the definition of new
quantities, such as the (opinion) temperature T and the cooling rate ¢. These magnitudes fully characterize the steady
states (¢ = 0) and the consensus state (T = 0) of the model. The temperature is always a decreasing function of time,
and the steady state may coincide or not with the consensus state, depending on the specific form of the rate and the
underlying network topology. Due to the generality of the results, similar definitions and relations are expected to be
useful in the study of other opinion models, as the Hegselmann-Krause model [72] and similar ones.

When the rate of social interactions scales as the B-power of the opinion difference, the master equation admits
a solution in which its time dependence entirely occurs through its dependence on the temperature. This solution is
analogous to the scaling solution to the Liouville equation describing the homogeneous cooling state of a granular gas
(B = 1) [73,74]. However, the results here apply to more general rates and to any network topology, in principle. This
scaling solution describes the last stage of the evolution of the system towards a steady, eventually consensus state. This
means that the behaviour of the system for long times is expected to be independent of the initial conditions, contrary
to what is observed in the Deffuant model with bounded confidence [40].

At the mean-field level, the master equation reduces to the Boltzmann kinetic equation for the distribution function.
At this (mesoscopic) level, it has been shown that the system exhibits a phase transition. It implies a change of the shape
of the opinion distribution, where the coefficient of normal restitution « (a measure of agents’ persuasibility) and the
exponent B are the control parameters. A critical line «.(f8) separates the unimodal phase (Jo| < «.) and multimodal
phase (Ja| > «.). Interestingly, for |o| ~ «.(8) and || > 0.4 the distribution is universal and very well approximated
by the sum of two Gaussian distributions. This means that a change on the persuasibility (dissipation) || can be exactly
compensated for by a change of the rate 8. For 8 = 0, a case associated to the Deffuant model and the Maxwell model
for granular gases the distribution is always unimodal. Similar results are expected to be observed beyond mean field.

The results of mean field uncover a novel approach of the system towards consensus. Namely, the individuals can
split into two groups of opposite opinions as the system approaches consensus as a whole. For example, starting from
an homogeneous opinion distribution, the system suffers from a fragmentation into two groups with well defined mean
opinions while the two groups become closer and closer as time rises. This behaviour is expected to occur whenever
agents have small enough persuasibility and large enough probability to interaction with dissimilar neighbours.

On the other hand, as Eqgs. (44) and (57) suggest, a Gaussian thermostat makes the system reach a steady state with
a finite temperature. This means that the inclusion of such a new mechanism that makes agents become more radical
can balance the approach to others’ opinions in a social interaction, allowing the system to reach a steady state with
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coexistence of opinions. Another possibility is to include noise in the collision rule as in [42,50,57], and perform the
so-called “quasi-invariant interactions” asymptotic analysis to the resulting kinetic equations.

The model studied here can be generalized to multi-dimensional opinions [34], by keeping the essential properties of
the model that make it similar to a granular gas: the conservation of the number of agents, the conservation of the total
opinion, and the dissipation of opinion energy. A possibility is to take the collision rule of grains as in Egs. (1)-(2) of [66].
The multi-dimensional case was already analysed for 8 = 1 in [66], which revealed a similar phase transition. However,
the transition only appears for negative values of «, implying a break of the symmetry o <> —«, as given by Egs. (8)-(9),
in dimensions higher than one.

Finally, it is worth observing that the results of the present work are, in general, not applicable to grains (dissipative
collisions) with long-range interactions [75], such as dust under gravitational interaction. This is because the model here
does not take into account the possibility of elastic collisions of grains when they collide through long-range interactions.
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Appendix. More about the boltzmann equation

The Eq. (57) for the scaled distribution function ¢ can be obtained from the equation of f, using the following relations:

1 c 1., ¢ 4 d
&f = —5N501¢(c); —5Nsg '9/(c); = ENsola[cac)], (A1)
f ds (lal by — Dye(si, (s €55, ) = N2 / g (Ja b5 — (e, GG, (A2)
1 _
;= % / dsids; (s, — Y (50, Y (50 O (53 ©)
— 2u(1— NS f deide; (¢ — 6 V(6 )G (A3)

The new function ¢ is normalized, has zero mean, and its second moment is one half, as shown in the main text. This is
a direct consequence of the normalization of f and the definitions of the mean opinion S and the temperature T.

A.1. Cumulants

The function ¢ can be expanded using the Sonine Polynomials {S;},>1, see Appendix B of [76], as

2

o(c) = % [1 + nX_;anSn(cz):| = % [14ax(c?/2 —3¢/2+3/8) +...], (A4)

where {ap}n>> are coefficients related with the cumulants of ¢. This expansion is normalized, has zero mean, and its
second moment is equal to one half. Usually, the expansion is truncated up to order a,. By doing so, the coefficient a,
can be computed by multiplying the equation of ¢ by c* and integrating over c. The resulting cooling rate is

¢ =2u1—p) / deide | — 617 (c)l)
2u(1 —
~ y / deidg; |6 — 1P~ [1+ ax(cf/2 — 3¢2/2 + 3/8) + ax(c} /2 — 3¢2/2 + 3/8)]

_ =), (B3 BB +2)
o 2+r< : )[H . az] (A5)

The latter expression is exact for § = 0 provided all moments are finite. The term involving the derivative is

d
/dc C4E[C¢(C)] = |lassuming finite moments| = —4/ de c*p(c) = —3(1 + ay). (A6)
Finally, the collision integral is

1
2 / deidg; |ci — 1P p(ci)e(c)(by — 1)(cf + ¢
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mA—p) 6 4 (B+3
VA F(T

where the terms of order a% have been neglected. Expanding the left-hand side of the resulting equation up to linear
order in a,, using the previous expressions, and solving, the coefficient a, reads

N 16[3 — B — (B +3)?]
T (B+3)B24868 24+ (B+2)B+3)B +4)?’

which reduces to the known expression for 8 = 1, see [66]. This expression is not correct in general, either because the
coefficient is big and hence contributions proportional to a% are important, or because the coefficients of higher order are
of the same order, as discussed in the main text.

) {8 [*(B+3)+B+9]+ %az(ﬁ +2)[e (B2 +7B+12) + B + 138 + 84]} , (A7)

az

(A.8)

A.2. Behaviour of ¢(c) near ¢ = 0. Alternative approach

In order to estimate the shape of ¢ near ¢ = 0, the scaled distribution function can be expanded using the Legendre
polynomials. This procedure is much systematic than that of the main text, however does not provide good results in
general. The expansion reads

¢(c) =" banPanlc/cm), (A9)
n>0
with
2
— 9N n n—ke. _ 13\k
Pu(c) =2 O;n (k) (c+ 1) c—1) (A.10)
verifying
1 2
/4 de Py(C)Pu(c) = m‘sm’ (A11)

and c,, a constant to be determined. The basic approximation is to neglect by, for m > 3 and suppose that |c| < ¢,
namely to neglect contributions to the distribution function out of the previous range. Imposing normalization:

Cm 1
/ dc ¢(c) =2cmbo =1= bg = —. (A12)
—m 20
From the condition [ dc ¢(c)c? = 1/2:
/Cmd #(c)c? 2 b+2b 3 ]:>b 5(3 2c2) (A.13)
coc)c” == - == = —(3—2c;), .
e 30 T572) T2 T T g m
where the normalization condition has been used. Finally, imposing ¢(cp,,) = 0,
3
bo+b2+b4:0:>b4:—g(5—2c§1). (A.14)
m

In order to obtain cy, the equation of ¢ is multiplied by ¢ and integrate from —c,, to c,,. The calculation is tedious but
can be done analytically. The resulting expression for the critical line « () reads

_ \/—,35 + 768* + 266583 + 2969682 + 1407248 + 200880
©7 V15/B5 + 368 + 50363 + 340862 + 110526 + 13392
It is plotted as a dotted line in right plot of Fig. 3.

(A.15)

A.3. More on the 2-Gaussian approximation

The different terms of the Eq. (64) evaluated under the 2-Gaussian are the scaled cooling rate
B _
(-azir (42) [n (-6 -1 %) +1] o
JT 2 '

with {F; is the Hypergeometric 1F1 function, the integral involving the derivative

o~

/dc c‘% [co(c)] ~ 2d% — 4d, — 1, (A.17)
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and the collision integral I4

8 B
(1 _ az) 25—4e—1/d2 (%) d22+1

1
Iy ~ — 7 {edz [dy («*(B+3)+ B —3) + 12]
B+5 1 1 B+3 1 1
1+ a? Ndy 1 F | —=: =, — — 1) +6edy F; [ —: =; — — 1) }. A.18
+e +°‘)(:3+)211< 2 3G )+ 9211( 2 3G )} (A.18)
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