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ABSTRACT Owing to its high capabilities in terms of spectral efficiency and flexibility, orthogonal
frequency division multiple access (OFDMA) has played a crucial role towards the success of 4G cellular
systems and an increasing number of actors in the 5G arena strongly advocate for its continuation.
OFDMA-based architectures do not introduce intracell interference but, due to the use of very aggressive
frequency reuse plans, they must implement some form of inter-cell interference (ICI) control to warrant
prescribed levels of quality of service, specially to users located near the cell edge. An efficient technique
for mitigating ICI in OFDMA networks is the well-known fractional frequency reuse (FFR) scheme.
In FFR, a signal-to-interference-plus-noise ratio threshold is used to categorize mobile stations (MSs) as
cell-center or cell-edge MSs. Furthermore, a different number of frequency resources are allocated to cell-
center and cell-edge areas according to a prescribed frequency reuse plan. This paper presents an analytical
characterization of FFR-aided OFDMA-based multi-cellular networks that, unlike most previous studies,
incorporates shadowing effects and, furthermore, considers that base stations are irregularly deployed. This
analytical approach can incorporate different scheduling rules and can underpin different designs for which
the optimal FFR parameters can be derived. The proposed framework allows the performance evaluation and
optimization of any cell in the system by considering the specific network topology, the user association and
categorization processes, the spatial density of users and the characteristics of both the fast multipath fading
and the spatially correlated slow shadow fading.

INDEX TERMS OFDMA, fractional frequency reuse, irregular networks, correlated shadow fading, optimal
threshold, spectral efficiency.

I. INTRODUCTION
Modern cellular wireless communications invariably face
two significant impairments, namely, fading and interfer-
ence. Fading is an inherent phenomenon of radio propa-
gation that can be broadly categorized into large-scale and
small-scale. Two distinct sources of fading are deemed to
be large-scale: 1) pathloss caused by the distance-related
propagation losses, and 2) spatially correlated shadowing
caused by the macroscopic characteristics surrounding the
transmitter and receiver. Small-scale fading is caused by
the multipath propagation and it is usually space, time and
frequency dependent (i.e., space/time/frequency-selective).
Large-scale fading is tackled by suitably dimensioning the
cellular network (i.e., location of base stations (BSs) and

transmit power of each BS), whereas orthogonal frequency
division multiple access (OFDMA), in combination with
scheduling and resource allocation techniques, is the most
common approach to counteract the deleterious effects of
the selective fading used by the vast majority of current
and envisioned wireless standards (e.g., LTE, LTE-A, WiFi,
WiMax) [1].

In OFDMA networks, a wideband frequency-selective
fading channel is decomposed into a set of orthogonal
narrow-band subchannels. These subchannels are jointly used
with a time-slotted frame structure to provide a set of fre-
quency/time resource blocks (RBs), which are distributed
among cells based on predefined frequency reuse plans.
The orthogonality among RBs makes intra-cell interference
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negligible. However, due to the common use of high spectral
efficiency universal frequency reuse plans with all cells using
the same set of RBs, OFDMA-based networks suffer from
very high levels of ICI, particularly affecting mobile stations
(MSs) located in the cell-edge areas. In order to tackle this
problem while aiming at high spectral efficiencies, multiple
ICI control (ICIC) strategies have been proposed [2], among
which static fractional frequency reuse (FFR) and all its
variants have been shown to provide a good tradeoff between
cell-edge throughput enhancement and overall spectral
efficiency [3].

In the downlink of FFR-aided OFDMA-based networks,
the channel quality of the set of RBs, typically measured in
terms of the signal-to-interference-plus-noise ratio (SINR),
varies for different MSs. Such variations in channel condi-
tions can be exploited by using channel-aware schedulers
able to allocate each resource block (RB) to an MS with
favourable channel conditions at a given scheduling inter-
val. Opportunistic maximum SINR (MSINR) schedulers [4]
make the most of the multiuser diversity by allocating the
RBs to the MSs experiencing the best channel conditions.
In contrast, the round robin (RR) scheduler randomly allo-
cates RBs to MSs in a fair time-sharing approach and with-
out any consideration of channel conditions. In either case,
the analytical characterization and optimization of both the
cell and network performance are very demanding tasks
when irregular cellular deployments affected by correlated
shadow fading are considered. Moreover, as the perfor-
mance of any ICIC strategy is clearly affected by the large
scale propagation characteristics perturbing the desired and
interfering signals, any simulation-based study must aver-
age over many MS positions and multiple possible corre-
lated shadowing realizations, thus making fast and accurate
simulations very challenging and time consuming in such
environments [5].

A. BACKGROUND WORK
There is a very limited body of literature focusing on tractable
analytical models for irregular cellular networks with cor-
related shadowing. A very interesting approach tackling
the performance evaluation of OFDMA-based multi-cellular
irregular networks is the one based on the use of stochastic
geometry, where both the BSs and MSs are distributed using
Poisson Point Processes (PPPs) [6]–[9] (see also references
therein). This approach allows characterizing the average
performance of the whole set of cellular networks adhering
to the properties of the PPP but, unfortunately, it precludes
from accurately analyzing the performance of a particu-
lar network or an specific cell of a given network. Notice
that network/cell-specific performance metrics are crucial to
network designers trying to optimize the performance of a
planned set of BS locations along with traffic load conditions.
Furthermore, practical macrocell deployments, despite being
irregular, follow a conscious planning of the BSs, thus its
topology lies somewhere in between the idealized hexagonal
model and the totally random PPP model.

In contrast to the afore mentioned background work,
which relies on the use of stochastic geometry to
model the cellular environment, Assaad in [10] and
Najjar et al. in [11] considered the use of analytical tools to
optimize an FFR-based OFDMA regular network. This ana-
lytical framework, however, lacked the consideration of both
small-scale fading and shadowing and thus, precluded the
possibility of analyzing channel-aware scheduling policies.
Some of the limitations of these works were overcome in part
in [12]–[15], where the presence of small-scale multipath
fading and the use of channel-aware schedulers were con-
sidered in a mathematically tractable analytical framework.
The main drawback of these works, however, was that they
only considered the analysis of regularly deployed cellu-
lar networks and, furthermore, the presence of (spatially
uncorrelated) shadow fading was only taken into account by
Xu et al. in Monte-Carlo simulation results [12]. Mahmud
and Hamdi in [16] proposed a unified framework for the
analysis of frequency reuse techniques over composite fading
environments and derived tractable analytical expressions for
the area spectral efficiency provided by these techniques.
However, in this work the authors considered a regular BS
deployment, distance-based user association and edge/center
user classification, spatially uncorrelated shadow fading and
the use of channel-unaware round-robin schedulers. In [17],
Alam et al. dealt with the shadowing effects to obtain a
semi-analytical framework allowing the obtention of energy-
and spectral-efficiency trade-offs under different frequency
reuse factors. Unfortunately, the framework was, again, only
applicable to regular cellular networks and, furthermore,
only a single user per cell was considered, this limiting the
proposal to resource allocation schemes based on the RR
scheduling policy.

B. CONTRIBUTIONS OF THE PAPER
In this paper we present a novel analytical framework allow-
ing the analysis, design and optimization of FFR-aided
OFDMA-based irregular cellular networks with spatially cor-
related shadow fading. The main contributions of this paper
can be summarized as follows:
• Themathematical description of the cell association pro-
cess, one of the main difficulties when trying to derive
analytical descriptions of irregular cellular deployments
with correlated shadowing is fully characterized for
those realistic cases where a MS associates to the
BS that, first, belongs to the set of neighbouring BSs
and, second, provides the MS with the highest average
received power.1

• Related to the previous contribution, once a MS has
been associated to a given BS, the FFR-based resource
allocation unit has to decide whether this MS is classi-
fied as cell-center or cell-edge. This decision is typically

1Assuming that current cellular networks are basically interference lim-
ited, a cell association process based on the highest average received power is
basically equivalent to a cell association process based on the highest average
SINR.
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FIGURE 1. Schematic representation of the FFR-aided OFDMA-based irregular cellular network (view of a 5 km × 5 km area, with simplified cell
boundaries corresponding to a Voronoi tessellation). (a) Frequency subband distributions (1 = 3). (b) Schematic network topology (1 = 3). (c) Coverage
regions S1 and S19 with Qc = 3.

based on the average received power experienced by the
MS and has to be analytically described using statistical
tools. A second contribution of this work is the analytical
characterization of the FFR-based user’s classification
process.

• Cell association and FFR-based user’s classification
processes are based on the average received power
(or equivalently, on the average SINR). The spectral effi-
ciency of the system, however, depends on the behaviour
of the instantaneous SINR and, consequently, analyzing
the spectral efficiency requires of the statistical char-
acterization of the instantaneous SINR by taking into
account both the cell association and the classification
of users as either cell-center or cell-edge. Thus, another
contribution of this paper is the statistical characteriza-
tion of the instantaneous SINR experienced by a given
user in FFR-aided OFDMA-based irregular cellular net-
works with spatially correlated shadowing.

• Finally, the statistical characterization of the instanta-
neous SINR is used to obtain the cell-specific spectral
efficiency when using either RR or MSINR scheduling
strategies. Furthermore, the proposed analytical frame-
work allows the formulation of optimization problems
whose solutions correspond to the FFR-related parame-
ters maximizing the average spectral efficiency of the
system. It is worth mentioning that results obtained
using the proposed analytical framework have been
duly contrasted with results obtained usingMonte-Carlo
simulations.

C. PAPER ORGANIZATION
The rest of the paper is organized as follows. In Section II
the irregular multi-cellular network model under consid-
eration in the context of FFR-aided OFDMA-based net-
works is introduced. Furthermore. the cell association and
FFR-based user classification process are statistically
characterized. Section III focuses on the analytical framework

used to characterize the instantaneous SINR experienced by
MSs under a composite shadow-fading channel. Section IV
elaborates on the spectral efficiency performance analysis
using both the MSINR and RR scheduling strategies. Opti-
mal designs for the FFR-aided OFDMA-based system are
presented in Section V. Extensive analytical and simulation
results are provided in Section VI. Finally, the main outcomes
of this paper are recapped in Section VII.

II. MULTICELLULAR NETWORK MODEL
A. NETWORK LAYOUT
Let us consider the downlink of an FFR-aided OFDMA-
based irregular cellular network such as the one schematically
represented in Fig. 1. Located in each cell there is a base
station (BS) equipped with an omnidirectional antenna that
is serving single-antenna MSs. The locations of the MSs at a
given time instant are assumed to follow a stationary Poisson
point process (PPP) of normalized intensity λ (measured in
MSs per area unit). As a consequence of this assumption,
the probability distribution of the numberMR ofMSs located
within any spatial region R of area AR follows a Poisson
distribution, that is

Pr{MR = M} =
(λAR)Me−λAR

M !
. (1)

The FFR scheme splits each of the cells into both a cell-
center and a cell-edge regions. Moreover, aiming at achieving
a proper trade-off between network spectral efficiency and
throughput fairness among cell-center and cell-edge MSs,
the FFR strategy partitions the system bandwidth in such a
way that it offers different frequency reuse factors to cell-
center and cell-edge MSs. In particular, as shown in Fig. 1a,
the total system bandwidth is exploited by means of a set
FT of NRB RBs (or orthogonal subbands), each with a band-
width BRB consisting of Nsc adjacent subcarriers and small
enough to assume that all subcarriers in a subband experi-
ence frequency flat fading. The cell-center MSs, particularly
immune to co-channel interference, share a set of RBs FC on
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a universal frequency reuse basis. In contrast, the cell-edge
MSs, more prone to intercell interference from neighboring
cells, use a frequency reuse factor 1 ≥ 1 (a frequency reuse
factor of 1 = 3 has been used in Fig. 1b, where the cell-
edge regions sharing the same frequency band have been
represented using circumferences of the same color) and are
allocated non-overlapping equal-size sets of RBs FE 1, FE 2,
. . . or FE1 aiming at minimizing the interference among
neighboring cells. The total number of RBs in the system
is thus given by NRB = NC + 1NE , where NC and NE
are the cardinalities of sets FC and FEδ , ∀δ ∈ {1, . . . ,1},
respectively.

B. CELL COVERAGE AREA AND FFR-RELATED
CELL REGIONS
In order to ease the visualization, in Fig. 1b the cells have been
schematically represented using Voronoi diagrams to parti-
tion the coverage area into disjoint regions based on distance
minimization to BS locations and, furthermore, the limits
between cell-center and cell-edge regions have been repre-
sented as circumferences surrounding the BSs. In practice,
however, the limits between cells and between cell-center
and cell-edge areas are irregular due to the consideration of
shadowing.

Every BS in the network transmits a pilot signal and MSs
connect to the BS whose pilot signal is received with the
highest average power level [1]. As a given MS may not
be able to measure the pilot signals from all the BSs in the
network, the selection is typically considered to be limited
to the nearest Qc BSs [18]. The selection among the nearest
Qc BSs can also be justified by the use of neighbor cell
lists since MSs are regularly provided with a list of handover
candidates to be monitored [1]. Let us consider the cell served
by a generic BS i, located at Cartesian coordinates (x(i), y(i)),
and let us define Si as the region containing all the locations
havingBS i among theQc nearest BSs. As an example, Fig. 1c
shows the geometry of regions S1 and S19 containing all the
locations having either BS 1 or BS 19 included among the
Qc = 3 nearest BSs, respectively. Using previous consid-
erations and definitions, the coverage area of BS i can be
safely approximated as the region containing all the locations
in Si for which the average pilot power level received from
BS i is the highest among those received from the Qc nearest
BSs. Hence, from this point onwards the generic region Si
will be the sample space of the random variables (xu, yu)
denoting the Cartesian coordinates describing the location of
any MS u considered in the performance evaluation of this
cell. Obviously, owing to the PPP distribution of MSs on
the service area of the cellular network, the coordinates xu
and yu are uniformly distributed in Si and hence, their joint
probability density function (PDF) can be expressed as

pxu,yu (x, y) =

{
1/ASi , (x, y) ∈ Si
0, otherwise,

(2)

where recall that ASi denotes the area of region Si.

Average pilot power levels are also used by the FFR
scheme to partition each cell in the network into both the
cell-center and cell-edge regions. Cell-center and cell-edge
regions for BS i contain all locations in Si for which the aver-
age pilot power level received from BS i is the highest among
those received from the Qc nearest BSs and furthermore,
is above or below a power threshold P(i)th , respectively. Note
that the power threshold is BS-dependent and thus, one of the
most important FFR-based network planning parameters will
be the set of power thresholds that the different BSs should
apply to split the MSs into cell-center and cell-edge groups.

C. CHANNEL MODEL
The channel is subject to path loss, shadowing and small-
scale fading. Consequently, assuming that the power trans-
mitted by any BS in the system on any of its frequency/time
RBs is equal to Ps (uniform power allocation), the average
(with respect to the fast fading) power received by MS u
from BS j on a subcarrier belonging to a generic RB (either
data or pilot RB) can be expressed as

Pj,u = PsL(dj,u)10ςj,u/10, (3)

where Ps = PT /(Nsc(NC +NE )), dj,u is the distance between
BS j and MS u, L(dj,u) is the path loss component character-
izing the link between BS j and MS u, and ςj,u ∼ N (0, σ 2

s )
models the shadowing (expressed in dB) between BS j and
MS u. Given the statistical characterization of ςj,u, it is easy to
show that 10ςj,u/10 follows a lognormal distribution. Further-
more, according to [19], ςj,u can be modelled as a weighted
sum of two independent components

ςj,u =
√
ε ξu +

√
1− ε νj,u, (4)

where ξu ∼ N (0, σ 2
s ) corresponds to the near field of the

uth MS, νj,u ∼ N (0, σ 2
s ) is a BS dependent variable and

ε is the spatial correlation coefficient related to any pair of
BSs. In 3GPP studies, a shadowing correlation coefficient of
ε = 0.5 between BSs is usually applied [20]. We note that the
assumption of identical variances for the whole set of BSs is
reasonable as the standard deviation of lognormal shadowing
is largely independent of the radio path length [21].

Given the Cartesian coordinates (x(j), y(j)) specifying the
location of BS j, the distance between any BS j and MS u,
assumed to be located at Cartesian coordinates (xu, yu), can
be expressed as a function of the random location of theMS as

dj,u =
√(

xu − x(j)
)2
+
(
yu − y(j)

)2
. (5)

Hence, the conditional random variable Pj,u, conditioned on
xu, yu and ξu, follows a lognormal distribution with a PDF
given by

fPj,u|xu,yu,ξu (p|x, y, ξ )

=
$/

(
p
√
π
)

√
2(1− ε)σs

exp

−($ ln(p/Pj,u)
√
2(1− ε)σs

)2
, p > 0,

(6)
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where $ = 10/ ln(10) and Pj,u = PsL(dj,u)10
√
ε ξu/10. The

corresponding cumulative distribution function (CDF) can
then be expressed as

FPj,u|xu,yu,ξu (p|x, y, ξ )

=
1
2
erfc

(
−
$ ln(p/Pj,u)
√
2(1− ε)σs

)
, p > 0, (7)

where erfc(·) denotes the complementary error function.

D. CELL ASSOCIATION AND FFR-BASED USER
CLASSIFICATION
As stated in Subsection II-A, MS u is associated to BS i if

Pi,u = max
j∈2u
{Pj,u} , Pmax,u, (8)

where 2u is a set indexing the Qc nearest BSs to MS u.
Additionally, if Pi,u > P(i)th then MS u is classified
as a cell-center MS and otherwise, it is classified as a
cell-edge MS.

From this point onwards, we will use A as a token to
represent either the cell-center region C or the cell-edge
region E . Let us define the random variable

πAi,u , Pi,u if Pi,u = Pmax,u and P(A,i)L ≤ Pi,u ≤ P
(A,i)
U ,

(9)

where P(A,i)L and P(A,i)U are used to denote, respectively,
the lower and upper received pilot power limits characterizing
cell region A of cell i. Taking into account that the set of
conditional random variables Pu = {Pj,u}∀ j∈2u , conditioned
on xu, yu and ξu, are independent, the conditional PDF of πAi,u
conditioned on xu, yu and ξu can be expressed as

fπAi,u|xu,yu,ξu (p|x, y, ξ )

= fPi,u|xu,yu,ξu (p|x, y, ξ )

×

∏
j∈2u
j6=i

FPj,u|xu,yu,ξu (p|x, y, ξ )

×

[
u
(
p− P(A,i)L

)
− u

(
p− P(A,i)U

)]
, (10)

with u(·) denoting the unit step function.
The joint PDF of πAi,u, xu, yu and ξu, for a generic

MS u located in cell-region A of cell i, can be
obtained as

fπAi,u,xu,yu,ξu (p, x, y, ξ )

=

fπAi,u|xu,yu,ξu (p|x, y, ξ )fξu (ξ )

ASiP
(A,i)
r

∀ (x, y) ∈ Si, (11)

where P(A,i)r is the probability that a generic MS u ∈ Si
associated to BS i is classified as a MS in cell-region A of
cell i, which can be derived as

P(A,i)r =
1
ASi

∫
∞

−∞

∫∫
(x,y)∈Si

∫
∞

0
fπAi,u|xu,yu,ξu (p|x, y, ξ )

× fξu (ξ )dpdxdydξ. (12)

The probability that a MS u ∈ Si is associated to BS i is then
given by P(i)r = P(C,i)r + P(E,i)r .

III. STATISTICAL CHARACTERIZATION OF THE SINR
Using the definition of πAi,u in (9), the instantaneous SINR
experienced by MS u in cell region A associated to BS i on
any of the Nsc subcarriers constituting RB n ∈ FA can be
expressed as

γ (A,i)
u,n =

πAi,u|Hi,u,n|
2

N01f +
∑

j∈8(A,i)
n

Pj,u|Hj,u,n|2
, (13)

where Hj,u,n ∼ N (0, 1) is the frequency response result-
ing from the small-scale fading channel linking the jth BS
to MS u on the nth RB during scheduling period t , N0 is
the noise power spectral density, 1f = BRB/Nsc is the
subcarrier bandwidth, and 8(A,i)

n represents the set of BSs
interfering MSs served by BS i in cell region A, which is
RB-dependent.

The random variables hj,u,n , |Hj,u,n|2 are subject to an
exponential distribution fh(x) = e−xu(x) and thus, its corre-
sponding CDF can be easily obtained as Fh(x) , Pr{h ≤
x} =

(
1− e−x

)
u(x). Consequently, the CDF of the instan-

taneous SINR γ
(A,i)
u,n conditioned on variables πAi,u, ξu, xu,

yu, the set of small-scale fading gains hu,n , {hj,u,n}j∈8(A,i)
n

and the set of shadowing components su , {sj,u}j∈8(A,i)
n

with

sj,u = 10
√
1−ε νj,u/10, can be derived from (13) as

F
γ
(A,i)
u,n |π

A
i,u,xu,yu,ξu,hu,n,su

(γ |p, x, y, ξ,h, s)

= 1− exp

−γ
p

N01f +
∑

j∈8(A,i)
n

Pj,usjhj


, (14)

for γ ≥ 0. Now, using the above expression and averaging
over the i.i.d. random variables hu,n and su, the conditional
CDF of the instantaneous SINR γ (A,i)

u,n can be obtained shown
in (15), at the top of the next page, where fhj,u,n (hj) and fj,u(sj)
are the PDFs of variables hj,u,n and sj,u, respectively. where
fhj,u,n (hj) and fj,u(sj) are the PDFs of variables hj,u,n and sj,u,
respectively.
We can use the change of variables tj =

$ ln(sj)
√
2(1−ε)σs

and
the Gauss-Hermite quadrature rule [22] to approximate the
expression in(16) as

F
γ
(A,i)
u,n |π

A
i,u,xu,yu,ξu

(γ |p, x, y, ξ )

= 1− e−
γN01f

p
∏

j∈8(A,i)
n

∫
∞

−∞

e−t
2
j /
√
π

e

√
2(1−ε)

$/(σstj)
(
γPj,u
p

)
+ 1

dtj

= 1− e−
γN01f

p
∏

j∈8(A,i)
n

Nj∑
l=1

ωj,l/
√
π

e
√
2(1−ε)σstj,l

$

(
γPj,u
p

)
+ 1

, (16)

for γ ≥ 0, where Nj denotes the number of sample points, tj,l
is the lth root of the (physicists version of the) Hermite poly-
nomial HNj (x), and wj,l is the corresponding weight factor.
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F
γ
(A,i)
u,n |π

A
i,u,xu,yu,ξu

(γ |p, x, y, ξ)

, Pr{γ (A,i)
u,n ≤ γ |π

A
i,u = p, xu = x, yu = y, ξu = ξ}

=

∫
∞

0
...

∫
∞

0
F
γ
(A,i)
u,n |π

A
i,u,xu,yu,ξu,hu,n,su

(γ |p, x, y, ξ,h, s)
∏

j∈8(A,i)
n

fhj,u,n (hj)fsj,u (sj)dhjdsj

= 1−
e−γN01f /p
√
π

∏
j∈8(A,i)

n

∫
∞

0

$/
(√

2(1− ε)σs
)

s2j
(
γPj,u
p

)
+ sj

exp

[
−

(
$ ln(sj)
√
2(1− ε)σs

)2
]
dsj, γ ≥ 0. (15)

IV. AVERAGE SPECTRAL EFFICIENCY ANALYSIS
Let γ (A,i)

n denote the SINR experienced by a generic MS in
cell region A that has been scheduled for transmission on
RB n. Our goal is to determine the average spectral efficiency
on this RB given by

η(A,i)n , E
γ
(A,i)
n

{
log2(1+ γ

(A,i)
n )

}
=

∞∑
M=1

Pr
{
MSi = M

} M∑
k=1

Pr
{
M (i)
A = k

}
×E

γ
(A,i)
n |M (i)

A

[
log2(1+ γ

(A,i)
n )|M (i)

A = k
]

=

∞∑
M=1

Pr
{
MSi = M

} M∑
k=1

(
M
k

)
P(A,i)r

k
(
1−P(A,i)r

)M−k
× log2 e

∫
∞

0

1− F
γ
(A,i)
n |M (i)

A
(γ |k)

1+ γ
dγ, (17)

where Eα{·} denotes the expectation operation with respect
to random variable α, and F

γ
(A,i)
n |M (i)

A
(γ |k) is the conditional

cumulative distribution function (CDF) of γ (A,i)
n conditioned

on the event that there are M (i)
A = k MSs in region A of cell

i. The average spectral efficiency provided by cell i can be
obtained as

η(i) = NCη(C,i)n + NEη(E,i)n (18)

and thus, the overall spectral efficiency of the network can be
obtained as

η =
∑
∀ i

η(i) = NC
∑
∀ i

η(C,i)n + NE
∑
∀ i

η(E,i)n . (19)

Hence, now the problem is that of determining the conditional
CDF F

γ
(A,i)
n |M (i)

A
(γ |k) for each of the scheduling rules under

analysis.

A. MSINR SCHEDULING
In each scheduling period and on each RB n in region A of
cell i, the MSINR scheduler serves the MS experiencing the
highest instantaneous SINR, that is,

γ (A,i)
n = max

u∈M(i)
A

{M(i)
A }. (20)

According to this rule, the conditional CDF of γ (A,i)
n , condi-

tioned on the event that there areM (i)
A = k MSs in region A of

cell i and on the sets πA = {πAi,u}∀ u∈M(i)
A
, x = {xu}∀ u∈M(i)

A
,

y = {yu}∀ u∈M(i)
A
and ξ = {ξu}∀ u∈M(i)

A
, can be derived as

F
γ
(A,i)
n |M (i)

A ,π
A,x,y,ξ (γ |k, p, x, y, ξ )

=

∏
u∈M(i)

A

F
γ
(A,i)
n |πAi,u,xu,yu,ξu

(γ |pu, xu, yu, ξu) . (21)

Consequently, as on each RB n in region A of cell i the MSs
are statistically equivalent in terms of SINR, the conditional
CDF F

γ
(A,i)
n |M (i)

A
(x|k) in (17) for the MSINR scheduling pol-

icy simplifies to

FMSINR
γ
(A,i)
n |M (i)

A
(γ |k) =

[
F
γ
(A,i)
n

(γ )
]k
, (22)

where the CDF of the instantaneous SINR γ (A,i)
u,n is

F
γ
(A,i)
n

(γ ) =
∫
∞

−∞

∫∫
(x,y)∈Si

∫
∞

0
fπAi,u,xu,yu,ξu (p, x, y, ξ )

×F
γ
(A,i)
n |πAi,u,xu,yu,ξu

(γ |p, x, y, ξ )dpdxdydξ.

(23)

Note that this expression, as well as (12), can be straight-
forwardly evaluated using numerical integration tools, thus
greatly reducing the time required to accurately compute
these statistical functions when compared to Monte Carlo
simulation-based strategies. In fact, it was found out that
the computation time required to evaluate (12) and (23) was
orders of magnitude lower than that required by the corre-
sponding simulation approach.

B. RR SCHEDULING
A round-robin scheduler allocates RBs to MSs in a fair time-
sharing approach. Since the SINRs experienced by MSs in
region A of cell i on each RB n are statistically equivalent,
serving M (i)

A = k MS using a RR scheduling policy is
equivalent to serving M (i)

A = 1 MS with MSINR (even when
MSs are selected with non uniform probability). Therefore,
the conditional CDF in (17) simplifies, now, to

FRR
γ
(A,i)
n |M (i)

A
(γ |k) = FMSINR

γ
(A,i)
n |M (i)

A
(γ |1) = F

γ
(A,i)
n

(γ ). (24)
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V. OPTIMAL DESIGNS
Let us define the FFR spectrum allocation factor as the
quotient between the number of RBs allocated to cell-center
MSs and the number of RBs allocated to cell-edge MSs,
that is, ρ , |FC | / |FE |. Undoubtedly, the performance
of the FFR-aided OFDMA-based irregular cellular network,
in terms of spectral efficiency and throughput fairness among
cell-center and cell-edge MSs, will be basically determined
by the power thresholds used in each of the cells consti-
tuting the cellular network, as well as the FFR spectrum
allocation factor adopted over the whole service area of the
network. Hence, in this section we introduce some designs
that, broadly speaking, aim at determining the set of power
thresholds P∗th =

{
P(1) ∗th , . . . ,P(NBS) ∗

th

}
and the spectrum

allocation factor ρ∗ maximizing the spectral efficiency while
fulfilling operator-defined system constraints related to fair-
ness. In particular, two optimization designs are explored:
1) the fixed spectrum allocation factor design (FxD) and
2) the QoS-constrained design (QoScD). The FxD aims at
obtaining the set of power thresholds maximizing the spectral
efficiency of a network for which the spectrum allocation
factor has been fixed to ρ = ρ0. The QoScD, instead, aims at
determining both the set of power thresholds and the spectrum
allocation factor that maximize the network spectral effi-
ciency under the constraint that the cell-edge user’s spectral
efficiency is at least a fixed fraction q of the one achieved at
the cell-center.We first introduced these designs in [15] but in
the context of regular cellular networks without considering
the effect of spatially correlated shadowing. In a regular
cellular environment it is typically assumed that the network
has an infinite geographical extension and consequently, that
all the cells in the network are characterized by exactly the
same performance. In such a simplified environment, the cel-
lular network can be optimized by considering the behaviour
of a single generic cell, thus greatly simplifying the whole
optimization process. The complexity increase associated to
the extension of the proposed optimization framework to the
case of irregular cellular networks will largely depend on the
selected optimization design.

A. FIXED SPECTRUM ALLOCATION FACTOR DESIGN
Adapting the FxD-based approach to the case of irregu-
lar cellular networks is quite straightforward (once the cell
association and FFR-based user’s classification processes
have been statistically characterized) because, in this par-
ticular case, once the FFR spectrum allocation factor has
been fixed to ρ = ρ0, the optimal power threshold for
BS i can be obtained irrespective of the power thresholds
applied by the other BSs. That is, the FxD-based optimiza-
tion problem, aiming at the spectral efficiency optimiza-
tion of the network, can be split into NBS cell optimization
subproblems as

P(i) ∗th = arg max
0≤P(i)th<∞

NCη(C,i)n + NEη(E,i)n (25)

for all i ∈ {1, . . . ,NBS}. Notice that these optimization
problems can be efficiently solved using standard software
optimization packages (e.g., Matlab).

B. QoS CONSTRAINED DESIGN
In the QoScD-based approach, the FFR-related parameters
are selected to warrant a prescribed trade-off between the
spectral efficiency provided to cell-center MSs and that pro-
vided to MSs located in the cell-edge. In this case, the con-
strained optimization problem can be formulated in terms of
the QoS factor q as(

P∗th, ρ
∗
)
= arg max

(Pth,ρ)
NC

∑
∀ i

η(C,i)n + NE
∑
∀ i

η(E,i)n ,

subject to NEη(E,i)n ≥ qNCη(C,i)n ∀ i. (26)

This problem can be easily solved in two simple steps.
In the first step, an optimization subproblem equivalent to
(26) is posed for each individual cell in the system. That is,(

P(i) †th , ρ
†
i

)
= arg max(

P(i)th ,ρi
)NCη(C,i)n + NEη(E,i)n ,

subject to NEη(E,i)n ≥ qNCη(C,i)n (27)

for all i ∈ {1, . . . ,NBS}, where the superscript (·)† is used
to indicate the optimal solutions to these subproblems. The
smaller an FFR spectrum allocation factor is, the higher is the
number of frequential resources allocated to the cell-edge and
thus, the higher is the cell-edge throughput in comparisson
to the cell-center one. Thus, once we have obtained the FFR
spectrum allocation factors ρ†i for all i ∈ {1, . . . ,NBS},
the optimal FFR spectrum allocation factor fulfilling the
constraint in problem (26) can be obtained as

ρ∗ = min
i∈{1,...,NBS}

ρ
†
i . (28)

Now, the set of optimal power thresholds P∗th ={
P(1) ∗th , . . . ,P(NBS) ∗

th

}
can be obtained in a second step by

solving the FxD optimization problem (25) with ρ = ρ∗.
Notice, again, that all these optimization problems can be effi-
ciently solved using standard software optimization packages
(e.g., Matlab).

VI. PERFORMANCE EVALUATION
In order to validate the proposed analytical framework,
the network schematically shown in Fig. 1 is considered.
For the sake of reproducibility, the locations of the 19 BSs for
the particular scenario used in this work are listed in Table 1.
Furthermore, the main system parameters used to generate
both the analytical and simulation results, which are based
on [23], are summarized in Table 2.

Results shown in Fig. 2 represent the CDF of the instan-
taneous SINR experienced by an arbitrary MS u located in
either the cell-center or the cell-edge of different BSs and for
different system setups. Figure 2a shows the CDF of the SINR
experienced by MSs associated to BS 1 when Qc = 3 and
in scenarios subject to different degrees of shadow fading.
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FIGURE 2. CDF of the SINR experienced by a MS in different cells and under different system setups with P(i )
th = −50 dBm. (a) Cell 1, Qc = 3. (b) Cell 1,

σs = 8 dB. (c) BSs 1 & 19, Qc = 3, σs = 8 dB.

TABLE 1. Location of the BSs.

Fig. 2b compares the CDF of the SINR experienced by MSs
located in BS 1 when either Qc = 1 or Qc = 3 and
assuming a shadow fading with σs = 8 dB. Fig. 2c compares
de behaviour of the CDF of the SINR experienced by MSs
associated either to BS 1, located in the inner region of the
network, or BS 19, located in the outer-region of the network,
when Qc = 3 and σs = 8 dB. Throughout this section, lines
are used to represent analytical results and markers corre-
spond to results obtained through Monte-Carlo simulations.
The first point worth stressing is the very goodmatch between
analytical and simulation results, thus validating the analyt-
ical framework developed in Section III. Focusing now on

TABLE 2. Network parameters.

performance issues, results presented in Fig. 2a indicate that,
as expected, the SINR values experienced by MSs located in
the cell-edge are considerably lower than those experienced
by cell-center MSs. Furthermore, cellular scenarios subject to
higher levels of spatially correlated shadow fading produce
slightly lower values of SINR and with a higher statistical
dispersion. As shown in Fig. 2b, MSs located in the cell-
center are barely affected by the number of BSs involved in
the cell association process. This is unsurprising because the
cell-center MSs are located near the corresponding BS and
consequently, it is highly probable that, irrespective of the
value of Qc, they associate to this BS. The cell-edge MSs,
in contrast, are clearly benefitted by the use of a greater num-
ber of BSs involved in the cell association process because
a cell-selection process limited to a low number of BSs
decreases the probability of associating a given user to
the most favourable BS (in the sense of maximizing the
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FIGURE 3. Average cell throughput versus power threshold in Cell 1 for different values of the normalized intensity λ and Qc = 3 (FxD). (a) MSINR
scheduler. (b) RR scheduler.

average SINR). Finally, results presented in Fig. 2c show
that MSs located in different cells of the system are clearly
affected by disparate levels of interference. In particular, MSs
associated to interior cells of the network are observed to
suffer from higher levels of interference eventually leading
to lower levels of SINR when compared to MSs associated to
MSs located in outer regions of the network.

A. FxD-BASED RESULTS
For the FxD-based approach, we have chosen to set the num-
ber of RBs allocated to the cell-center and cell-edge equal to
52 and 16, respectively, which are values typically used for
this design [12], [14]. That is, the spectrum allocation factor
has been set to ρ = ρ0 = 3.25. Using this setup, Fig. 3
presents the average cell throughput provided by BS 1 as a
function of the power threshold P(1)th . Illustrating the system
behaviour under different network deployments, analytical
and simulation results are shown for the RR and MSINR
scheduling policies using two different values of the normal-
ized intensity λ and two distinct levels of shadow fading.
Again, it is worth noting the good agreement between the
simulated and analytical results, hence validating in this case
the analytical framework developed in Section IV. The aver-
age throughput increases with the average number ofMSs per
cell. This is basically due to two distinct causes. The first one,
only exploited by the MSINR scheduling rule, is originated
by the larger degree of multiuser diversity provided by the
increase of λ. The second cause, specially significant for the
RR scheduler, is that the increase of the average number of
MSs per cell invariably decreases the probabilities of end-
ing up with unpopulated cell-center and/or cell-edge regions
to which nevertheless RBs are allocated, hence increasing
the probability of properly exploiting the assigned RBs and
avoiding the waste of resources.

A noteworthy effect, common to both scheduling rules,
as it can be appreciated in Figs. 3a and 3b, is the shift of

the optimal operating points of the FFR power threshold
towards larger values when the shadowing standard devia-
tions increases. This is indicative that the greater dispersion
of SINRs caused by shadowing (already apparent in Fig. 2a)
leads to a shrinkage of the central regions. Also, note that
the optimal power thresholds for the MSINR scheduler are
somewhat lower than the RR counterparts. That is, the central
regions when using MSINR tend to be slightly greater than
when using RR.

Once again, different irregular cells from the same net-
work, namely cells 1 and 19, are considered in Fig. 4. The
number of BSs involved in the cell association process is
introduced as a parameter in Figs. 4a and 4b where the
average cell-edge throughput for MSINR and RR scheduling
policies is represented. As already noted, increasingQc yields
better edge throughput results. Remarkably, this improve-
ment is more visible in networks using an RR scheduler
than in those using MSINR. This can be attributed to the
fact that under RR the random user selection is more prone
to schedule edge-MSs that are far from the BS and thus,
more likely to be wrongly associated when using Qc = 1.
In contrast, when usingMSINR the scheduled edge-MSs tend
to be located close to the central-region border and hence, it is
more likely that they are associated to the most favourable
BS irrespective of the value ofQc. Moreover, inner BSs (e.g.,
BS 1), suffering higher levels of inter-cell interference, attain
lower edge throughput than outer BSs (e.g., BS 19). This phe-
nomenon becomes even more exacerbated when considering
the average cell throughput, as depicted in Fig. 4c, where the
throughput provided by BSs 1 and 19 is shown for the case in
which Qc = 3 and assuming the use of both MSINR and RR
scheduling rules.

Figure 5 shows the optimum overall network throughput
under the FxD strategy as a function of the normalized
intensity λ and spectrum allocation factor ρ for both MSINR
and RR. Note that these results have been obtained by indi-
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FIGURE 4. Average throughput versus power threshold in different irregular cells, σs = 8 dB, λ = 164 MSs/km2 (FxD). (a) Cell 1. (b) Cell 19. (c) Cells 1 and
19, Qc = 3.

FIGURE 5. Network throughput, considering the optimal power thresholds P(i ) ∗
th in all cells, as a function of both the normalized intensity λ and the

spectrum allocation factor ρ, Qc = 3, σs = 8 dB (FxD). (a) MSINR scheduler. (b) RR scheduler.

vidually solving the optimization problem in (25) for each of
the 19 cells in the network. As it has already been commented,
MSINR offers better performance thanks to the exploitation
of multiuser diversity, notwithstanding that both MSINR and
RR also benefit from having more MSs in the system thus
diminishing the probability of having unpopulated regions.
Note also that, irrespective of the scheduler in use and the nor-
malized intensity λ, the higher the number of RBs allocated
to the cell-center MSs the higher the network throughput.
This is because, since the FxD approach does not enforce any
constraint on fairness among cell-center and cell-edge MSs,
the best strategy is to allocate as many resources as possible
to those MSs that make the most of them, which invariably
happen to be the central ones.

B. QoScD-BASED RESULTS
To assess the performance of the QoScD strategy under
different QoS constraints, analytical and simulated network
cell-center, cell-edge and overall throughputs as a function
of the normalized intensity λ are shown in Fig. 6 for both
MSINR and RR schedulers. Two different quality factors,
q = 0.02 and q = 0.2, have been considered, corresponding
to low and high throughput fairness requirements between
cell-centre and cell-edge MSs. Again, it is worth noting the
good agreement between the simulated and analytical results.
Also note that these results have been generated using the
optimal solution of the QoScD approach, that is, they have
been obtained using the optimal spectrum allocation factor ρ∗

and the optimal power thresholds P∗th =
{
P(1) ∗th , . . . ,P(19) ∗th

}
.
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FIGURE 6. Network cell-center, cell-edge and overall throughputs versus normalized intensity λ for both MSINR and RR schedulers under different QoS
constraints q (σs = 8 dB, Qc = 3, QoScD). (a) Network cell-center throughput. (b) Network cell-edge throughput. (c) Overall network throughput.

As in the FxD-based FFR design, the MSINR scheduler
provides a clear average throughput performance advantage
when compared to the RR scheduler owing to the optimal
exploitation of multiuser diversity. Remarkably, the parame-
ter q is seen to effectively act as a knob to trade cell-edge and
cell-center performance. In particular, note how the network
center-throughput (see Fig. 6a) for q = 0.02 is much higher
than for q = 0.2. Conversely, the network edge-throughput
behaves the other way round (see Fig. 6b), that is, increasing q
leads to a throughput improvement in that region. Therefore,
increasing the QoS requirement q enforces a higher degree of
fairness between cell-centre and cell-edge MSs at the cost of
decreasing the average network throughput as it can clearly be
appreciated in Fig. 6c. In fact, the QoScD strategy causes the
system to gravitate away from the full spectrum reuse strategy
since increasing the QoS requirement q increases the amount
of resources allocated to the cell-edge MSs.

In order to make further apparent the consequences of the
network topology irregularity, Fig. 7 presents the average
throughput provided by BSs 1 and 19 as a function of the
normalized intensity λ for both MSINR and RR schedulers
and using q = 0.2, σs = 8 dB and Qc = 3. As in the FxD
approach, Cell 19 attains higher throughput values owing to
the reduced levels of interference experienced byMSs located
in the outer regions of the cellular network. MSs associated to
Cell 1, in contrast, which are located in the inner regions of the
network, are subject to higher levels of inter-cell interference
causing a drop in cell throughput.

To gain a more complete understanding of the effects the
QoScD approach has on the network performance, Figure 8
shows the optimal overall network throughput as a function
of both the normalized intensity λ and the QoS factor q for
both MSINR and RR scheduling rules. It can be observed
that the most important sacrifice in terms of overall network

FIGURE 7. Average cell throughput provided by BS 1 and BS 19 versus
normalized intensity λ for both MSINR and RR schedulers under different
QoS constraints q (q = 0.2, σs = 8 dB, Qc = 3, QoScD).

throughput happens when transiting from a situation in which
no QoS fairness constraints are enforced (q = 0) to setups
where loose fairness restrictions are introduced (q < 0.15).
In contrast, note that, irrespective of λ, the sensitivity of the
network throughput to values of q greater than 0.3 is rather
mild thus indicating that for values beyond q = 0.3 the fair-
ness between cell-center and cell-edge MSs can be increased
without an exceedingly large incremental cost in terms of
overall network throughput. Again, note that increasing λ
invariably results in network throughput improvements that,
in the case of RR are solely due to the reduced probabil-
ity of having unpopulated cell regions, whereas in the case
of MSINR are also motivated by the increase of multiuser
diversity.
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FIGURE 8. Optimal overall network throughput (considering the optimal spectrum allocation factor ρ∗ and the optimal power thresholds P(i ) ∗
th in all cells)

as a function of both the QoS factor q and the normalized intensity λ (Qc = 3, σs = 8 dB, QoScD). (a) MSINR scheduler. (b) RR scheduler.

VII. CONCLUSION
This paper has presented and validated a novel analyti-
cal framework to evaluate the performance of FFR-aided
OFDMA-based multi-cellular networks subject to correlated
shadowing and with an irregular BS deployment. In this
scenario, the cell association process and the partition of
each cell into edge and center regions are critical aspects
and they have both been incorporated to the derivation of
a mathematically tractable statistical characterization of the
instantaneous SINR experienced by any user in any of the
irregular cells in the network. Furthermore, these expressions
have been particularized to the specific case of two popular
scheduling rules, namely, RR and MSINR. The resulting
distribution functions for the instantaneous SINR have then
been used to derive the average throughput of both the whole
network and of each individual cell, which in turn allowed the
formulation of designs with different restrictions from which
the optimal FFR parameters can be derived.

In particular, two optimization designs, namely, the fixed
spectrum allocation factor (FxD) and the QoS constrained
(QoScD) designs, have been proposed and thoroughly
explored. The simple FxD-based FFR design has been shown
to provide very high levels of network spectral efficiency
at the cost of loosing fairness between cell-center and cell-
edge MSs. In contrast, the more elaborated QoScD-based
FFR design, has been shown to allow network operators to
enforce any desired minimum degree of throughput fairness
between cell-center and cell-edge MSs while, at the same
time, minimizing the sacrifice of overall network throughput.
Irrespective of the optimization design, it has been shown
that increasing the average number of MSs per cell invariably
leads to a throughput increase. This is basically due to that,
first, using a channel-aware scheduler enables exploiting the
multiuser diversity and, second, because increasing the aver-
age number of MSs per cell reduces the probability of ending
up with unpopulated cell-center and/or cell-edge regions.

Another result worth stressing is that, irrespective of either
the optimization design or the scheduling rule, increasing
the number of BSs involved in the cell association process
always leads to network performance improvements, spe-
cially for cell-edgeMSs, more likely to bewrongly associated
to an inappropriate BS. It has also been proved that shad-
owing plays an important role when optimizing FFR-aided
OFDMA-based designs.

Further work will concentrate on extending the analysis
so as to encompass heterogeneous OFDMA-based networks,
non-uniform distributions ofMSs and the use of more sophis-
ticated ICIC techniques (e.g., soft/adaptive frequency reuse,
network MIMO).
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