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ABSTRACT

In this paper, we analyze the electrical response of an electrode-tissue-electrode system to the appli-
cation of a dc current for a sufficiently short time in order to obtain coulostatic conditions: A finite
amount of charge is “instantaneously” and efficiently transferred to the capacitors formed by biological
membranes at the tissue level and the electrode biointerfacial regions. To allow a more realistic study,
the capacitances formed by the electrode-tissue interfaces and those of the cell membranes were mod-
eled using constant phase elements (CPEs). The mathematical expressions for the current, voltage, and
charge of the CPEs are obtained in response to the sudden injection of the controlled electric charge.
It is predicted theoretically how, under certain conditions, the current path could be restricted to flow
through the capacitors formed by the electrode-tissue interfaces and those of the cell membranes, and
thus, the total charge injected is practically transferred to both types of capacitance (i.e., a coulostatic
charge injection). Finally, we study the influence of the pulse shape (retaining the coulostatic nature)
on the technique, from the theoretical perspective of the fractional calculus. The shape of the excitation
signal is shown to play a dominant role in the coulostatic relaxation processes, in sharp contrast to the
conventional approach. This methodology could be extended to include the membranes of organelles and

also to implement a coulostatic test method involving electrical characterizations of biological tissues.

© 2021 The Author. Published by Elsevier Ltd.
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1. Introduction

From the study of electrical circuit theory, we know that an im-
pulse current flowing through a capacitor yields an instantaneous
(in zero time) step-charge or, equivalently, a step voltage. This has
been used in electrochemistry to quickly charge the double-layer
capacitance, so that the faradaic current flowing during the charg-
ing process can be neglected [1]. The subsequent impulse response
(open-circuit voltage) is a relaxation process which allows the ki-
netic parameters of the electrode reactions to be determined [1-3].
For instance, an exponential relaxation is obtained in the simplest,
most basic case (i.e., an ideal double-layer capacitance in parallel
with a polarization resistance) [4]. This procedure is known as the
coulostatic test method [1-5].

In bioelectrics, the coulostatic charging process can also be ex-
tended to cells or tissues (see below). Specifically, consider two
electrodes placed in a portion of tissue, as shown in Fig. 1(a). An
electric current i(t) is applied from the electrode on the left and
gathered at the electrode on the right. The electrical equivalent
circuit (EEC) of Fig. 1(b), consisting of a constant phase element
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(CPEgt) and a polarization resistance Rp, models the electrode-
tissue biointerface [5,6]. Fig. 1(c) shows the EEC of the tissue (see
Fig. 1(a)), where the extra- (blue) and intra-cellular (pink) envi-
ronments are modeled as resistive components (Rg and R;, respec-
tively), and the cell membranes (green) as a non-ideal capacitive
element (CPEcy) [7,8]. As the two EECs shown in Fig. 1(b) and (c)
are connected in series, they carry the same input current i(t) and,
consequently, the same charge. The biointerface on the right side
is not shown in Fig. 1 because its electrical behavior is considered
to be identical to that on the left.

Note that CPEgy and CPEc)y take into account the space distri-
bution of the electrical properties of the biointerface and the tis-
sue, respectively [5,7,8]. The currents, ig,, (t) and iq, (t), and volt-
ages, Vo, (t) and vg,, (¢), for both CPEs are indicated in the EECs of
Fig. 1(b) and (c). Remember that in a CPE the current ig(t) is pro-
portional to the derivative of non-integer order (d%/dt¥, O<a<1) of
the voltage vg(t) across it [5,7]:

o
a0 = @40 1)

where Q has the units of (farads)x(seconds)*~! with ig(t) in am-
peres, vq(t) in volts, and t in seconds. Eq. (1) describes an ideal
capacitor (C) for the case a=1: ic(t)=C(dvc(t)/dt). It can be rewrit-
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Fig. 1. (a) Illustration of two electrodes placed into a portion of biological tissue
which constitutes an electrode-tissue-electrode system. The tissue is represented as
a group of similar eukaryotic cells where intra- and extra-cellular spaces, cell mem-
branes and nuclei are shown in pink, blue, green, and black, respectively. Electrical
equivalent circuits (EECs) of the system indicated in Fig. 1(a): (b) single electrode-
tissue biointerface, where the constant phase element (CPEgr) of parameters Qgr
and agr, and the polarization resistance (Rp), make up the two-element fractional-
order model; (c) tissue, where the membrane’s capacitive properties are modeled
by the CPEcy of parameters Qcy and acy, and Ry and Rg are the intra- and extra-
cellular resistance associated with the electrolytic solutions of each compartment,
respectively. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

ten in terms of the accumulated charge on the CPE, qq(t), as [9]

d*lwg(t)
dro-1

where, for convenience, the fractional integral of order 1-«
(0<a<1) is expressed in terms of a fractional derivative of order
«o-1 (negative value). Although it is not the case here, it is impor-
tant to note that the scientific literature has shown that the capac-
itive response of a number of real-world systems, such as batter-
ies [10-12], supercapacitors [12,13], and/or photo-electrochemical
cells [14-16], also exhibits non-ideal dynamics, which leads di-
rectly to fractional-order phenomena or, more specifically, CPE ef-
fects. This complicated behavior, which manifests itself mathemat-
ically as Cole-Cole relaxation processes or power-law decays, re-
veals the fractional-order nature of anomalous (history-dependent)
events occurring in a wide range of applications in many branches
of science and engineering [17]. In effect, besides providing sim-
plicity and goodness-of-fit with experimental data, the ubiquitous
fractional-order capacitors (CPEs) predict the capacitive features
of complex systems, providing an explanation of the underlying
mechanisms.

Now, for the moment, let the CPEs of Fig. 1(b) and (c) be ideal
capacitors (Cgr and Ccy), initially discharged, and i(t) an impulse
source, that is,

i(t) = qind (1) (2)

where §(t) is the unit-impulse (or Dirac delta) function and g, is
the charge associated with the impulse (strength of the impulse).
Theoretically speaking, g;, is transferred in zero time to each of the
EECs of Fig. 1(b) and (c):

do®)=Q
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i(t)y=0, t+#0

| i de =g,

A quick analysis can be done as follows. While the current im-
pulse is applied (“zero” duration), the electrical inertia exhibited
by both EECs, due to the capacitive components, allows us to re-
place the capacitors with short circuits (zero initial voltages). Note
that Rp is short-circuited by Cgr and ideally non-faradaic current
flows. Just after applying the impulse, the amounts of charge of g;,
and q;,Rg/(Rg+R;) are transferred instantaneously to Cgp and Ceyy,
respectively. In the latter case, the charge g;, transferred is reduced
by the factor Rg/(Rg+R;) and, thus, the coulostatic charging process
in a tissue is limited by the extracellular path Rg. We note that if
Rg>R; [18], practically all the current is forced to flow through the
cell membranes, which favors the interaction between the current
injected and the cell membranes. Therefore, an efficient approach
for coulostatic charging of the electrode-tissue-electrode system
enables “abruptly” (compared to its “electrical inertia”) transfer-
ring almost all the charge injected into the system to the capaci-
tors formed by the electrode-tissue interfaces and those of the cell
membranes. In other words, almost all the charging current flows
through them.

Nevertheless, in the context of the coulostatic method, the dy-
namic behavior of the electrode-tissue-electrode system is signif-
icantly complicated by the presence of CPEs. The fractional-order
capacitors give rise to a meaningful acceleration of the initial
regime of the responses during the coulostatic charge injection.
The transition from the discharge state to the specific instant at
which the total charge (q;,) has been transferred to the CPEs is
described in terms of asymptotic power laws -a characteristic pat-
tern of fractional relaxation processes-. Consequently, a decrease in
the value of « results in faster responses, leading from linear re-
lations (¢=1: exponential mode relaxation) to non-linear patterns
(O<a<1: fractional dynamics approach). Furthermore, it should be
emphasized that the fractional-order « also alters the dynamics
of the current, voltage, and charge of the CPEs at multiple time
scales (timescale-dependent processes). Special functions emerge
when dealing with differential equations of non-integer order, im-
plying that the coulostatic relaxation curves are not described in
terms of the same functions. In effect, the voltage and current
(charge) of the CPEs are related by a fractional derivative (integral).
Note that classical exponential processes represent timescale in-
variant phenomena. Thus, if one imposes the following conditions:
(i) all the charge injected g, is transferred to the CPEs; (ii) the
step-charge changes the voltage across the fractional-order capaci-
tors by a value inversely proportional to the “pseudo-capacitances”
(i.e., almost all the current flows through the CPEs); different con-
straints are obtained, in sharp contrast to the conventional ap-
proach. The most restrictive condition should therefore be selected,
taking into account the electrical inertia of the interfaces and the
tissue.

From the discussion above, two valuable effects can be expected
during a coulostatic charge injection: (i) The faradaic reactions can
be neglected [1,4], that is, no electrons are transferred between
the electrode and the tissue, and thus, damage to the tissue (by
heating, pH changes or accumulation of toxic electrochemical prod-
ucts changes [6,19]) or to the electrode itself is minimized; and (ii)
electric field interactions with the cell membrane (or even intracel-
lular structures) are favored. Specifically, although it is not the case
here, sufficiently short-pulsed electric fields (respect to the cell and
organelle membrane charging times) are capable of inducing ef-
fects on subcellular organelles (such as nuclei and mitochondria),
which is of interest in bioengineering and for biomedical applica-
tions [20,21].
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Fig. 2. Waveforms during the charge injection: (a) applied step current i(t), of height I, in the electrode-tissue-electrode system; (b) resulting current and (d) voltage CPEcy
responses, iq, (t) and vq, (t), respectively; (e) current and (f) voltage step responses of the CPEgr, ig,, (t) and vq (t), respectively. Insets in Fig. 2(d) and (f) show expanded
views of the transient-voltage responses at sufficiently short times. Fig. 2(c) shows the applied step current of height I at sufficiently short times, together with the waveforms
of the resulting currents of CPEcy and CPEgr. Dashed and solid lines indicate the step responses by considering «=1 (exponential behavior) and O<a <1 (non-exponential
dynamic), respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

The practical implementation of the coulostatic method re-
quires the use of fractional calculus [5,22,23] by including the non-
ideal capacitances CPEs, and to approximate the effect of an im-
pulse current (“infinite” height and “zero” duration). The latter can
be achieved by a rectangular current pulse whose width is suf-
ficiently short compared to the time constants of the electrode-
tissue-electrode system under study [5]. In the context of litera-
ture, modified versions of the charge-step method, based on the
use of finite (or “non-zero”) pulse durations, have been described,
motivated by the experimental limitations of the technique [24].
In effect, the shape of the pulse (e.g., rectangular, triangular or
delta function) is unimportant as long as the coulostatic nature
is maintained and ideal capacitors are considered [1,25]. However,
this idea cannot be extrapolated by considering CPEs. The theory
of fractional calculus emerges in order to accurately analyze the
non-ideal capacitive response of an electrode-tissue-electrode sys-
tem, introducing a multiscale generalization inherent in the def-
inition of the non-integer order derivative over a wide range of
space and time. Special functions describe tissue and biointerface
complexity through parameters that arise from fractional opera-
tors within the underlying differential equations of non-integer or-
der. In turn, it makes analysis of the charge injection processes
(width of the pulse required to guarantee an efficient coulostatic
approach) and the subsequent relaxation phenomena (importance
of the pulse shape) more difficult. These are several reasons why
further progress on the knowledge of the coulostatic method is in-
deed necessary.

The aim of this paper is to establish the required conditions for
a coulostatic charge injection into the electrode-tissue-electrode
system shown in Fig. 1(a) while a dc current is applied, as well as
the study of the subsequent relaxation processes using the math-
ematical tools of fractional calculus. We firstly obtain mathemati-
cal expressions for the current, voltage, and charge for each of the
CPEs shown in Fig. 1(b) and (c), in response to a current-step in-
put of height I (see Fig. 2(a)). From the above, we then obtain the

constraints on the time interval, immediately after the current is
applied, during which an efficient coulostatic charge injection oc-
curs. Lastly, a detailed analysis of the impact of the pulse shape on
the coulostatic technique (focused mainly on the timescale just af-
ter the current interruption) is carried out to shed light on the es-
sential differences between the conventional and generalized pro-
cedure. The methodology described in this paper can be extended
to consider the organelle membranes of intracellular structures.

2. Theoretical background

From LTI (linear time-invariant) circuit theory, we know that
the natural response of a first-order circuit involves the exponen-
tial function. However, here we will use the Mittag-Leffler function
to consider the dynamics imposed by the fractional-order (O<a<1)
capacitance, CPE (see Eq. (1)). It can be verified that the following
fractional ordinary differential equation models the voltage or cur-
rent x(t) dynamics of the CPEs when the EECs of Fig. 1(b) and (c)
are driven by a step current source, i(t) = Iu(t) (u(t) is the stan-
dard Heaviside function),

d“x(t) | x(t)  x(o0)

dee "t T ora
where x(c0) is the steady-state value. In effect, the forced response,
found at t— oo, can be obtained from the knowledge of dc circuits
(constant value), i.e., CPEs act as open circuits (dc steady-state). As
shown in [22], Eq. (3) can be solved via the Laplace transformation
of the fractional derivative in Caputo sense with O<a <1,

dv B 1 tdx(r) drt
a*O=Fa-o ), dar (t—1)°

(3)

with an analytical solution given by

X(t) = x(00) + (x(07) — X(00))Eq [(i)a} (4)
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where x(0*) denotes the value of x(t) immediately following the
step change. Ey[-(t/T)¥] is the one-parameter Mittag-Leffler func-
tion, defined as [5,7,22,23]

Ler-shel

k=0

a>0 (5)

where I' is the Gamma function and t is the time constant of the
EEC under study. For convenience, we also introduce [5,22,23] the
two-parameter Mittag-Leffler function E, g[-(t/T)*],

t\% K

el o]
oh ‘(?) ‘k; T(ak+p)’
Note that Eq[-(t/7)']=Eq;[-(t/t)!]=e~!/*. The Laplace transform

formulas for the fractional derivative and the Mittag-Leffler func-
tion are given by

o,B8>0 (6)

d« o o —
L{dtax(t)} =s%X(s) — s*'x(0)

E\¢ Sa—ﬂ
tP-1E _<7> =
[:{ “'ﬂI: T SY 4 1/7¢
We first analyze the EEC shown in Fig. 1(c).

2.1. Current step response of the biological tissue

Let us consider the CPEqy initially discharged. At the instant
t=0, a dc current I is applied to the EEC (refer to Fig. 2(a)). Im-
mediately after the step change (i.e., t=0%), CPEcy behaves as
a short circuit (CPE voltage cannot change abruptly) and thus,
Vg (07) = 0V and ig, (0%) = IRg/(Rg + Ry). For a sufficiently
long-time (t—o0), all the current flows through Rg: CPEy blocks
the dc current ig,, (c0) = 0 A and is charged to the voltage

VQem (00) = IRE.
Using Eq. (4) with the values found previously, we obtain
. R t o\ %M
i (£) = IﬁEaCM [_(rcm> ] t>0 (7)

Vgay () = IR (1 ey [—(IEM)D t>0 (8)

where 7¢y is the time constant for the EEC of Fig. 1(c):
Tem = [ (Re + Ri)Qom] /o (9)

where Qcy and oy are the CPEqy parameters. Note that Tty can
be determined by inspection of the EEC: the current source I is
replaced by an open circuit and the CPEgy “sees” the resistance
Rg+R;. Thus, Ty is the product (Rg+R;)xQcy raised to the 1/ocy
(to give units of time).

The time-integral of the current iq,, (t) yields the charge accu-
mulated on CPEcy,

RE t dem
Toou (0 = ’M%-Z[(w) } =0

Now, we rewrite the above expressions at sufficiently short
times. Eqgs. (5) and (6) can be truncated at the third and sec-
ond terms, respectively, if [(t/T)%/T(a+1)]>[(t/T)%¥/T(2a+1)] and
1/T(B)>[(t/t)*/T(a+pB)], respectively. This gives

loeem
i|’ t < Tem |:2 I' 2aem) ]

(10)

iQCM ©)=1I

Re 1 %™
Re + Ry a Tg]\c/[MF(OZCM + ]) F(OZCM)

(11)
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leeem
%cm F(ZOlCM)
v )=IRg—————, <K TMm|2—=—"+ 12
o) = B e T (e + 1) CM[ Fean | 17
Rg
Qo () = IRE TRb < Tom[ T (orem + 2) ] (13)
If Re>>R), Eq. (13) can be written as
Qoo () =16, t < Tem[T(@em +2)1™™,  Rg > Ry (14)

Comparing the previous constraints, we see that the condition
which leads to vg, (t) and ig, (t) exhibit a power-law behavior
(t*) -see Eqgs. (11) and (12)- is slightly more restrictive than the
one that ensures that almost all injected charge (Ixt) is transferred
to the CPEcy -see Eq. (13)-. It is clear that, in the limit acy=1,
Egs. (7), (8), and (10) show exponential relaxation patterns, and
thus the two constraints provide the same result: t<«27 . Further-
more, we should point out that the difference between these two
“waiting times” increases as the values of o decrease. Thus, the
condition of Eq. (13) can be successfully used when one assumes
sufficiently short times of t and o—1 (the non-ideal capacitance
of the system under study is close to the ideal case) [5]. Neverthe-
less, the selection of an optimal refinement condition to achieve an
efficient coulostatic approach is satisfied through the constraint of
Egs. (11) or (12). For the reader’s convenience, we have extracted
this restriction and the final condition of Eq. (14), and now write
them separately.

leeem
F(20lc1v1):| “

T (@aw) (15)

t < Tem |:2
(16)

Fig. 2(b) and (c) show the waveform of i, (t) -see Eq. (7)-
and, at sufficiently short times, a portion of the input current step
and the graphical representation of Eq. (11), respectively. On the
other hand, Fig. 2(d) shows the dynamic behavior of vq, (t) of
Eq. (8), which is similar to that of iq, (t) of Eq. (7) -see Fig. 2(b)-
but involves a Mittag-Leffler rise rather than a decay. The inset of
Fig. 2(d) shows an expanded view corresponding to Eq. (12). For
comparative purposes, the ideal exponential behavior (acy=1) is
also set out in Fig. 2(b) and (d) -see dashed lines-. At short (long)
times, it exhibits a slower (faster) decay than that of the Mittag-
Leffler function.

Re > R

2.2. Current step response of the electrode-tissue biointerface

The EEC of Fig. 1(b) can be analyzed from that of Fig. 1(c)
by considering Rj=0 and renaming Rg, Tcm, iqqy, (t), Vg, (t), and
doey (8) as Rp, Ter, igy (£), Vg, (), and qq., (t), respectively. Tgr
and qqg, (t) are the time constant for the EEC of Fig. 1(b) and the
charge accumulated on CPEgy (of parameters Qgr and ogr), respec-
tively. Now, Eqgs. (7)-(13) and (15) are rewritten as follows:

iQET (t) = IEO!ET |:_(‘C;-> ETi|, t>0 (]7)
Vo, (£) = IRp<1 e [_(:ET)QETD’ o )
Ter = (RpQer) /7' (19)
G () = ItEay 2 [—(:ET)“} t>0 (20)

Toeer
. toer F(ZC(ET)
=N1- 2———= 21
Ige () |: 0T (e + 1)], t< TET|: T (o) (21)

Toer
toEr F(ZOIET)i| KX (22)

Vo (t) = IRp——o——.
Qe (6) PTET (e + 1)

o1 (20ET)
f< IET|: I (aer)
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qQer (t) = It, K TET[F(O[ET -+ 2)]]”ET (23)
Togr
F(ZO[ET)
t < Tgr |:2F(05ET)i| (24)

We also note that Eqs. (17)-(24) can be derived from a previ-
ous paper by the authors [5], which focused on a generalized pro-
cedure for the coulostatic method using a CPE. Finally, it should
be mentioned that the corresponding exponential behaviors (ideal
capacitances) can be found by setting agr=1 in Egs. (17)-(24).
Fig. 2(e), (c), (f), and the inset of Fig. 2(f) show the graphical
representations of Eqs. (17), (21), (18), and (22), respectively. The
dashed lines indicate iq (t) and vq, (¢) for the exponential be-
havior (agr=1).

2.3. Pulse- and impulse-response of the current-excited
electrode-tissue system

From a theoretical point of view, two critical issues emerge on
considering the fractional-order dispersive behavior of the bioelec-
trochemical system under study using the coulostatic technique:
(i) an instantaneous change in the charge g;, (impulse) involves
infinite (time-dependent) values of voltage and current for both
CPEs, and (ii) the shape of the coulostatic pulse is of critical im-
portance in the method (e.g., relaxation processes). Note that, in
the ideal cases (acy=1 and agr=1), the charge injected during
the application of the impulse causes the voltage to vary from 0
to (qinRe)/[Com(Re+Ry)] or gi,/Cer (finite values) for the EECs of
Fig. 1(c) or 1(b), respectively. Furthermore, the shape of the coulo-
static pulse is unimportant [1,25].

To illustrate, we study the behavior of the EECs of Fig. 1(c) and
(b) in response to the rectangular current pulses of width T and
height I (Fig. 3(a)), commonly used in practice. For convenience, in
Eq. (25), the pulses of current have been stated explicitly in terms
of the charge g;, to be transferred and T.

Iz%, O<t<T (25)
that is,

i©) = T u@) —ue 1)

In effect, if T->0 and (g;,/T)—>o0o, the pulses approach an im-
pulse function of strength gj, (refer to Fig. 3(a)). As long as i, (t)
and iq,, (t) are roughly constant for 0<t<T, it can be clearly seen
that vg,, (T) and v, (T) are directly proportional to T (time-
dependent characteristic). At time t=T, the negative step change of
the pulse occurs and both voltage values tend to infinity when the
pulse duration tends to zero (delta function),

Gin RE TQCMA
v T) = , T 0
@ () QCMRE+RIF((¥CM+1)_)OO ”
. Toer—1
Vo, (T) = Jin . T—0

Qer [(agr+1) -

Note that these expressions can be found by substituting
Eq. (25) in Egs. (12) and (22) at t=T and using Eqgs. (9) and (19), re-
spectively. This unexpected pattern can be explained from the elec-
trical representation of a CPE, which involves equivalent networks
built up from an infinite number of RC subcircuits [26]. Immedi-
ately after the current is switched off, a relaxation process occurs.
Indeed, the coulostatic method can be interpreted from the per-
spective of a current interruption method (CIM) where the con-
stant current is applied for a sufficiently short time (much lower
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than the time constant ) [7,8]. Once on open circuit (i(t)=0 A),
CPEs will be discharged through the local resistances (Rg+R; and
Rp in the EECs of Fig. 1(c) and (b), respectively) and thus, the “in-
ternal currents”,

iRy (£) and ig. (), could be expressed as
. . d*vyg,,, (F)
gy (£) = ~igq, () = ~Qom—g o
. . d¥sryg,, (t)
IRy (£) = —lgg () = _QETTQE;

where the corresponding voltages moves back to-
ward 0 V, e, g, (t) and wq.(t) decrease from
GinReT* ! /[Qem(Re+R)T (etem+1)] or  qin T 1/[Qer I (etgr+1)] (CPE
voltage cannot change abruptly) to 0 V, as [5]

Tin _ Re Tou-1 B (t - T)"‘CM Fo T
Ain_ _ ’ -
Qcm R+ Ri T (aem + 1) % ™

(26)

Gin TaET—l (t _ T)aET
[ L — — — T 27
Vi (1) Qer M(ogr +1) 7 Ter b (27)

Egs. (26) and (27) constitute the analytical expressions of the
subsequent open-circuit discharges for the EECs shown in Fig. 1(c)
and (b), respectively, when one approximates the charge impulse
by a sufficiently short current pulse. In order to establish a com-
parison between a rectangular and a delta function type of pulse
(input) —-see Eqs. (25) and (2), respectively- in terms of coulostatic
relaxation curves (output), we first obtain the impulse responses
of vg,, (t) and v, (¢):

Vo, (£) = Gin Ltacm—lE _(L)am u(t) (28)
Qo Qcm Re + Ry o trem Tcm

Ve )=

din OET— _ L e
UQET(t) = Gt 1EO‘ET»“ET[ <‘CET> i|U(t) (29)

It can be clearly seen that both expressions show a promi-
nent deviation from the pulse responses and thus, it allows us to
confirm that, although the excitation exhibits a coulostatic nature,
the type of excitation signal determines the shape of the relax-
ation curve in the context of non-ideal capacitive effects. Fig. 3(b)
and (c) summarize the evolution of the coulostatic charging-
discharging processes when T decreases and (q;,/T) increases: As
T—0 and (g;/T)— oo, the voltage responses vq,, (t) and vq,, (t) for
0<t<T become steeper and steeper, and finally, v, (T) — co and
Vg, (T) — oo (see above).

Analogously, Fig. 3(d) and (e) show the waveforms of i, (t)
and iq,, (t), respectively. In effect, the resulting currents can be
found as the product of Qcy or Qgr and the fractional-order
derivative (d*/dt*, O<a<1) of their respective voltages, vq, (t)
or Vg (t). The portions of the initial-decay regions in pulse re-
sponses correspond to coulostatic charge injections (i.e., Eqgs. (9),
(11), (19), (21), and (25)). Note that our predictions make sense be-
cause the CPE voltage cannot change instantaneously and, thus, the
step change, at time t=T, yields jump discontinuities (as those at
t=0). In turn, these iR-drops involve infinite discontinuities when
T—0, seen at the instant immediately following the step change
(t=T*):

. Rg Toeu~1
oo (TT) = —q;
QcM( ) quE_’_RI Tg,f,[MF(Olcm-i-]) -

—o00, T —0

Toer—1

1) =~ T yry - 170
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Fig. 3. Schematic of coulostatic relaxation processes depending on the shape of the signal excitation: (a) Sequence of i(t) as T—0 and (q;,/T)—oc (from a rectangular to a
delta function type of pulse); (b) and (c), subsequent transient-voltage responses of CPEcy and CPEgr, respectively, i.e., vq,, (t) and vq,, (t), described in terms of Mittag-
Leffler functions; (d) and (e), waveforms of the resulting non-ideal capacitive current of CPEcy and CPEgr, respectively, iq,, (t) and ig,, (t), in response to the excitation signals

of (a).

For any value of time after charge injection (t>T), considering a
sufficiently short duration rectangular current pulse as the excita-
tion signal, both currents can be expressed as

Re Toem—1 E [7(t—T>“CM]’ (=T (30)

i )= —a
lQCM( ) Qin RE +R[ Tgy\c/[Mr(aCM T 1) oem oM
T‘YEr—l t—T QET
i (£) = —Qin —g==———Eap, | —( —— , t>T 31
lQl-,I( ) Qin T]%-ETF(OCETJr]) otn|: < Ter ) :| > ( )
On the contrary, the current relaxation processes, in the case of

a “pure coulostatic impulse (delta type)” input, can be expressed
mathematically as follows:

: R Rg  tom-1 t\%m
iqey (t) = Gin ﬁS(t) - qi"TjR[ WEacm.am [—(a) :|u(t) (32)
™

toer—1 t

iQu (t) = qin‘s(t) - qinETETEaET,aET |:_<TET) ET:|u(t) (33)

Ter

In general, the theoretical background previously outlined en-
ables us to determine that, immediately after the application of the
current impulse, the shape of the resulting waveforms is similar
to those for current-excited pulse responses (relaxation functions
of the Mittag-Leffler type). Nevertheless, impulse responses show
more complicated behaviors: In the limit (delta function), all the
resulting waveforms suffer infinite discontinuities, and also involve
faster decay rates than those of the pulse current input. There-
fore, this straightforward procedure, which is a well-established
methodology for ideal behaviors (ccy=1 and ogr=1), leads to a



E. Herndndez-Balaguera

significant problem in the context of the charge-step method con-
sidering non-ideal capacitive effects: The coulostatic decays are
not described in terms of the same relaxation functions when
the shape of the step-charge supplied to the system is different
-one- or two-parameter Mittag-Leffler functions, see Egs. (26)-
(33). This should be taken into account in the “graphical analy-
sis” process of experimental data in order to obtain accurate values
of the electrical parameters and the underlying bioelectrochemical
processes.

3. Discussion

Again, we begin with the analysis of the tissue response. De-
pending on the time scale considered, the value of (t/tcy) governs
the non-exponential behavior of Fig. 2(b), which involves the de-
creasing expression of Eq. (11) at sufficiently short times, as shown
in Fig. 2(c). Remember that the Mittag-Leffler function exhibits two
asymptotic approximations: an initial fast decay described by the
stretched exponential function (preceded earlier by Eq. (11)) and a
long tail (inverse power-law behavior) [27-29]. We note that the
areas under a portion of the waveforms of the current step of
Fig. 2(a) and iq,, (t) of Fig. 2(b) are equal to the electrical charges
injected, during that time interval, into the tissue (EEC of Fig. 1(c))
and cell membranes (modeled as a whole by CPEcy), respectively.
Specifically, Eq. (10) quantifies the electrical charge accumulated
on CPEcy during the interval t = 0 to t, but we are interested in
sufficiently short times in which the tissue exhibits “electrical in-
ertia” (i.e., t<Tcpm)-

At times satisfying the constraint imposed by Eq. (15), the area
under the waveform of ig,, (¢) is the charge transferred to the cell
membranes. However, this area is rather lower than that of the
portion of the input current step. The difference between the two
areas involves dissipative losses in the extra- and intra-cellular me-
dia (Rg and R;, respectively). Thus, the efficiency of a coulostatic
charging process in a tissue is mainly limited via the extracellu-
lar path Rg. We then see that at sufficiently short times, given by
Eq. (15), and if Rg>>R; [18] (see Eq. (16)), the charge transferred to
CPEcy increases and closely approaches a coulostatic charge injec-
tion. In effect, Eq. (14) yields Ixt which is the charge accumulated
on CPEcy, and, in turn, the charge injected into the tissue from the
input current step, that is, a coulostatic charging process. As men-
tioned earlier, an ideal coulostatic charging injection is achieved as
long as CPEcy; is replaced by a capacitor, the input current is an
impulse and Rg/(Rj+Rg)=1 (i.e. Rg—o0 or R;=0).

Apart from the notation, as indicated in the last section,
Eqs. (17)-(24) are the same as Eqgs. (7)-(13) and (15) when Ry is
set to zero. Therefore, the waveforms of i, (¢) and v, (t) present
similar non-exponential dynamics (regarding the electrode-tissue
interface) to those of ig,, (t) and vg, (t), respectively. Finally, it
is important to note that an effective coulostatic charging process
of the electrode-tissue interface is achieved at times satisfying the
constraint of Eq. (24).

Let us return to the EEC of the electrode-tissue-electrode sys-
tem (refer to Fig. 1). The interconnection of the EECs of Fig. 1(b)
and (c) provides a modified Randles circuit [5], by replacing the
series resistance by the modified Fricke and Morse EEC [7]. This
expanded circuit allows the anomalous capacitive behavior of both
phenomena (biointerfacial and tissue processes) to be captured ef-
fectively in a simple manner. From an experimental point of view,
the study of this double-dispersion model (with different orders of
the fractional derivative, ocy#agr) involves a more realistic anal-
ysis than the classical one. It supposes a generalized procedure
that leads to an in-depth understanding of the underlying bioelec-
trochemical and physiological processes (taking into account non-
local interactions and system memory effects). Nevertheless, our
model introduces the inherent difficulty of the fractional deriva-
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tive: This is clearly evident if there is a substantial overlap be-
tween the two cooperative relaxation phenomena (distribution of
time constants), that is, Ty comparable to Tgr. We note that
values of the order of us and s for Ty and tgy, respectively,
were previously obtained by the authors: Tcy<Tgr [5,7,8]. Thus,
the constraint of Eq. (24) may appear more limiting than that of
Eq. (15). In this sense, the coulostatic method, along with a two-
electrode measuring system, could be successfully implemented to
obtain the electrical properties of biological tissues. This experi-
mental protocol could provide immunity to the influence of the
electrode polarization impedance if Tgr>»>7Tcy, While maintaining
the intrinsic advantages of the method and the measuring setup.
In any case, a four-electrode arrangement could be used to avoid
the effects of the electrode polarization.

The discussion above enables us to draw the following conclu-
sions for an electrode-tissue-electrode system driven by a current
step input: (i) The constraints of Egs. (15) —sufficiently short times-
and (16) -limitation imposed by the extra-cellular resistance- must
be satisfied for an efficient coulostatic charging process in the tis-
sue; (ii) the constraint of Eq. (24) at sufficiently short times must
be satisfied for an efficient coulostatic charge injection into the
electrode/tissue interface; and (iii) the constraints of Egs. (15), (16),
and (24) must be satisfied at the same time to guarantee an effi-
cient coulostatic charging process in the electrode-tissue-electrode
system. During the charge injection, CPEs thus act as short cir-
cuits (all the current flows through the cell membranes and non-
ideal biointerfacial capacitance) and no current flows through: (i)
Rg -the membrane effects disappear: the current flows everywhere
according to local ionic conductivity-; and (ii) Rp -the faradaic
reactions can be neglected-. Indeed, an appropriate selection of
the pulse duration is important to charge only the non-ideal ca-
pacitances, and to avoid faradaic processes and extra-cellular in-
teractions which would occur at higher levels of total charge
with longer pulses. Our model considers the perturbation time
required to perform an efficient coulostatic approach applied to
an electrode-tissue-electrode system, taking into account its com-
plex and multiscale dynamics (anomalous evolution of transient
responses). This is a very serious issue, because erroneous dura-
tion pulses, apart from being time-consuming, could also possibly
inject toxic materials into the tissue, cause pH changes in the por-
tion of the tissue immediately adjacent to the electrode surface,
or induce thermal injuries, via faradaic processes. Furthermore,
this would result in bad estimates for the electrical properties
of the system through the coulostatic relaxation processes. Thus,
fractional calculus plays a crucial role to obtain accurate informa-
tion about the electrical properties of many “real-world systems”,
in particular, the tissue-electrode processes, using the coulostatic
method.

As a final remark, it should be mentioned that the shape of
the pulse is of fundamental importance in the method, although
the coulostatic nature and the strength of the pulse (g;,) are re-
tained. The essential differences consist of the transient dynamics
in which: (i) the step-charge is transferred to the CPEs and, even
more importantly, (ii) the distributed relaxation processes move
back towards the equilibrium state. For instance, the impulse re-
sponses involve infinite discontinuities and faster relaxation phases
than those of the pulse responses (see Fig. 3(b)-(e) and Eqs. (26)-
(33)) and should therefore be taken into account when one deter-
mines the parameter values of the EECs under study. In compar-
ison with ideal capacitive behavior (classical view), the discharge
process of a CPE (cell membranes at the tissue level and the elec-
trode biointerfacial regions) depends on the type of charging wave-
form. Thus, our results can be used to pave the way to finding
more adapted excitation waveforms to estimate the electrical prop-
erties of these types of bielectrochemical systems in the context of
the coulostatic method.
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4. Conclusions

In an electrode-tissue-electrode system driven by a constant dc
current, we have established the required constraints at sufficiently
short times for an effective coulostatic charge injection, captur-
ing the fractional-order dispersive behavior (CPE) of the interfaces
and the biological material. In this sense, it is demonstrated that
the coulostatic charging process in a tissue is limited via the ex-
tracellular path. Also, we show how the shape of the excitation
signal (e.g., a rectangular or a delta function type of pulse) af-
fects the transient dynamics of the coulostatic relaxation processes,
using the mathematical tools of fractional calculus. This method-
ology can be extended to include coulostatic charging of mem-
branes of organelles, at the tissue or cellular level. Furthermore, a
coulostatic test method could be implemented to characterize the
electrical properties of the electrode-tissue-electrode, or even the
electrical properties of the tissue itself, if the contribution of the
electrode-tissue interface can be neglected (i.e., Tgr>»>7cm). In any
case, a four-electrode arrangement could be used to avoid the ef-
fects of electrode polarization. We hope that the reader will find
this methodology useful, with possibilities of implementation in
the context of a very wide range of bio-applications.
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