
Departamento de F́ısica

Controlling Complex Dynamics

Samuel Zambrano Silva

Universidad Rey Juan Carlos

Madrid, 2007
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algunos de mis magńıficos compañeros del Departamento de F́ısica, a los que quiero
dar las gracias: A Inmaculada Leyva por su colaboración en uno de los art́ıculos
que sustentan esta tesis y por su apoyo, en todos los sentidos. A Inés Pérez Mariño
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2. Control de dinámicas complejas usando la fase . . . . . . . . . 131
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Preface

This thesis is the result of four years of work that can be framed in the wide
field of Nonlinear Dynamics. More precisely, most part of this work deals with
different methods to control different types of complex dynamics. However, the
reader will find that some parts are devoted to investigate other aspects of this kind
of dynamics. We summarize now the main contents of this work:

Chapter 1. This chapter is a brief introduction to the main topics of our work.
The contents of this thesis are situated in a historical frame and we describe
briefly the first steps of Nonlinear Dynamics and Chaos Theory, discussing
its main concepts from a historical point of view. After this, we explain how
the discipline of Control of Complex Dynamics arose naturally due to the
widespread nature of this kind of systems in nature.

Chapter 2. Here we give some key ideas on chaotic dynamics using the
simplest dynamical systems displaying chaos: one-dimensional maps. We ex-
plain then why chaotic and random time series sometimes cannot be easily
distinguished, and we give a method that allows to distinguish chaotic from
random time series: the detection of forbidden order patterns. As it turns out,
the orbits of one-dimensional maps have always forbidden patterns, i.e., order
patterns that cannot occur, in contrast with random time series, in which any
order pattern appears with probability one. Furthermore, in presence of noise
true forbidden patterns are robust and disintegrate with a rate that depends
on the noise level. All this allow to distinguish random from chaotic time
series, even if they are contaminated by noise.

Chapter 3. A brief introduction to chaos in continuous-time dynamical sys-
tems (also called flows) is given here. After this, we introduce the issue of
chaos control and we study a particular technique to achieve this goal: phase
control of chaos. This control method searchs for the phase difference between
a small added harmonic perturbation and the main driving that allows to sup-
press chaos, leading the system to different periodic orbits. This technique is
numerically explored with the paradigmatic Duffing oscillator, and it is imple-
mented in an electronic circuit that confirms both the well-known features of
this method and the new ones detected numerically.

Chapter 4. We briefly analyze the equations of a flow that gives the evolution
of a well-known experimental chaotic system: the CO2 laser. After this, we
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xii Preface

propose an adaptive procedure in order to estimate unknown parameters of
a chaotic laser, which is observed through a time series that represents the
output intensity of the laser. To do that, we consider a coupled system with
the same functional form and adjustable parameters. The salient feature of
the proposed technique is that accurate parameter estimation and identical
synchronization can be jointly achieved by adaptively adjusting the desired
parameters of the coupled system.

Chapter 5. After giving some basic notions on the phenomena of crisis and
intermittency in a chaotic system, in this chapter we show that the phase
control scheme can be used to tame or enhance crisis-induced intermittency
in dynamical systems. We show that phase control allows to suppress or
enhance this behavior both in the model and in an experiment with a CO2

laser. Furthermore, an analysis of this scheme applied to the well known
quadratic map near an interior crisis illustrates the role of phase control in
nonlinear dynamical systems close to an interior crisis.

Chapter 6. We give numerical evidences showing that a suitable chaotic sig-
nal can induce resonant effects analogous to those observed in presence of noise
in a bistable system under periodic forcing, a phenomenon known as chaotic
resonance. By constructing groups of chaotic and random perturbations with
similar one-time statistics we show that in some cases chaos and noise induce
indistinguishable resonant effects. This reinforces the conjecture by which in
some situations where noise is supposed to play a key role maybe chaos is the
key ingredient. Here we also describe how the presence of a chaotic signal as
the perturbation leading to a resonance opens new control perspectives based
on our ability to stabilize chaos in different periodic orbits. A discussion of
the possible implications of these facts is also presented.

Chapter 7. Here we describe in detail a kind of maps that have played a
key role in Nonlinear Dynamics: horseshoe maps. After this, we study maps
associated to two simple scattering systems: a four-hill potential and an open
billiard. Surprisingly, they turn out to be very different from the standard
horseshoe maps: one iteration stretches and folds a square in phase space
an infinite number of times before placing it across itself. We explore these
infinite horseshoe maps, and we show that the infinite folding action requires
that the maps are not defined in part of the rectangle. We do also give some
of the main consequences of the presence of this type of geometrical action in
phase space.

Chapter 8. The geometrical action of some dynamical systems, like the
horseshoe map, implies the existence of a chaotic saddle on certain region of
phase space, from which nearly all the trajectories diverge. Here we show
that it also implies the existence of a set inside that region, the safe set,
where the trajectories can be stabilized. The main advantage of this kind of
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stabilization is that it is achieved by applying a controlling perturbation that
is always smaller than the noise amplitude (that is, the maximum deviation
of the deterministic path of a trajectory due to noise). We first illustrate our
technique with one-dimensional maps. After this, we show that this type of
sets exist for the paradigmatic Hénon map, and we give the general conditions
for their existence. Finally, we show that our technique can be applied to a
physical system where an infinite horseshoe structure is present, like the case
of a noisy open billiard.

Chapter 9. A summary of the main results of this thesis can be found in this
brief chapter.
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Chapter 1

Introduction

All stable processes we shall predict.

All unstable processes we shall control.

—John von Neumann

1.1. Prediction in physics

One of the main goals of science is to find a link between cause and effect in the
natural phenomena that might allow to make predictions about its future evolution.
In the early human history, natural events must have seemed largely to be purely
arbitrary. At first very slowly, then faster and faster, the natural sciences developed
and some of the rules governing different phenomena in nature were recognized.
Simultaneously, mathematics was developed and the understanding of a natural
phenomenon started to be parallel with its corresponding mathematical formulation.

The end of the 17th century was a decisive moment in physics. This is the
moment where the discoveries and the analysis carried on by Isaac Newton (1643-
1727) took place. He was the first one to model the motion of physical systems with
differential equations, by using the ideas of calculus that he had developed (nearly
simultaneously with the German mathematician and philosopher Gottfried Leibniz
(1646-1716)). These sets of differential equations were probably the first example of a
dynamical system: a set of rules giving the time evolution of a system as a function of
its past state. Using this approach and using a simple interaction, the gravitational
attraction between masses, the orbits (circular, elliptical and parabolic) of celestial
bodies could be understood as the solutions of differential equations obtained for
different initial conditions.

After this major achievement, many physicists used this kind of techniques and
applied them to different fields of physics. When solutions to those equations could
be found, and they remained in bounded regions of the space, they did either settle
down to a steady state or represent oscillations in a periodic or quasiperiodic way.
Thus, many different physical phenomena turned out to be precisely formulated in
terms of differential equations whose solutions were well understood, and this gen-
erated an atmosphere of optimism about the physicists’ ability to make predictions
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2 Chapter 1. Introduction

on the evolution of a physical system. This atmosphere is perfectly summarized
in the following well-known sentence of the French mathematician and astronomer
Pierre-Simon Laplace (1749-1829), extracted from [Laplace, 1814]:

If we can imagine a consciousness great enough to know the exact
locations and velocities of all the objects in the universe at the present
instant, as well as all the forces, then there could be no secrets from this
consciousness. It could calculate anything about the past of future from
the laws of cause and effect.

However, soon the study of different physical problems showed that, in some
cases, a perfect and accurate prediction of the evolution of the system considered
was impossible to achieve. A first main reason for this was that, in many cases,
it was difficult (or impossible) to find an explicit solution to the sets of differential
equations giving the evolution of the system. In other cases, the number of equations
involved was so big that, in spite of knowing perfectly the interactions at work, only
a statistical treatment was adequate. Statistical Physics was developed with this
aim in the 19th century, and it allowed to give a precise description of the behavior
of systems with a extremely large number of degrees of freedom, such as gases,
solids and fluids in probabilistic terms. But, in spite of all this, most “simple”
systems (those governed by few differential equations) were expected to be perfectly
predictable.

The development of Quantum Mechanics in the 20th century, and more precisely
the uncertainty principle stated by one of its founding fathers, the German physicist
Werner Heisenberg (1901-1976), was the first big major conceptual obstacle for this
point of view. This principle states that the position and velocity of an object cannot
be, even in theory, exactly measured. From which Heisenberg derived the natural
consequence (extracted from the translation of his seminal paper done in [Wheeler
and Zurek, 1983]):

In the strict formulation of the causality law - ‘When we know the
present precisely, we can calculate the future’- it is not the final clause,
but rather the premise, that is false. We cannot know the present in all
its determining details. Therefore, all perception is a selection from an
abundance of possibilities and a limitation of future possibilities...Because
all experiments are subject to the laws of quantum mechanics, and thereby
also to the uncertainty principle, the invalidity of the causality law is
definitively established through quantum mechanics.

The effect of this principle, however, did not mine the physicist’s confidence on
their ability to predict the evolution of a large part of the physical systems that
are present in nature. This is probably due to two reasons. First, because the ef-
fects of this principle are too small to be observable for objects of ordinary size.
Second, because before the appearance of Quantum Mechanics physicists knew well
that perfectly isolated experiments were not possible, so the state of a system is
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never precisely isolated from the influences of the surrounding world. Thus, the
absolute mathematical realization that Laplace presupposed is not physically real-
izable. What physicists actually believed was that from approximately the same
causes follow approximately the same effects, so for nearly all the systems of interest
in physics, approximately the same initial conditions might lead to approximately
the same evolution.

However, some years before the rising of Quantum Mechanics, the French math-
ematician Henri Poincaré (1854-1912) was giving the first steps on a theory that
would change the physicists’ perception on their ability to make predictions about
the evolution of a physical system: Chaos Theory.

1.2. The first steps of Chaos Theory

In 1887 Oscar II, King of Sweden, established a prize for anyone who could
find whether the Solar System is stable or not. This is a particular aspect of the
N−body problem, by which the dynamics of a system of N mutually attracting
masses should be elucidated and that was unsolved since Newton’s days for N > 2.
Poincaré decided to participate in this prize. He considered a restricted version of the
N = 3 case and, although he was not able to prove the stability of this simplified
system, he made a contribution that would play a key role in the future Chaos
Theory: Using a two-dimensional discrete-time dynamical system, he observed that
for these maps the homoclinic intersections could give rise to a phenomenon that
made impossible long-term prediction of the behavior of this (apparently) simple
system: the sensitive dependence on the initial conditions. In his subsequent studies
on this problem he realized that [Poincaré, 1934]:

It may happen that small differences in the initial positions may lead
to enormous differences in the final phenomena. Prediction becomes im-
possible.

Thus, in his work, Poincaré had the first intuition on what we now call chaos
or chaotic behavior. Although this work deserved the prize, it did not cause a
particularly strong impact in the scientific community. After it, during the 20th
century, mathematicians and physicists such as George David Birkhoff (1884-1944),
Mary Lucy Cartwright (1900-1998), John Edensor Littlewood (1885-1977)), Norman
Levinson (1912-1975) and Andrei N. Kolmogorov (1903-1987) (just to cite a few)
used some of Poincaré’s techniques and made important contributions on the un-
derstanding of this “strange” and unpredictable type of motion occurring in simple
systems.

But only with the advent of computers that were able to compute numerically
the solutions of systems of differential equations that were impossible to solve oth-
erwise, and to make a graphic representation of them, it became evident that this
strange behavior was present in a huge variety of fields in science. One of the firsts
examples of this is the work made by the meteorologist Edward Lorenz of the Mas-
sachusetts Institute of Technology, who realized in 1963 that for a simple model
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a) b)

Figure 1.1. (a) The famous Lorenz attractor and (b) the return map obtained plotting
two consecutive maxima of one of the variables for this system, showing the link existing
between dynamical systems given by differential equations (flows) and maps.

of three-differential equations solutions presented a totally nonperiodic behavior.
Furthermore, he deduced that all the orbits were also unstable, so any two nearby
trajectories would diverge exponentially in time. As a meteorologist, he realized
that this discovery would have important consequences in his field of study [Lorenz,
1963]:

When our results concerning the instability of nonperiodic flow are
applied to the atmosphere, which is ostensibly nonperiodic, it indicates
that prediction of the sufficiently distant future is impossible by any
method, unless the present conditions are known exactly. In view of
the inevitable inaccuracy and incompleteness of weather observations,
precise very-long range forecasting would seem to be non-existent.

Furthermore, he discovered that nearly all the trajectories settled to the strange
and beautiful object that we can see in Fig. 1.1 (a). He observed that this strange
geometrical object was neither a surface nor a volume, but something in between.
By using the tools that were developed by the mathematician Benoit Mandelbrot,
the Lorenz attractor was found to be a fractal [Mandelbrot, 1982], and this kind of
fractal chaotic attractors are known as strange chaotic attractors.

In his seminal paper, Lorenz also found that the value of the n-th local maximum
of one of the variables of his system Mn was related with the n + 1-st, Mn+1, by a
simple map, as shown in Fig. 1.1 (b). His ideas stimulated many other physicists and
mathematicians, such as James A. Yorke at the University of Maryland, who studied
the dynamical systems given by this kind of one-dimensional maps Mn+1 = g(Mn)
with his graduate student Tien-Yien Li. In 1975 they published the paper “Period
three implies chaos” [Li and Yorke, 1975], where the term chaos was first coined.
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They showed that, under very mild assumptions, the dynamical systems given by
these one-dimensional maps displayed a very complicated behavior, with totally
nonperiodic orbits and sensitive dependence on the initial conditions. Some years
before this, the mathematician Stephen Smale was able to explain using a simple
two-dimensional map (the horseshoe map) why the homoclinic intersections observed
by Poincaré led to chaotic behavior [Smale, 1967].

In last years, chaos and chaotic attractors have been thoroughly characterized.
Simultaneously, many other different complex phenomena associated with deter-
ministic unpredictability have been discovered and characterized in detail. In this
context, the Nonlinear Dynamics school of the University of Maryland has made
key contributions in this field, describing phenomena such as transient chaos, frac-
tal basin boundaries, crisis, chaotic scattering and Wada basins. On the other hand,
these complex behaviors have been observed both in experiments and in computer
models that are used in a large number of fields of science, which confirm that they
are widespread in nature. These behaviors are observed in dynamical systems that
have nonlinear equations of evolution. Thus, these contributions have contributed to
create a discipline, Nonlinear Dynamics, that gives a unified view of many different
phenomena in science.

1.3. Control of Complex Dynamics

As we said, chaotic motion has been found to be present in a large variety of
contexts in science. Thus, it is natural to think that in some situations it might be
desirable to control this nonperiodic and unpredictable behavior. At the beginning,
some physicists thought that this was a goal impossible to achieve. Considering
that for a chaotic system any small variation in the system’s state is followed by
an exponentially growing variation of the motion, it was thought that any attempt
to guide a chaotic system by using small perturbations would just lead it to other
chaotic and uncontrolled motions.

However, this was a wrong point of view. If we have a system that presents
sensitive dependence on initial conditions, thus a small but accurately chosen per-
turbation might induce a huge change in its dynamics. Thus, the exponential diver-
gence of the initial conditions induced by chaos can be considered an advantage. A
nice example of this idea is the way in which NASA was able to send a spacecraft
with minimal fuel through the tail of a comet in 1982. The spacecraft had been
launched for other purposes and was parked about 1 million miles from the Earth in
the direction of the Sun. When its mission was about to end, a comet was discovered
heading towards the sun in a trajectory that would make it pass close to the earth.
So they decided to send the spacecraft to intersect the comet. Although it had just
fuel for small corrections on its trajectory, an extensive numerical calculation made
by Dr. Robert Farquhar showed that a tiny push could put the spacecraft on a
complicated trajectory of the chaotic three-body system formed by the spacecraft
itself, the moon and the earth, that would finally take it to the comet’s tail. The
trajectory is sketched in Fig. 1.2. This kind of control has been thoroughly charac-
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Figure 1.2. Orbit of the spacecraft traced by Farquhar. The dates correspond to
intersections of the spacecraft with the lunar orbit. After a complicated trajectory, the
spacecraft was able to head back to the sun and intercept the comet’s tail.

terized and used in many different contexts, and it is usually referred to as targeting
[Shinbrot et al., 1990].

But probably the main contribution showing clearly how chaos can be controlled
was made by Edward Ott, Celso Grebogi and James A. Yorke from the University of
Maryland, who showed that a system with a chaotic attractor could be stabilized in
an infinite variety of periodic behaviors by applying arbitrarily small but accurately
chosen perturbations [Ott et al., 1990]. We shall say more about this technique in
future chapters, but probably this paper was the one that opened definitively the
branch of Nonlinear Dynamics known as Chaos Control.

However, we have seen that chaos is not the only complex dynamical phenomenon
that appears in Nonlinear Dynamics. Thus, nowadays Chaos Control has been
included in a wider branch of Nonlinear Dynamics, that we shall call Control of
Complex Dynamics, where different methods allowing to obtain a desired response
from a system whose dynamics is complex, by applying just small perturbations, are
proposed. This kind of techniques have been found to have applications in many
different fields of science [Shinbrot et al., 1993].

This thesis attempts to contribute to a deeper understanding on how different
types of complex dynamical behaviors can be controlled. In our research, we have
also made theoretical efforts to characterize some of the dynamical systems that we
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have encountered. And this is so because, in my opinion, both tasks are intimately
related. Because in order to control a complex dynamical system you need to know
as accurately as possible its dynamics and, conversely, if you try to understand how
to control a complex dynamical system you will probably learn something about its
dynamics.
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Chapter 2

Chaos in one-dimensional

maps. Forbidden order

patterns

Here we deal with the issue of how to distinguish chaos from noise. In order
to motivate this problem, and to give some basic ideas on chaos and chaotic dy-
namics, we introduce in Sections 2.1 and 2.2 some notions on the dynamics of one-
dimensional maps, which are the simplest dynamical systems that present chaotic
behavior. These ideas will also be useful in the remaining of this work, as long as
most of the phenomena that we will describe in this thesis can be easily illustrated
with the aid of these maps.

This brief characterization of chaotic dynamics will help us to introduce the
main problem that we treat in this chapter: to distinguish whether a time series of
a dynamical system is chaotic or random. In Section 2.3 we introduce the notion of
forbidden order patterns, a property exclusive of deterministic time series, that will
allow us to distinguish chaos from noise. Forbidden order patterns are characterized
in Sections 2.4 and 2.5. In Section 2.6 we discuss in more detail how forbidden
patterns can help us to determine whether a discrete time signal is chaotic or random.
In Section 2.7 we describe some numerical simulations showing the validity of this
technique and in Section 2.8 we draw the main conclusions.

2.1. Basic notions on the dynamics of one-dimensional maps

The discussion made in this section and in the following one is inspired in the
mathematically informal but precise discussion on one-dimensional maps done in
[Alligood et al., 1996]. As we said in Chapter 1, a dynamical system consists on a
set of possible states, together with a rule that determines the present state in terms
of past states. An important family of dynamical systems consists on those where
the state of the system is given by a number xn ∈ R, where de variable n stands for
time, and where the state at n + 1 is given as a function of the immediately past
state by the rule

xn+1 = f(xn). (2.1)

This is an example of a one-dimensional map. This kind of dynamical systems is
known to present a large variety of behaviors, among which the paradigmatic chaotic
behavior, that will be defined later in a precise way. Moreover, very simple one-

9
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dimensional maps turn out to yield rather good qualitative models for the behavior
of two-dimensional maps, ordinary differential equations and even partial differential
equations (some examples can be found in [Ott, 1981]).

We start by giving some of the basic ideas needed to analyze these systems.
The set of points that can be generated using Eq. 2.1, {x0, x1, x2, ...xn, ...}, is
called the orbit of the dynamical system, and x0 is the initial value or the ini-
tial condition. If we denote fn(x) ≡ f(fn−1(x)), the orbit can then be written
as {x0, f(x0), f

2(x0), ...f
n(x0), ...}. Note that if we chose as initial value a point

x0 = p such that f(p) = p, then all the points in the orbit will have the same value
xn = fn(p) = p. Thus, p is a fixed point or a period-1 orbit. Analogously, if we have
a point p such that fk(p) = p, for k > 1 but fn(p) 6= p for 1 ≤ n < k, then the
orbit with initial condition p will be a repetition of the sequence {p, f(p), ..., f k(p)},
which is a periodic orbit of period k or a period-k orbit.

Given an initial condition x0, we are often interested in the asymptotic state
of the system, that is, the state of the system xn as n → ∞. The stability of the
periodic orbits can tell us which will be the evolution of orbits starting sufficiently
close to them. Consider a fixed point p. If there is an ǫ > 0 such that for all x0

verifying |x0 − p| < ǫ, lim
k→∞

fk(x0) = p, then p is a sink or an attracting fixed point.

If there is not such ǫ, then p is a source or a repelling fixed point. By using the
definition of derivative of a function, it is easy to prove that if f is a smooth map
on R, and if p is a fixed point, then if |f ′(p)| < 1 p is a sink and if |f ′(p)| > 1 p is a
source. If p is on a period-k orbit, it is easy to see that the arguments above apply
using fk instead of f .

Now we are going to analyze a paradigmatic one-dimensional map using a simple
but powerful tool: the itineraries. This simple tool, that is related with the powerful
tool of symbolic dynamics (that assigns different chains of symbols to the different
trajectories of a system), will help us to understand the complex dynamics that a
one-dimensional map can present, and to have a more precise notion of what does
chaos and chaotic dynamics mean.

2.2. Chaos for one-dimensional maps

2.2.1. Itineraries for one-dimensional maps

We consider here the paradigmatic slope-two tent map, or simply the tent map,
whose equation of evolution is given by

xn+1 = −2|xn − 1/2| + 1, (2.2)

with x ∈ [0, 1]. The graph of xn+1 against xn is shown in Fig. 2.1. This map
is topologically conjugate to the well known logistic map xn+1 = 4xn(1 − xn), a
map that has played a key role in the development of Nonlinear Dynamics. Thus,
everything that we will say here about the dynamics of this system applies also for
the logistic map.
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Figure 2.1. The graph of the slope-two tent map. We show the intervals whose points
have itineraries that start with different combinations of 1, 2 and 3 symbols of {L,R}.

L R

Figure 2.2. Transition graph for the slope-two tent map. The leftmost arrow tells us
that the tent map maps the interval L over itself and the top arrow says that f(L) contains
R.

Our aim here is to investigate the dynamics of this system using a very simple
but powerful tool: the itinerary of an orbit. This simple idea is deeply related with
symbolic dynamics, a technique that play a central role in Nonlinear Dynamics and
will be recalled later. Assign the symbol L to the left subinterval [0, 1/2] and the
symbol R to the right subinterval [1/2, 1], as shown in Fig. 2.1. Given an initial
value x0, we construct the itinerary S0S1...Sk... by listing the subintervals, L or
R, that contain x0 and its future iterates, in such a way that f i(x0) ∈ Si with
Si ∈ {L, R}. For example, for the initial condition x0=0.2 the orbit is {0.2, 0.4,
0.8,...} so the itinerary will be something like LLR.... For some orbits the itinerary
is not uniquely defined: that is the case of those that fall on x = 1/2. But, apart
from this particular set, the itinerary of each trajectory is uniquely defined.

Once we have this way to assign a chain of symbols to each orbit, we can find the
locations of the intervals whose points have itineraries whose k first symbols follow
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a given sequence, for different values of k. The points whose intervals begin with
each of the combinations of two and three symbols of {L, R} are shown in Fig. 2.1.
This procedure could be extended in order to have finer levels. If we had an interval
given by certain chain of symbols, for example C̄ ≡ LRL...LR, it can be divided in
two subintervals C̄L and C̄R using the following recipe: if the number of R′s in the
sequence C̄ is odd, C̄R is to the left of C̄L. If it is even, then C̄L is to the left of
C̄R. A graphical way of specifying the possible itineraries for the tent map is shown
in Fig. 2.2. We call this the transition graph. Considering the division procedure
that we have detailed, it is clear that for any path in this graph there is a trajectory
starting in a point x0 of the [0, 1] interval that follows the itinerary associated to it.

Now we can deduce the presence of one of the key ingredients of chaos for this
system: sensitive dependence on the initial conditions. Note that the derivative
of the map is constant and equal to two (everywhere except in x = 1/2, where
it is not defined), so it is easy to see that the length of an interval given by the

chain S0..Sk with Si ∈ {L, R} will be
1

2k+1
. This interval can itself be divided in

four subintervals S0..SkLL, S0..SkLR, S0..SkRL and S0..SkRR. Consider then two
points x0 ∈ S0..SkLL and x′

0 ∈ S0..SkRL, so the distance between them is |x0−x′
0| ≤

1/2k+1. After k+1 iterations, fk+1(x0) ∈ LL and fk+1(x′
0) ∈ RL so, considering the

position of LL and RL in the interval, it is clear that |f k+1(x0) − fk+1(x′
0)| ≥ 1/2.

Thus, there has been an exponential separation of the initial conditions with the
number of iterates, and the rate of divergence per iterate is approximately 2. The
fact that this number is greater than 1 means that repeated expansion is occurring.
This kind of procedure can be repeated for any two nearby points in the [0, 1] interval,
and thus we can find that the rate of separation per iterate in this system is 2 for
any two nearby trajectories. This property is known as sensitive dependence on the
initial conditions. The quantifier of this property, the average rate of expansion per
iterate, is known as the Lyapunov number and its logarithm (ln 2) is known as the
Lyapunov exponent, which is clearly bigger than zero. A more precise definition of
these quantities will be given in next section.

On the other hand, the fact that all the itineraries are allowed make us infer
that orbits of all the periods and totally aperiodic orbits coexist in this system. We
can always find a point in the interval whose trajectory will satisfy a given itinerary,
as long as we have seen that for any chain of symbols S0...Sk we can always find a
length 1/2k+1 interval such that points falling on it will follow the itinerary S0...Sk....
This can be done for k arbitrarily big, and the length of that interval goes to 0 as
k → ∞. An orbit that is either periodic or that eventually falls in a periodic orbit
will correspond then to an itinerary in which a chain of symbols will be repeated
again and again, either from the first symbol, such as LLLL..., RRRR..., LRLR...,
etc..., or from a certain symbol such as LRLLLLL..., so all the periods are allowed.
But itineraries whose symbols do not follow any regular pattern are also allowed.
These itineraries correspond obviously to totally aperiodic orbits, from which there
is an infinite variety.

Thus, we have shown that orbits for the tent map present sensitive dependence
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on the initial conditions and that it is possible to find an infinite variety of periodic
and aperiodic orbits for this simple system. These are the two basic ingredients of
chaos, for one-dimensional maps and for any dynamical system. In next subsection
we give a more precise definition of this concept, that will be ubiquitous in our work,
for one-dimensional maps.

2.2.2. Chaos for the tent map. General definition

We are going to give a more general definition of chaotic dynamics and of a
chaotic orbit for one-dimensional maps. Let f be a smooth map of the real line R.
Then the Lyapunov number L(x1) of an orbit {x1, x2, ...} is defined as

L(x1) = lim
n→∞

(|f ′(x1)||f ′(x2)|...|f ′(xn)|)1/n, (2.3)

if this limit exists. Then the Lyapunov exponent λ(x1) is defined as

λ(x1) = lim
n→∞

(1/n)(ln |f ′(x1)| + ln |f ′(x2)|... + ln |f ′(xn)|)1/n. (2.4)

If L is nonzero, then λ = ln L
The Lyapunov number gives a measure of how fast an orbit will diverge from

another one starting nearby. Both L and λ can be computed for periodic and
nonperiodic orbits. It is easy to see that for the one-dimensional map given by Eq.
2.2, L = 2 and λ = ln 2.

We need an extra definition in order to define a chaotic orbit. We say that an
orbit {x1, x2, ....} is assimptotycally periodic if there is a periodic orbit {y1, y2, ....}
such that:

lim
n→∞

|xn − yn| = 0.

Thus, let f be a map of the real line R, and let {x1, x2, ..., xn, ...} be a bounded
orbit of f . The orbit is chaotic if

1. {x1, x2, ..., xn, ...} is not asymptotically periodic.
2. The Lyapunov exponent λ(x1) is greater than zero.
Thus, the tent map given by Eq. 2.2 has an infinite variety of chaotic orbits. The

existence of chaotic orbits in one-dimensional maps is a common feature, and it has
helped to the characterization of chaos in higher dimensional dynamical systems, as
well as in continuous-time dynamical systems. We shall see that most of the features
observed for the maps studied here are present in a large variety of systems.

But, before addressing other issues related with this one, we must point out that
the existence of totally aperiodic orbits for these simple dynamical systems opens
some interesting issues in the field of data analyzing. We have seen that from a
simple deterministic rule a wide variety of dynamical behaviors can be obtained.
So an important question arises: how can chaotic dynamics be distinguished from
random dynamics? We have seen that orbits whose itineraries present all the possible
combinations of L′s and R′s can be obtained for the tent map, and the same result
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can be obtained from a random generator of numbers in the [0, 1] interval. How can
we know then if a signal is deterministic or stochastic? This is a question that has
been extensively investigated in the last years, as long as it is deeply related with
the concept of chaos. In the remaining of this chapter we give a simple approach
that allows to distinguish random signals from chaotic signals obtained for one-
dimensional maps, even if they are contaminated by noise.

2.3. Distinguishing chaos and noise: forbidden patterns

As we have seen in the former section, for certain dynamical systems we can
assign a chain of symbols to each of the orbits of the system, that can help us
to understand more deeply their dynamics. This procedure is known as symbolic
dynamics, which is a general and useful approach in the study of discrete-time
dynamical systems that consists of deriving sequences of symbol patterns via coarse-
graining of the underlying state space [Alligood et al., 1996]. If the state space is
linearly ordered, one can also derive sequences of order patterns as well [Bandt
and Pompe, 2002; Amigó et al., 2005; Amigó et al., 2006], each encapsulating the
different orderings defined by the orbits according to the sizes of their elements (see
below). It turns out that, under some mild mathematical assumptions, not all order
patterns can be materialized by the orbits of a given one-dimensional map, not even
if its dynamics is chaotic —contrarily to what happens with the symbol patterns,
as we have seen for the tent map where all the itineraries were possible. As a result,
the existence of ‘forbidden’ (i.e., not occurring) order patterns is always a persistent
dynamical feature, in opposition to properties such as proximity, correlation, etc.,
which die out with time in a chaotic dynamics. Moreover, if an order pattern is
forbidden, its absence pervades all longer patterns in form of more missing order
patterns, called outgrowth forbidden patterns.

Since random dynamics has no forbidden patterns with probability one, we con-
clude that their existence can be used as a test to tell random from chaotic orbit
generation. However, when it comes to implement this test with randomly or de-
terministically generated time series, two important practical issues arise: finiteness
and noise contamination. Finiteness produces false forbidden patterns (i.e., order
patterns missing in a random sequence without constraints), whereas noise blurs the
difference between deterministic and random time series. It is therefore interesting
that the forbidden patterns themselves provide the remedy. First of all, the num-
ber of false forbidden patterns of a fixed length always decreases with the length
of the time series, making it possible in turn that their outgrowth patterns become
also visible. Secondly, order patterns are robust against experimental and numerical
noise because they are defined by inequalities. We present numerical evidence that
forbidden patterns persist in noisy deterministic data, even when the contamination
is so high that other more traditional methods fail to uncover the underlying deter-
ministic dynamics. For other approaches to the detection of determinism in time
series, see e.g. [Ortega and Louis, 1998; Zhang and Small, 2006] and the references
therein.
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What about higher dimensions? First of all, forbidden patterns are trivially
invariant under conjugacy of dynamical systems if order is preserved (i.e., if the
conjugacy is also an order-isomorphism). Thus, higher dimensional maps that are
order-isomorphic to a map with forbidden patterns will also exhibit forbidden pat-
terns (think, e.g., of the baker map and the two-sided (1

2
, 1

2
)-Bernoulli shift [Choe,

2005]). Furthermore, in the analysis of low dimensional chaotic flows it is well-known
that the so-called Lorenz maps (representing each local maxima of a continuous-time
variable of a dynamical system against the next one) do often present a shape that is
clearly reminiscent to one-dimensional maps as we saw in Chapter 1 [Lorenz, 1963;
Ott, 1981]. Thus, the discrete time series resulting from sampling the maxima of a
variable of this kind of systems will present forbidden patterns that would not appear
for a random signal. Finally, the stretching and folding action of one-dimensional
maps has been found to be deeply related with chaotic dynamics in higher dimen-
sional dynamical systems and flows [Ott, 1981]. Hence, we expect in general that
higher dimensional chaotic dynamical systems will also exhibit forbidden patterns.

2.4. Characterization of forbidden patterns

Let I ⊂ R be a closed interval and f : I → I a map. If x ∈ I is not periodic or
its period is greater than L ≥ 2, we associate with x an order pattern of length L
as follows. We say that x defines the order pattern π = π(x) = [π0, π1, . . . , πL−1], if

fπ0(x) < fπ1(x) < ... < fπL−1(x),

where f 0(x) ≡ x and fk(x) ≡ f(fk−1(x)). We say also that π is realized by x.
Thus, π is just a permutation of {0, 1, ..., L − 1} written between brackets, that
encapsulates the order of the points xk = fk(x), 0 ≤ k ≤ L − 1. A periodic
point x ∈ I of (minimal) period T ≥ 2 can only define order patterns of lengths
L = 2, ..., T .

The set of order patterns of length L will be denoted by SL. According to
Stirling’s formula, |SL| = L! ∝ exp(L(ln L − 1) + (1/2) ln 2πL), where |·| denotes
cardinality and ∝ means “asymptotically”. Yet, numerical simulations support the
conjecture that order patterns, like symbol patterns generated by coarse-graining
partitions, grow only exponentially for ‘well-behaved’ functions. In fact, if f is
piecewise monotone (i.e., there is a finite partition of I into intervals such that f
is continuous and strictly monotone on each of those intervals), then one can prove
[Bandt and Pompe, 2002] that

|{π ∈ SL : π is realized by x ∈ I}| ∝ eLhtop(f),

where htop(f) is the topological entropy of f [Ott, 2002]. Since we can safely assume
(as we do henceforth) that all scalar functions encountered in applications belong to
this category, we conclude that time series generated by iteration of one-dimensional
interval maps cannot realize all possible order patterns, but rather only a ‘small’ part
of them. Order patterns that do not appear in any orbit of f are called forbidden
patterns for f (otherwise, they are allowed).
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Figure 2.3. The intervals of points defining the different order patterns are graphically
obtained by raising vertical lines at the crossing points of the curves y = f 0(x) ≡ x,
y = f(x) = 4x(1 − x) and y = f 2(x) = −64x4 + 128x3 − 80x2 + 16x (namely, 1/4,
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√
5)/2 and 3/4). The allowed order patterns are written on the top, centered over

the corresponding interval. Note that [2, 1, 0] is a forbidden pattern.

As a simple illustration, consider the logistic map f(x) = 4x(1 − x), 0 ≤ x ≤ 1.
For L = 2 we have

{x defining [1, 0]} = (0, 3
4
), {x defining [0, 1]} = (3

4
, 1).

But already for L = 3, the pattern [2, 1, 0] is not realized (see Fig. 2.3). The
absence of [2, 1, 0] triggers, in turn, an avalanche of longer forbidden patterns. To
begin with, the pattern [∗, 2, ∗, 1, ∗, 0, ∗] (where the wildcard ∗ stands eventually for
any other entries of the pattern) cannot be realized by any 0 ≤ x ≤ 1 since the
inequality

f 2(x) < f(x) < x (2.5)

cannot occur. By the same token, the patterns [∗, 3, ∗, 2, ∗, 1, ∗], [∗, 4, ∗, 3, ∗, 2, ∗],
and, more generally, [∗, 2 + n, ∗, 1 + n, ∗, n, ∗] ∈ SN , 0 ≤ n ≤ N − 3, cannot be
realized either for the same reason (substitute x by fn(x) in (2.5)).

2.5. Outgrowth forbidden patterns

As discussed above, given a one-dimensional interval map f : I → I, there exist
π ∈ SL, L ≥ 2, which is forbidden for f . Moreover, similarly to what happened with
the logistic map described in Sec. 2.4, the absence of π pervades all longer patterns
in form of forbidden outgrowth patterns. Indeed, if π = [π0, . . . , πL−1], then all the
patterns

[∗, π0 + n, ∗, π1 + n, ∗, ..., ∗, πL−1 + n, ∗] ∈ SN (2.6)
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with n = 0, 1, ..., N−L, where N−L ≥ 1 is the number of wildcards ∗ ∈ {0, 1, ..., n−
1, L + n, ..., N − 1} (with ∗ ∈ {L, ..., N − 1} if n = 0 and ∗ ∈ {0, ..., N − L − 1} if
n = N − L), are also forbidden for f for the same arguments as in Sec. 2.4.

Denote now by Sout
N (π) the family of length-N outgrowth patterns of π ∈ SL. The

fact that some of the outgrowth patterns of a given length will be the same (see, e.g.,
the pattern [3, 2, 1, 0] in (2.7) below) and that this depends on π, makes the analytical
calculation of |Sout

N (π)| extremely complicated. Yet, it can be proven [Elizalde, 2006]
that there exist constants 0 < c, d < 1 such that (1−dN)N ! < |Sout

N (π)| < (1−cN)N !.
Hence, the outgrowth forbidden patterns grow super-exponentially.

As a somewhat academic example, suppose that a black box generates a random-
looking sequence 0 ≤ xk ≤ 1 of length N ≫ 1 according to the recipe: xk+1 =
4xk(1 − xk) (unknown for the observer). If we go down the sequence with a sliding
window of length L = 3, we will find that the order pattern [2, 1, 0] is missing (i.e.,
xk+2 < xk+1 < xk never happens). What is the probability that this order pattern
does not occur in a sequence of independent and uniformly distributed random
variables? Due to stochastic dependences among overlapping windows, the exact
calculation is not straightforward (nor specially illuminating), so we will content
ourselves with a rough upper bound. Consider instead those windows of length L
overlapping at a single point, so that their outcomes are independent; their number
is ⌊N/(L − 1)⌋, where ⌊·⌋ stands for integer part. Hence, the sought probability
is upper bounded by p0 = (5/6)⌊N/2⌋. Given the “rejection threshold” 10−ε, then
p0 ≤ 10−ε if N ≥ 25.26ε.

This probability can be lowered by considering the outgrowth patterns of lengths
4, 5, etc. The forbidden pattern [2, 1, 0] generates 7 different outgrowth patterns with
L = 4, see (2.6),

(n = 0) [3, 2, 1, 0], [2, 3, 1, 0], [2, 1, 3, 0], [2, 1, 0, 3]
(n = 1) [0, 3, 2, 1], [3, 0, 2, 1], [3, 2, 0, 1], ([3, 2, 1, 0])

(2.7)

(the last is repeated) and 52 outgrowth patterns with L = 5. A similar argument
as before yields now the upper bound p1 = (17/24)⌊N/3⌋ for the probability that
none of the patterns (2.7) occurs in a long sequence of independent and uniformly
distributed random variables and p1 ≤ 10−ε if N ≥ 20ε.

2.6. Practical issues

We already mentioned that real time series may exhibit false forbidden patterns
on account of being finite and noisy. It is thus clear that we cannot discriminate ran-
dom from deterministic dynamics on the basis of output observation with absolute
certainty, but only with a certain probability.

Before addressing these issues with more detail, note that a time series of length
N allows only one window of length N , two (overlapping) windows of length N − 1
and, in general, N − L + 1 windows of length L, for 2 ≤ L ≤ N . Thus, in order to
allow every possible order pattern of length L to occur in a time series of length N ,
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the condition L! ≤ N − L + 1 must hold and, moreover,

N ≫ L! + L − 1 (2.8)

to avoid undersampling. For this reason, given a window of length L, we will choose
N ≥ (L + 1)! in the numerical simulations below.

Under this proviso, suppose now that the order pattern π ∈ SL is missing in
a time series of length N . Of course, if we dispose of many time series output by
the same source or we can generate them at will, the chance that a false forbidden
pattern persists in a randomly generated sequence will decrease with the number
of samples. But even if we have at our disposal one sufficiently long time series,
the decay with N of the number of outgrowth patterns can make the difference.
Indeed, if π = [π0, . . . , πL−1] is missing in a random sequence (thus, π is a false
forbidden pattern), then all longer order patterns of the form (2.6) will be necessarily
missing too. But now, at variance with the case of true forbidden patterns, the
overall number of outgrowth forbidden patterns depends on N : if N increases,
the probability that a false forbidden pattern becomes allowed increases. Once a
forbidden pattern of length L disappears for probability reasons, their outgrowth
patterns of length L + 1 may also disappear and this chain process affects patterns
of higher L as N increases.

Consider a fixed initial condition x and suppose that πforb = [π0, . . . , πL−1] is a
forbidden pattern for f . Suppose, furthermore, that we switch on now a discrete-
time random perturbation ξk, |ξk| ≤ ξmax, such that πforb is still missing in the finite

sequence
(

fk(x) + ξk

)N−1

k=0
(due to robustness). Observe that the noisy time series

zk = fk(x)+ ξk can be viewed both as a perturbation of an underlying deterministic
dynamics and as a random process correlated with the deterministic dynamics f . If
the orbit of x would be infinitely long, then the noisy time series had no forbidden
patterns and πforb would be allowed with probability 1. In the finite-length case
we are considering, this is, in general, not the case; rather, there is a threshold
θ = θ(N) (the greater N , the smaller θ) such that πforb will do appear in (zk)

N−1
k=0

only if ξmax > θ. Again, once the pattern πforb becomes allowed (or ‘visible’), its
outgrowth patterns may, in turn, become also visible with a higher θ or, alternatively,
with a higher N . We conclude that amplifying a random perturbation destroys
progressively the outgrowth patterns of the underlying deterministic dynamics but,
as long as πforb remains forbidden (i.e., ξmax ≤ θ), all its outgrowth patterns will
survive.

2.7. Numerical simulations

Here we will numerically study some of the properties discussed above that show
the robustness of true forbidden patterns and their outgrowth patterns against ran-
dom perturbations. To do this, we are going to use series of data zk = xk + ξk,
0 ≤ k ≤ N − 1, with xk+1 = f(xk) and ξk a random process, choosing f to
be the logistic map and ξk being white noise uniformly distributed in the interval
[−ξmax, ξmax], 0 ≤ ξmax ≤ 1.
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Figure 2.4. Probability of finding a forbidden pattern of length L in a time series of
length N , P (L,N), for noisy series of the logistic map with ηmax=0.25 (a), ηmax=0.5 (b)
and for a series of uniformly distributed noise (c).

First we are going to estimate the probability of finding a forbidden pattern
of length L in a time series of length N , noted P (L, N), which can be considered
a first criterion to decide whether the considered time series is deterministic or
stochastic. To estimate this probability, we generate 100 samples of length 6000,
and by evaluating in how many of them a forbidden pattern of length L appears we
can have an estimation of this quantity. The results of our computations of P (L, N)
are done for values of L such that (L + 1)! ≤ N ≤ Nmax, when (i) ξmax = 0.25, (ii)
ξmax = 0.50 and (iii) ξmax = 1 and are shown in Fig. 2.4 (a), (b) and (c) respectively.

Note that for the probabilities calculated, P (L, N) > P (L′, N) if L > L′. This
is a natural consequence of the fact that a forbidden pattern generates outgrowth
forbidden patterns, so all the series of data presenting a forbidden pattern of length
L will necessarily present at least one forbidden pattern of length L′ > L. We
can also see in Fig. 2.4 that the probability of finding a forbidden pattern in the
deterministic case, even if it is contaminated with noise, is much bigger than in the
random case. Note that here we are dealing with noise whose amplitude is a 25 %
(Fig. 2.4(a)) and a 50 % (Fig. 2.4(b)) of the size of the underlying chaotic attractor,
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Figure 2.5. Average number of forbidden patterns of length L found in a time series of
length N , < n(L,N) >, for noisy series of the logistic map with ηmax=0.25 (a), ηmax=0.5
(b) and for a series of uniformly distributed noise (c).

that is the [0, 1] interval.
Another indicator of the deterministic or stochastic nature of the time series

considered is the number 〈n(L, N)〉 of forbidden patterns of length L in a finite,
noisy sequence of length N . In Figures 2.5 (a), (b) and (c) we show a numerical
estimation of 〈n(L, N)〉 for (L+1)! ≤ N ≤ Nmax, when ξmax = 0.25, ξmax = 0.50 and
ξmax = 1 and fk(x) ≡ 0 (only noise), respectively. To estimate it, we generated 100
samples of length Nmax = 8000 and normalize the corresponding count of missing
patterns of lengths 3 ≤ L ≤ 6, complying with (2.8) for N = Nmax. Note the
different order of magnitude of the vertical scales. Needless to say, 〈n(L, N)〉 decays
with increasing N because the greater N , the more unlikely that a length-L pattern
is missing in a noisy or random sequence of length N ; this is a statistical effect. The
important features for us are the magnitude of 〈n(L, N)〉 and its decay rate with N ,
since these two properties are related to the true forbidden patterns and outgrowth
patterns of the underlying deterministic dynamics via robustness: the smaller ξmax,
the closer we are to the deterministic case and, therefore, the more missing order
patterns and the slower their decrease with N .

Figure 2.6 shows zk+1 vs zk in the previous cases (i) (Fig. 2.6 (a)) and (ii) (Fig.
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Figure 2.6. Return map for noisy time series from the logistic map with ηmax = 0.25
(a) and with ηmax = 0.5 (b). In the latter case, the high noise level does not allow to
recognize the underlying deterministic dynamics. However, we have shown that in this
case the number of forbidden patterns is sensibly higher than in the purely random case.
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Figure 2.7. Number of forbidden patterns of length L found in a noisy time series of
the logistic map with length 6000 as a function of the uniform noise amplitude ηmax.

2.6(b)). The higher order of magnitude of 〈n(6, N)〉 in Fig. 2 (b) as compared to
Fig. 2 (c) signalizes an underlying iteration law, in spite of the fact that Fig. 3 (b)
hardly gives any clue about this.

Finally, Fig. 2.7 nicely illustrates the resistance of longer forbidden patterns to
disappear with increasing noise levels due to their sheer number. In this figure,
we represent the number n(L, N, ηmax) of forbidden patterns of length L found in
a noisy time series of the logistic map contaminated with a noise value of ηmax

for N = 6000, L = 5, 6 and 0 ≤ ηmax ≤ 0.5. The number of forbidden patterns
detected obviously decreases with the noise amplitude, but in any case they show
an important robustness against noise.
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2.8. Conclusions

After giving some basic notions on chaotic maps, we have presented a method
that allows to distinguish deterministic time series of one-dimensional chaotic maps,
even if they are contaminated by noise, from random time series. Considering
that the number of allowed order patterns in a time series grows exponentially,
and that the number of possible order patterns grows super-exponentially, we have
inferred that the number of forbidden patterns does also necessarily grow super-
exponentially. Thus, considering that all possible order patterns are allowed in
random time series, the presence of forbidden order patterns are hallmarks of de-
terministic time series. But, in contrast to the former, the latter (whether true or
false) have a well-defined and distinct structure (2.6) that allows, given a missing
pattern of sufficiently small length, to elucidate the deterministic or random nature
of a finite, noiseless time series, selectively examining a short range of longer pat-
tern lengths. We have presented numerical evidence that forbidden patterns can
also distinguish chaos from randomness in finite, noisy time series. In doing so,
we have additionally exploited the robustness of forbidden patterns against noise.
The fact that the dynamics of one-dimensional maps is deeply related with that
of higher dimensional dynamical systems makes us think that forbidden patterns
might also appear in time series of higher dimensional dynamical systems, so they
can also allow to elucidate the deterministic or stochastic nature of a large variety
of experimental data.



Chapter 3

Phase control of chaos

A method that allows to suppress chaotic behavior in a periodically driven
chaotic system, phase control of chaos, is studied in detail in this chapter. Sec-
tion 3.1 is divided in two parts: in Subsection 3.1.1 we extend the notion of chaos
introduced in Chapter 2 to continuous-time dynamical systems, showing that they
share many features with the one-dimensional chaotic maps described previously,
and we give some basic ideas on chaotic attractors. After this, in Subsection 3.1.2
we review some of the techniques that have been designed to control chaos, and we
describe the phase control scheme. In Section 3.2 we present the model where this
control method is applied: the paradigmatic Duffing oscillator. Numerical simula-
tions showing the effect of the phase control scheme in the model are presented in
Section 3.3. Section 3.4 compares the numerical results with the experiment per-
formed on an electronic circuit that mimics the Duffing oscillator. Finally, in Section
3.5 the main conclusions of this work are summarized.

3.1. Introduction

3.1.1. Chaos and chaotic attractors for flows

Before addressing the description of chaos control and the phase control scheme,
we give some basic notions on chaos for flows and on chaotic attractors. Our dis-
cussion is inspired in references [Ott, 1981; Eckmann and Ruelle, 1985; Cvitanović
et al., 1988], and it just deals with some physical aspects of the description of chaotic
systems.

As we said in Chapter 2, a dynamical system may be thought of as any set of
equations giving the evolution of a system from a knowledge of its previous history.
An important class of such systems, specially in physics, is given by an equation of
the form

ẋ(t) = Fρ(x(t)),x ∈ R
m, (3.1)

where x is a set of coordinates describing the system and Fρ gives its time evolution.
We can also write for this system that x(t) = f t

ρ(x(0)) where f t
ρ is a relation whose

explicit form might not be known, but it is one-to-one and continuous if Fρ is smooth

23
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according to the existence and unicity theorem. When the Eqs. 3.1 are nonlinear,
sometimes the motion becomes extremely complex and prediction becomes nearly
impossible even if the system is purely deterministic, in such a way that it seems
that a statistical description may be of more use than actual knowledge of the true
evolution.

Once transients are over, the solution x(t) of Eq. 3.1 will typically settle in
a subset of R

m, that is called the attractor. In the case of dissipative systems
(∇·Fρ < 0), the volume occupied by the attractor will be very small compared with
the volume of phase space. However, an important point is that even if a system
contracts volumes, this does not mean that it contracts lengths in all directions,
provided that some others are so much contracted that the final volume is smaller
than the initial volume. It implies that, even in a dissipative system, the final motion
may be unstable within the attractor. The instability usually manifests itself by an
exponential separation of orbits of points which initially are very close. Thus, the
attractors presenting this kind of instability are called chaotic attractors, due to the
chaotic behavior displayed by the trajectories that settle to them.

What kind of geometrical objects are chaotic attractors? These objects appear
for dissipative systems, as long as these systems necessarily confine the trajectories
to certain regions of phase space. Consider the example of a dissipative chaotic flow
in m = 3 dimensions that has sensitive dependence on the initial conditions, like the
Lorenz system that was mentioned in Chapter 1 and described in [Lorenz, 1963].
The attractor, that can be seen in Fig. 1.1, has zero volume, so a natural assumption
is that it would be a surface (2 dimensions), a curve (one) or a point (zero). However,
none of these allows chaotic motion. In particular, not even the higher dimension
of the above allows chaos. The Poincaré-Bendixson theorem says that within a
finite section of the plain, the only possible attractor for the orbit must either be
a point, a simple closed curve or a self-intersecting curve. The chaotic attractor in
this case can have a dimension that is nor zero, nor one nor two, but something in
between. By using the so-called Haussdorff dimension we find that the dimension d
of a geometrical object on an m-dimensional space can be computed as follows:

d = lim
ǫ→0

ln N(ǫ)/ ln(1/ǫ), (3.2)

where N(ǫ) is the number of m−cubes of side ǫ that are needed to cover the attractor.
The dimension d then somehow specifies the amount of information needed to specify
the position of the strange attractor. It turns out that for chaotic attractors such as
the Lorenz attractor, contrarily to what happens with usual geometrical objects (a
point, a line or a surface), the dimension d is a noninteger. Thus, chaotic attractors
are usually fractals [Mandelbrot, 1982], and fractal attractors are usually referred
to as strange attractors.

Another interesting property of chaotic attractors of flows can be derived by using
ergodic theory. Ergodic theory essentially says that a time average of a dynamical
system equals a space average on a certain region. The weight with which the space
average has to be taken is an invariant measure µ. We shall talk about measures
and statistical properties of chaotic systems later, but we must specify that the
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invariance property means that for a certain region of the phase space E

µ[f−t
ρ (E)] = µ(E). (3.3)

Physically, we assume that this measure exists for chaotic attractors, and that it rep-
resents experimental time averages. Considering this, chaotic attractors are ergodic,
and this implies that they must be dense on periodic orbits. We can illustrate this
idea briefly. Ergodicity implies that an orbit starting on any point of the attractor
p′, fT

ρ (p′), will pass arbitrarily close to p′ after a sufficiently long time T . Thus, we
could always gently readjust the initial condition and find a point p′ + δp′ close to p′

such that a trajectory starting there will verify that fT
ρ (p′ + δp′) = p′ + δp′, being

thus a period-T orbit. Orbits on a chaotic attractor are unstable due to sensitive
dependence on initial conditions, so the flow must be expanding in certain direction
of phase space (along the stable manifold), but it needs to be globally dissipative to
present such an attractor, so it must be contracting in other directions (along the
unstable manifold). Thus, periodic orbits on chaotic attractors are saddles. This
type of periodic orbits will be described in more detail in Chapter 7. As a final
remark, the fact that these orbits are dense and they are unstable implies that a
large number of orbits will display a nonperiodic motion, jumping between different
unstable periodic states for periods of time of different length (but not infinite).
Thus, in these systems there is also an infinite variety of nonperiodic orbits.

Summarizing, we have characterized here some of the main properties of chaotic
flows. We have pointed out that there are flows that present, like the one-dimensional
maps studied in Chapter 2, sensitive dependence on the initial conditions and non-
periodic orbits. If the flow is dissipative, we have seen that the orbits usually settle
to an object, called the chaotic attractor, that has a noninteger (fractal) dimension.
Moreover, by assuming ergodicity (which is always a plausible physical assumption)
we have inferred that such an attractor must be dense on periodic orbits. Attrac-
tors of this type are widespread in physical systems, and the unpredictable behavior
that they imply is often an unwanted feature. Our aim in this chapter is to describe
a method that will allow to suppress chaos by applying a small state-independent
perturbation to the system. But, first, we are going to make a brief introduction to
the subject of chaos control and on the different techniques proposed to achieve this
goal, emphasizing the key idea of the pioneering Ott-Grebogi-Yorke (OGY) method
[Ott et al., 1990].

3.1.2. Chaos control and the phase control technique

As we have said previously, chaotic behavior appears in many different contexts
in a broad class of dynamical systems, either natural systems or man made devices
useful in science and technology. However, due to its unpredictable nature, in some
situations chaos is an unwanted feature and as a consequence several control schemes
have been devised in recent years, referred to in different ways as controlling chaos,
suppressing chaos or taming chaos. In any case, the goal of all these methods is to
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Figure 3.1. Example of a Poincaré map of a flow in R
3. There is a continuous and

one-to-one relation between two consecutive piercings zn and zn+1 of the plane, that can
be specified by two coordinates. Thus, there is a two-dimensional map relating them.
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Figure 3.2. The key idea of the OGY chaos control method: to apply a small an
accurately chosen perturbation to the system (arbitrarily small if we wait long enough, for
ergodicity) to deviate the trajectory towards the stable manifold of the desired periodic
state p.

obtain a stable periodic orbit from a chaotic one by applying a small and accurately
chosen perturbation to the system [Shinbrot et al., 1993].

The methods used to control chaos have been traditionally classified in two main
groups: feedback methods and nonfeedback methods [Boccaletti et al., 2000], accord-
ing to the way they interact with the system. Feedback methods of chaos control,
OGY being the most representative [Ott et al., 1990], attempt to stabilize the chaotic
system in any of the unstable periodic orbits that lie in the chaotic attractor. It
is worth to illustrate the simple but powerful idea behind this method. Consider
for simplicity a three dimensional flow with a chaotic attractor, and a surface of
section S in phase space. For existence and unicity, there will be a continuous and
one-to-one relation between any piercing of the surface of section an the next one
zn+1 = g(zn), as shown in Fig. 3.1. This kind of map is a Poincaré map [Ott, 1981].
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Consider then a periodic orbit in phase space such that g(p) = p. Assume that
we can just apply a small perturbation on the system that can deviate the trajectory
each time it pierces S. For ergodicity, if we wait a sufficiently long time we can have
our orbit passing arbitrarily close to p and the small perturbation that we can apply
will allow us to place the trajectory on the unstable manifold of p. Thus, next time
that the trajectory will pierce the surface of section it will be closer to p, and the
procedure can be repeated again, each time with a smaller perturbation. It is easy
to see that this procedure yields to stabilization of the trajectory passing through
p. This idea is illustrated in Fig. 3.2.

Thus, the OGY method is very powerful, as long as it allows to place the system
in the desired periodic state inside the attractor with arbitrarily small but carefully
chosen perturbations. However, in experimental implementations the fast and accu-
rate response that these methods require cannot usually be provided. In such cases,
nonfeedback methods might be more useful.

Nonfeedback methods have been mainly used to suppress chaos in periodically
driven dynamical systems. Among them a wide and important class is represented
by those dissipative nonlinear oscillators whose general equation of motion may be
written as

ẍ + δẋ +
dV

dx
= F cos(ωt), (3.4)

where δ is the damping coefficient, V (x) is the potential function responsible for the
restoring force acting on the system and F cos(ωt) is an external periodic forcing.
When V (x) is the double-well potential, this equation represents the well known
Duffing oscillator. For this particular case and in absence of forcing and dissipation
(F = 0 and δ = 0), the phase space has at least one homoclinic point at (0, 0).
Thus, under a suitable combination of external driving F and dissipation δ, the
phase space presents transverse homoclinic points that may lead the system to a
chaotic state, as long as they imply the existence of a Smale horseshoe, that will be
thoroughly discussed in Chapter 7.

The key idea of these nonfeedback methods is to apply a harmonic perturbation
either to some of the parameters of the system or as an additional forcing, and its
effectiveness is shown numerically and experimentally in several papers [Lima and
Pettini, 1990; Braiman and Goldhirsch, 1991; Gicogna and Fronzoni, 1990; Meucci
et al., 1994; Fronzoni et al., 1991]. In one of these papers [Meucci et al., 1994], it was
observed that the phase difference φ between the main driving and the perturbation
had a certain influence on the global dynamics of the system, but in general the
role of φ had been overlooked in the literature. However, Qu et al. [Qu et al., 1995;
Yang et al., 1996] showed that φ influences drastically the global dynamics of the
system. They proposed a control scheme that makes use of this property where φ
acts as the control parameter: phase control of chaos.

We shall also point out that some theoretical efforts have been done in order to
understand the role of the harmonic perturbations, although essentially focused on
how they contribute on frustrating transverse homoclinic orbits and then suppressing
chaos [Chacón, 1995; Chacón, 2001a; Chacón, 2001b; Cao et al., 2002; Leung and
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Figure 3.3. Two possible implementations of phase control of chaos in a Duffing oscil-
lator, (a) as an additive perturbation and (b) as a parametric perturbation. The phase
difference φ between these perturbations and the main forcing is the key control param-
eter. We focus our attention in the case of a parametric perturbation throughout this
work.

Zengrong, 2004] in the context of Melnikov theory.
In this chapter we present an extensive numerical study and a novel experimental

implementation of the phase control scheme by using the two-well Duffing oscillator
as a paradigm. Our aim is to provide a more complete characterization of this
type of chaos control, and to check out its validity in a real laboratory system:
an electronic circuit. Two possible implementations of phase control of chaos are
sketched in Fig.3.3. For convenience we have decided here to explore the case in
which a parametric perturbation is used (Fig.3.3(b)).

Our numerical explorations confirm the main features of this method [Qu et al.,
1995; Yang et al., 1996]: that an adequate choice of the phase leads the system from
chaos to different periodic states, and how an accurate choice of φ can minimize
the amplitude of the applied perturbation. However a thorough exploration of the
parameter space allows us to find also new patterns on how phase control acts in
this system, that were not previously observed. We underline the strong dependence
of this control scheme on the symmetries of the system, and we can clearly visualize
how the election of φ is strongly affected by the amplitude and the frequency of the
harmonic perturbation.

Both the well known features of phase control and the new ones are confirmed
in the novel implementation of this scheme in a circuit that mimics the dynamics
of the Duffing oscillator with a slight asymmetry. These results demonstrate that φ
plays a role beyond the ideal symmetric case and strongly suggest that this type of
chaos suppression can be useful for a wide variety of periodically driven systems.

3.2. Description of the model

As we mentioned in the previous section, a paradigmatic system of the type
described by Eq. 6.1 is the double-well Duffing oscillator, whose equation of motion
reads

ẍ + δẋ − x + x3 = F cos(t). (3.5)

Note that we take the value of the frequency of the external perturbation as



3.2. Description of the model 29

−2 −1 0 1 2
−1

−0.5

0

0.5

1

x

y
��
��
��
��
��

��
��
��
��
��

x .

Figure 3.4. The figures shows a chaotic attractor of the nonlinear oscillator ẍ+0.15ẋ−
x + x3 = 0.258 cos(t). The value of the largest Lyapunov exponent is approx. 0.14

δ(0)

δ(t) ∝ δ(0)eλt

Figure 3.5. The Lyapunov exponent λ quantify the exponential divergence of any two
nearby orbits in a chaotic system.

ω = 1 throughout the work. A well known mechanical interpretation of this non-
linear oscillator is the motion of a unit mass particle in a double-well symmetric
potential V (x) = −x2

2
+ x4

4
with dissipation and driven by an external periodic forc-

ing. Depending on the values of F and δ, Eq. 3.5 yields a rich variety of dynamical
solutions including stable equilibria, periodic oscillations and chaotic solutions. We
tailor the parameters F and δ in such a way that its asymptotic state will be chaotic,
and from then we study how to reach a periodic state under a suitable perturbation
by using the phase control method.

To analyze the dynamics of Eq. 3.5 we numerically integrate it by using a fourth
order Runge Kutta algorithm with 500 integration steps per cycle, that is, with a
time step ∆t = 2π/500.

As we said, chaotic trajectories present sensitive dependence on the initial con-
ditions, so two nearby trajectories separated δ(0) will diverge exponentially, so
δ(t) ∝ eλt with λ > 0 as shown in Fig. 3.5. Analogously to what we said for
one-dimensional maps, λ is the largest Lyapunov exponent, and it can be calculated
using standard techniques (the number of Lyapunov exponents for a flow is equal
to the dimension of phase space, and some will be negative, but the separation rate
is governed by the largest one). We thus find that for the choice of parameters
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F = 0.258 and δ = 0.15 the system is chaotic and its corresponding largest Lya-
punov exponent is λ ≈ 0.14. The Poincaré map of a typical trajectory is shown
in Fig. 3.4, from which the fractal structure of the strange attractor becomes evi-
dent. We keep these parameter values (F = 0.258 and δ = 0.15) all throughout the
numerical part of the chapter.

As we have already affirmed, our aim here is to analyze the effects of the phase
φ in the chaotic regime, when we add a harmonic perturbation. For this purpose we
choose a harmonic parametric perturbation of the cubic term of the restoring force.
Hence the complete equation of motion of our model is given by

ẍ + δẋ − x + (1 + ǫ cos(rt + φ))x3 = F cos(t), (3.6)

where ǫ ≪ 1 is the perturbation amplitude, r is the ratio between the frequencies
of the parametric modulation and the external forcing and φ is the phase differ-
ence between the perturbation and the forcing. This modulation induces a slight
harmonic variation of the width of the two wells and of the height of the potential
barrier between the two minima of V (x). Thus, φ can be interpreted also as the
phase difference between this geometrical variation and the external forcing.

3.3. Numerical exploration of phase control of chaos

The equation that we use for the numerical simulations reads

ẍ + 0.15ẋ − x + (1 + ǫ cos(rt + φ))x3 = 0.258 cos(t), (3.7)

where ǫ, φ and r are free parameters. The main idea is that for ǫ = 0 the system is
chaotic.

In order to better visualize the effect of the phase φ and how it has to be combined
with the other parameters (ǫ and r) in the perturbation, we compute the largest
Lyapunov exponent over every point in a 100× 100 grid in the region of parameters
0 ≤ ǫ ≤ 0.005 0 ≤ φ ≤ 2π, fixing r for each computation.

We have chosen such small ǫ values for our exploration to underline the effec-
tiveness of phase control and to point out that in our system the chaos suppression
mechanism considered can not be the frustration of transverse homoclinic orbits (it
is quite straightforward to show this by using the techniques exposed in [Chacón,
2001a]). Our study is mainly focused on integer r values as long as it has been
shown that r values of the form r = q + ∆q (q integer), with 0 < ∆q ≪ 1, lead to
an intermittency between chaotic and periodic motion referred to as breather [Qu
et al., 1995; Yang et al., 1996]. We consider that by using these criteria we are
covering most of the zones of interest of parameter space. We shall finally point out
that a special attention has been paid to avoid the transient states by waiting for a
sufficiently long time to fix the corresponding stable regime, since we are searching
for areas in the parameter plane where a transition between chaotic and regular
motion takes place.

In Fig. 3.6 we plot the results for several integer r values. The color assigned
to each point in the (ǫ, φ) parameter plane indicates whether for those parameter
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Figure 3.6. Largest Lyapunov exponent λ computed at every point of a 100×100 grid of
(ǫ, φ) values in the region 0 ≤ φ < 2π, 0 ≤ ǫ ≤ 0.005 for ẍ+0.15ẋ−x+(1+ǫ cos(rt+φ))x3 =
0.258 cos(t), fixing (a) r = 1, (b) r = 2, (c) r = 3, (d) r = 4. The black color denotes
λ < −0.025, the grey color −0.025 ≤ λ < 0, the silver color 0 < λ < 0.025 and the
white color λ > 0.025. The control regions have a structure that follows the expected π
symmetry for r odd and the trivial 2π symmetry for r even.

values Eq. 3.7 has a chaotic or a periodic solution. Instead of marking with two
colors the points leading either to positive or negative Lyapunov exponents, we
have chosen four different colors in order to better appreciate the structure of the
chaos suppression regions. The black color denotes λ < −0.025, the grey color
−0.025 ≤ λ < 0, the silver color 0 < λ < 0.025 and the white color λ > 0.025.

Figure 3.6 shows that there exist wide regions of the (ǫ, φ) plane where λ is smaller
than zero, and therefore chaos is suppressed. The most interesting characteristics
of the phase control that were described in previous works [Qu et al., 1995; Yang
et al., 1996] are clearly present in this figure: the key role of the phase φ in selecting
the final state of the system and how the use of a correct phase φ contributes to
reduce the necessary ǫ value to suppress chaos. Consider for example the r = 2
case (Fig. 3.6 (b)), the maximal perturbation amplitude considered ǫ = 0.005 would
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Figure 3.7. Largest Lyapunov exponent λ computed at every point of a 100 × 100 grid
of (ǫ, φ) values in the region 0 ≤ φ < 2π, 0 ≤ ǫ ≤ 0.005 for: ẍ + 0.15ẋ− x + (1 + ǫ cos(1

3 t +
φ))x3 = 0.258 cos(t). The black color denotes λ < −0.025, the grey color −0.025 ≤ λ < 0,
the silver color 0 < λ < 0.025 and the white color λ > 0.025. Again, the control regions
have a very interesting structure that follow the expected periodicity.

not lead to a regular motion at φ = 0. Instead, at φ = 3π/2, a small value of the
intensity as ǫ ≈ 0.0025 is enough to lead the system to a periodic state. However,
there are other features that arise from the calculations shown in Fig. 3.6 that need
to be emphasized.

First, we shall point out the key role of the symmetry of the system in the form
of the control zones in the parameter plane. We can note that the control regions,
far from having a trivial or irregular shape, present a symmetry that depends on
the parity of the r parameter: π symmetry for odd r values (Figs. 3.6 (a), (c)) and
the trivial 2π symmetry for even r values (Figs. 3.6 (b), (d)).

In order to explain this difference related to parity in the control areas, we note
that there exists a wide area of the phase space which verifies that both the point
(x0, ẋ0, t0) and (−x0,−ẋ0, t0 +π) belong to the same basin of attraction for a certain
selection of the parameters (ǫ∗, φ∗). In this region, the invariance of Eq. 3.5 under
the transformation x 7→ −x, t 7→ t + π, φ 7→ φ + rπ allows us to infer that if the
system is controlled for a certain pair of values (ǫ∗, φ∗), then chaos will also be
controlled for (ǫ∗, φ∗ + rπ mod (2π)), as observed in Fig. 3.6.

Thus, the symmetries of the system can lead to two important advantages. First,
they can be used to restrict the search of control areas to regions of the parameter
plane of the form 0 < ǫ ≤ ǫ0, φ0 < φ < φ+rπ. Thus, in the r = 1 and r = 3 cases we
could have restricted our exploration to φ values in the interval [0, π), as we can see
in Fig. 3.6 (a),(c). On the other hand, the presence of these symmetries guarantee
multiplicity of control regions in the (ǫ, φ) for some r values: it is evident that for
r = 1 and r = 3 we have two control zones instead of one. However there are some
cases where these two advantages are even more evident. For example, the r = 1/3
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case. In Fig. 3.7 we can see the calculation of λ as a function of (ǫ, φ) for this r
value. Due to the global symmetry of the system, the control regions must present
a π/3 symmetry on φ. Thus, when the width of each of the six small control zones
becomes sufficiently large (ǫ ≈ 0.0035), the six control regions merge and chaos
control is obtained nearly independently of the phase φ. We shall point out that for
other subharmonic frequencies explored, the required ǫ values were bigger.

From Fig. 3.6 another features showing that the phase φ must be combined with
the other parameters in a nontrivial way can also be clearly visualized and have to be
emphasized. We can observe there that a correct choice of φ does not assure chaos
control for all ǫ values. That is, an appropriate choice of (ǫ, φ) is fundamental. For
example, in the odd r cases (r = 1 and r = 3, Figs. 3.6 (a),(c)) it is clear that the
choice of the φ value determines whether the final state of the system will be chaotic
or periodic as in the even r values. However, in these cases for a fixed φ value a
continuous increasing of the perturbation amplitude ǫ can lead from a chaotic state
to a periodic state and then back to chaos. Thus, contrary to what intuition may
say, sometimes to increase ǫ from a periodic state, instead of rendering this state
more stable, pushes the system toward chaos.

On the other hand, we can observe in Figs. 3.6 (a),(c) that the eligible φ range
is reduced as ǫ increases. For example, for r = 1 (Fig. 3.6 (a)) two wide φ intervals
of chaos suppression can be found for ǫ ≈ 0.0025, but if we increase ǫ to ǫ ≈ 0.005
we will only find four narrow ones. So another unintuitive feature arises from our
exploration: by using bigger values of ǫ, instead of finding wider φ intervals where
chaos can be suppressed we may find narrower ones.

Up to this point, we have not said a word to characterize the stable state that is
reached by our system when chaos is controlled. The numerical calculations shown
in Fig. 3.6 do not allow us to identify the orbits to which the system is led for
each choice of parameters (ǫ, φ), but only to predict whether the system is chaotic
or periodic. To distinguish the periodicity of the orbits, we compute bifurcation
diagrams. We evaluate bifurcation diagrams fixing two particular values of r and ǫ
(r = 2, ǫ = 0.005) and varying φ. The results are shown in Fig. 3.8, where for the
sake of clarity we plot just the local negative maxima of x vs. φ. We note how the
system can be driven to periodic orbits of different periods by suitably adjusting φ,
as it was previously noticed in [Qu et al., 1995; Yang et al., 1996]. Thus, varying φ
is like “tuning” the system towards a desired periodic orbit. However we shall point
out that, considering that the distance between the successive bifurcations decreases
very fast and that the periodic windows are quite narrow, severe limitations may
occur in experimental devices affected by noise. In this case only a few periodic
orbits will be accessible.

3.4. Experimental evidence of phase control of chaos

Our goal here is to test the phase control method in a laboratory system, as well
as to confirm the features that we have observed numerically. To this purpose, we
build the electronic circuit sketched in Fig. 3.9. It consists of an electronic analog
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Figure 3.8. Successive zooms of a bifurcation diagram showing the local maxima of the
negative x values versus φ, for the equation ẍ + 0.15ẋ − x + (1 + 0.005 cos(2t + φ))x3 =
0.258 cos(t). The dependence of the periodic orbit on the φ value can be noted. The higher
the period of the orbit, the narrower the φ interval where it can be reached. Periodic
windows are also present inside the chaotic sea.

simulator implemented using commercial semiconductor devices. The variable Vx is
the output of I2, while Vy is the output of I1. Vd is the driving voltage amplitude
applied by means of the generator Gd, while Vc is the control voltage amplitude
applied by Gc. The parameters ωd and ωc are the driving and control angular fre-
quency respectively. The integrators I1 and I2 have been implemented using Linear
Technology LT1114CN four quadrant operational amplifiers, while the multipliers
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Figure 3.9. Sketch of the electronic circuit. I: integrators; R: resistors; C: capacitors,
Mult: multipliers; Gd: Sinusoidal wave generator; Gc: Arbitrary waveform generator.
Under a suitable time normalization, the dynamics of the circuit is given by ẍ+0.1471ẋ−
x + (1 + ǫ cos(r1.257t + φ)x3 = 0.263 cos(1.257t), where x ∝ Vx and ẋ ∝ Vy. The ǫ, φ, r
values can be fixed with the arbitrary waveform generator.

are Analog Devices MLT04. The acquisition of the experimental data has been
performed by means of a LeCroy digital oscilloscope and by means of a real time
acquisition board connected to a personal computer provided with LabView soft-
ware. Gc is a digital-to-analog arbitrary waveform generator SONY TEKTRONIX
AWG420. It can provide two waveforms of whatever shape. The generator can also
control the phase difference φ. Under a suitable normalization of the time scale the
dynamics of this circuit is governed by Eq. 3.6, with a slight change in the values of
the parameters δ = 0.1471, F = 0.262, ω = 1.257. In this way, the variables Vx,Vy

can be associated to x, ẋ respectively.
However, by observing the dynamics of the system with the aid of the oscilloscope

we realize that the unperturbed (ǫ = 0) system does not follow exactly the expected
chaotic dynamics described by Eq. 3.6. We observe that a typical trajectory spends
more time in the region of negative values of the x variable than in the region of the
positive values, that is, it spends more time in the left well than in the right well, as
is shown in Fig. 3.10. This is equivalent to an asymmetrical double-well potential.

An explanation of this phenomenon is given considering how do multipliers work.
Real multipliers differ from ideal ones because operations such as x3 are done as
(x − ∆1)(x − ∆2)(x − ∆3) + C, where ∆i, C ≪ 1. Thus, instead of doing x3 our
circuit made the following operation: x3 7→ x3 + ax2 + bx + c. We have made exper-
imental measurements of the x3 term provided for the multipliers, and furthermore
we obtain the values: a = −0.014, b = 0.014, c = −0.12 for the coefficients by using
a polynomial fitting of the results.

Hence, the addition of these lower order terms besides x3 in the restoring force
makes the two-well potential V (x) no longer symmetric, and consequently the left
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Figure 3.10. (a) Experimental reconstruction of the chaotic attractor observed for the
analog circuit. (b) Example of the experimental times series, where the asymmetry of the
trajectory is observed.

well becomes deeper than the right one. Thus, for the system it is more difficult to
escape from the left well at x < 0, where it spends more time. This is confirmed by
Fig. 3.10(b), where an example of the experimental time series is shown.

Although in Section 3.3 we emphasized the advantages of global symmetries for
control purposes, instead of considering this asymmetry as a problem we thought
that this could be a good way to test the versatility and robustness of phase control
of chaos. Following this strategy we repeat the numerical simulations considering
the asymmetry in the potential. The new equation of the motion is

ẍ + δẋ − x + (1 + ǫ cos(rωt + φ))(x3 + ax2 + bx + C ′) = F cos(ωt). (3.8)

In order to have a previous idea of the likely control areas, we test a wider region
in the (ǫ, φ) plane than in the ideal case. Thus, we explore the range of values
0 ≤ ǫ ≤ 0.03 and 0 ≤ φ ≤ 2π. We compute Lyapunov exponents for Eq. 3.8 on each
point (ǫ, φ) in a 100× 100 grid in the considered region for different values of r = 1,
r = 2 and r = 3. The results are shown in Fig. 3.11.

Our numerical results confirm that the critical dependence on the phase φ to
control chaos is preserved and that some of the previously observed features also
apply to the asymmetric case. However, in the considered region, control islands
of chaos suppression coexist with narrow control areas, and their structure is much
more intricate and irregular than in the symmetric case. Due to the fact that the
system does not present the invariance under the transformations described in the
previous section for the symmetric case, the rπ symmetry of the control regions is
no longer present as expected. Chaos is suppressed for a wide range of values of ǫ,
even for values below ǫ ≤ 0.005.

Once we have a qualitative idea of the distortion induced by the potential asym-
metry we can come back to the experiment. In our experiments we search for the
control areas in the parameter space in an analogous way to what we did numeri-
cally. We detect and reconstruct these control areas by doing bifurcation diagrams
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Figure 3.11. Largest Lyapunov exponent λ computed at every point of a 100×100 grid
of (ǫ, φ) values in the region 0 ≤ φ < 2π, 0 ≤ ǫ ≤ 0.03 considering the effective potential
asymmetry: ẍ + 0.147ẋ − x + (1 + ǫ cos(1.257rt + φ))(−0.12 + 0.014x − 0.014x2 + x3) =
0.262 cos(t). The calculations have been made for (a) r = 1, (b) r = 2, (c) r = 3. The
black color denotes λ < −0.025, the grey −0.025 ≤ λ < 0, the silver 0 < λ < 0.025 and
the white λ > 0.025. The control regions lack the symmetry of the former case, but wide
zones of chaos suppression do still appear.

fixing r, ǫ (for different ǫ values) and varying the phase value φ. Such bifurcation
diagrams are performed by searching for the maxima of the time series of the system
obtained when the phase φ is slowly varied to the characteristic time scale of our
system, that is, we make φ = µt with µ ≪ 1.

The experimental control zones for r = 1, r = 2 and r = 3 are observed in
Figs. 3.12(a)-(c). The main well-known characteristics of phase control of chaos are
confirmed in our circuit: the crucial role of the phase φ on the final state and the
smallness of ǫ needed to suppress chaos if φ is properly chosen. The new features
analyzed previously are also present here. The lack of symmetry of the control
regions due to the asymmetry of the potential is evident, so we can appreciate how
the advantageous features observed from the symmetric case do no longer apply here,
as expected. On the other hand, the bifurcation in the control zone that appears
in the r = 1 case (Fig. 3.12 (a)) confirms that the interesting patterns relating
φ with the rest of the parameters of the harmonic perturbation do not only apply
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Figure 3.12. Experimental control regions for the circuit of Fig. 3.9, reconstructed
from experimental bifurcation diagrams, when (a) r = 1, (b) r = 2, (c) r = 3. In spite of
the experimental errors, there are still wide control zones that roughly coincide with those
predicted by the numerical simulations.

for the ideal symmetric case. We can also notice that the φ intervals where chaos
is suppressed do roughly coincide with those predicted from numerical calculations.
This is quite remarkable, as long as in our numerical simulations we did not consider
any source of noise or instability.

3.5. Conclusions

We have given some basic notions on chaotic flows. After this, we have shown
a detailed analysis of a chaos control method, phase control of chaos, consisting on
applying a small parametric harmonic perturbation to a periodically driven chaotic
system and use the phase difference φ to vary the dynamical state of the system. We
have focused our work in a paradigmatic system of this type: the Duffing oscillator.

We have performed numerical simulations confirming the most important prop-
erties of this method: that only a correct choice of φ can lead the system to a periodic
orbit (once we fix the amplitude of the perturbation) and that, by adequately se-
lecting the phase, the necessary amplitude to suppress chaos can be minimized. In
practical applications, sometimes the range of accessible parameters within which
the system can be perturbed is very narrow. Then, the phase represents an addi-
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tional degree of freedom that become crucial to reach control.
With our numerical analysis we have also pointed out some features that were

not observed in previous works on phase control of chaos. By using an extensive
exploration of parameter space in search of zones of chaos suppression for different
values of the perturbation amplitude ǫ, resonance condition r and phase φ, we have
detected some interesting patterns. The implementation of phase control in our
system is a clear example of how the symmetries play a key role for this chaos
control method, and of how they may be of great help in some cases. We have also
observed how the phase φ sometimes has to be combined with the other parameters
in a way that may be unintuitive and that is strongly affected by the values of the
rest of the parameters of the perturbation applied. For example, we have seen that
by increasing the perturbation amplitude ǫ sometimes we can lead the system from
chaos to a periodic state and then back to chaos, and that sometimes the eligible
range of φ values that stabilize the system in a periodic orbit become narrower as ǫ
becomes bigger.

Most of the interesting patterns found numerically have been recovered in a
experiment with an electronic circuit that mimics the dynamics of a Duffing oscillator
with a slight potential asymmetry, even in the presence of noise. To our knowledge,
no other verification of the validity of phase control of chaos in an real laboratory
system had been performed before. This fact suggests that phase control of chaos
is robust even in presence of distortions of the potential symmetry and that all
the properties observed in this work are of a quite general nature, so they must be
taken into account when applying this control method to the most diverse dynamical
systems.

The characteristics summarized above and the observed robustness of this scheme
in its implementation in the electronic circuit, together with the advantages derived
from the nonfeedback nature of this method, make us think that phase control
of chaos can be useful in many experimental situations where periodically driven
chaotic systems appear, such as lasers or superconductor junctions.
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Chapter 4

Nonlinear Dynamics of

the CO2 laser and

parameter estimation

Here we describe the set of five differential equations that gives the evolution
of a CO2 laser. We first describe briefly this system from a Nonlinear Dynamics
point of view, showing that its dynamics can be chaotic. The main interest of
this description is that in next chapter we will show that the phase control scheme
can also be applied to control the intermittency phenomenon that is observed for
this system. After this, we make a brief introduction to the interesting problem of
parameter estimation in a nonlinear dynamical system, and we show that a technique
to estimate the parameters in this system can be implemented, based in the concept
of synchronization.

4.1. The CO2 laser as a dynamical system

The CO2 laser is a physical system that can be modeled by the following set of
differential equations [Marino et al., 2004]:

ẋ1 = kx1(x2 − 1 − α sin2(F1(t)))

ẋ2 = −γ1x2 − 2kx1x2 + gx3 + x4 + p

ẋ3 = −γ1x3 + gx2 + x5 + p (4.1)

ẋ4 = −γ2x4 + zx2 + gx5 + zp

ẋ5 = −γ2x5 + zx3 + gx4 + zp,

where
F1(t) = β1 sin(2πft) + b (4.2)

is the external forcing signal of the laser. In the above equations, x1 represents the
laser output intensity, x2 is the population inversion between the two resonant levels,
and x3, x4 and x5 account for molecular exchanges between the two levels resonant
with the radiation field and the other rotational levels of the same vibrational band.
The parameters of the model are the following: k is the unperturbed cavity loss
parameter, g is a coupling constant, γ1 and γ2 are population relaxation rates, z
accounts for an effective number of rotational levels, α accounts for the efficiency of
the electrooptic modulator and p is the pump parameter. The rest of the parameters
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Figure 4.1. (a) Bifurcation diagram for the CO2 laser model as a function of the
amplitude of the external forcing, β1. (b) Temporal evolution of the laser intensity, x1,
for β1 = 0.08

are related to the external periodic forcing. In particular, f is the frequency, b is
the bias voltage and β1 is the amplitude of the external forcing.

We choose the following fixed values of the parameters, which are those that fit
better to the dynamical situation of this sytem that will be studied in next chapter:
k = 30, α = 4, γ1 = 10.0643, g = 0.05, p = 0.0198, γ2 = 1.0643, z = 10, f = 1/7,
b = 0.2.

In absence of periodic forcing, there is no output intensity, that is, x1(t) = 0.
However, if we increase until values β1 < 0.02, spikes of the same height appear.
For values of β1 between 0.02 and 0.055 peaks of 2n different heights with n → ∞
as β1 → βc ≈ 0.055 appear. These successive doublings of the system’s period are
known as the period doubling route to chaos, that is a transition to chaos that is
widespread and that can be observed in the bifurcation diagram shown in Fig. 4.1
(a). This transition to chaos is known to be universal. For example, bifurcation
diagram similar to the one shown in Fig. 4.1 can be obtained for one-dimensional
maps like the quadratic map (see Chapter 5, Fig. 5.1) which is equivalent to the
well-known logistic map [Alligood et al., 1996]. For values of β1 bigger than βc peaks
of inifinitely many different heights appear, and the dynamics become chaotic. An
example of a chaotic time series of the laser with β1 = 0.08 is shown in Fig. 4.1 (b).

4.2. Parameter estimation of a dynamical system

In last chapters we have seen that nonlinear systems can exhibit very rich dy-
namical behavior. An important issue in this type of systems is the estimation of
the model parameters using scalar measurements from the system [Maybhate and
Amritkar, 1999], as long as this might allow to have a better description of their
dynamics. One typical approach to this problem consists on the iterative processing
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of the whole set of available measurements. This includes several multiple-shooting
techniques [Ghosh et al., 2001] and statistical and Monte Carlo procedures [Pis-
arenko and Sornette, 2004; Sakaguchi, 2002]. However, iterative processing is com-
putationally expensive and inadequate for problems where the observations must be
handled online. An appealing strategy in this situation is to exploit the synchroniza-
tion properties of coupled chaotic systems in order to attain parameter estimation
[Parlitz, 1996; Maybhate and Amritkar, 1999].

In the remaining of this chapter, we address the problem of estimating the un-
known parameters of the numerical model that represents a chaotic laser described
in former section. This is very useful in order to predict the dynamical behavior and
to study the fundamental properties of this type of physical systems, which have
important applications in different fields such as biology, medicine or engineering
[VanWiggeren and Roy, 1998].

4.3. Gradient-descent method for parameter estimation

We consider the parameter estimation methodology proposed in [Marino and
Mı́guez, 2006], which is based on the synchronization phenomenon that appears in
coupled chaotic systems. We consider the laser output intensity x1 as the only signal
observed from the system modeled by Eq. (4.1), which we will subsequently refer
to as primary system. It is assumed that the exact value of parameter β1 in Eq.
(4.2) is unknown and we are interested in estimating it. To do that, we consider a
secondary laser, modeled by the same differential equations as the primary one, but
with its external sinusoidal forcing function adequately modified. In particular, we
consider

F2(t) = β2(1 + ǫ(x1 − y1)) sin(2πft) + b, (4.3)

where y1 and x1 represent the output intensity of the secondary and primary lasers,
respectively, ǫ represents the coupling strength between the two systems, and β2 is
an adjustable parameter. It is known that for an appropriate value of the coupling
strength, ǫ, both systems synchronize when they have identical parameters values
[Marino et al., 2004]. The approach to parameter estimation that we are going to
consider consists of a gradient-descent optimization of an adequate series of cost
functions. In our case, we propose to use the following cost functions

Jn = |e(nT )|2, n = 1, 2, . . . , (4.4)

where T is the period of the spikes of the laser intensity and e(nT ) is an error signal
consisting of the difference between the first temporal derivatives of x1 and y1, i.e.,
e(nT ) = ẋ1(nT ) − ẏ1(nT ). Notice that the functions Jn depend on β2 through
ẏ1(nT ) and all of them attain a common minimum value at β2 = β1. In order
to find this minimum of the series of cost functions, we assume that we have the
ability to update the parameter β2 every T seconds. Therefore, we can compute the
sequence of parameter estimates

β2,n = arg min
β2

{Jn}, n = 1, 2, . . . . (4.5)
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Figure 4.2. (a) Temporal average, J of the series of cost functions Jn as a function of
β2 represented in a logarithmic scale. (b) Temporal average of the explicit derivative of
the series of cost functions, labeled as ∂′J

∂β2
, as a function of β2.

A simple procedure to find the minimum of this series is to use the gradient-descent
method

β2,n = β2,n−1 − µ
∂Jn

∂β2
, (4.6)

where µ is a step-size parameter.

The problem of calculating ∂Jn

∂β2
reduces to finding an expression for ∂|e(nT )|2

∂β2
. It

is straightforward to obtain that

∂|e|2
∂β2

= −2(ẋ1 − ẏ1)
∂ẏ1

∂β2
. (4.7)

but, unfortunately, the derivative with respect to β2 in the right-hand side of (4.7)
cannot be expressed in closed form because of the complex implicit dependence of
the dynamic variables on the parameters. However, if we consider only the explicit
derivative, Eq. (4.7) becomes very simple. Specifically, if we use notation ∂′

∂
to

denote explicit derivation (meaning that implicit dependencies of the variables on
the parameters are neglected), (4.7) reduces to

∂|e|2
∂β2

≈ ∂′|e|2
∂β2

= 4(ẋ1 − ẏ1)kx1 sin(F2(t)) cos(F2(t))F2(t)/β2 (4.8)

that yields the desired approximate derivative of ∂Jn

∂β2
.

In order to verify the appropriateness of the described approximations, numerical
simulations have been carried out to approximate both Jn and its explicit derivative
∂′

∂β2
as functions of the model parameter β2. We have assigned to the primary

laser model the parameter values indicated in Sec. 4.1, in particular, β1 = 0.08,
which corresponds to the chaotic behavior indicated in Fig. 4.1(b). The parameter
values for the secondary laser model are identical to the primary one, except β2
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Figure 4.3. (a) Time evolution of the parameter β2. (b) Time evolution of the |y1−x1|.

that has taken values from 0 to 0.085, corresponding to the bifurcation diagram of
Fig. 4.1(a). Figure 4.2(a) represents a temporal average of Jn, labeled as J , as a
function of β2 in a logarithmic scale, where the minimum is located at 0.08, which
corresponds to the value of β1. The validity of the approximation by the explicit
derivative is illustrated in Fig. 4.2(b), that vanishes at the minimum of the cost
function J and it is proportional to the true derivative around this point. Because
of this observed proportionality relationship, the generic gradient algorithm of Eq.
(4.6) is particularized to

β2,n = β2,n−1 − µ
∂′Jn

∂β2
. (4.9)

4.4. Numerical results

We have carried out additional computer simulations in order to numerically
demonstrate the performance of algorithm (4.9) in terms of both parameter esti-
mation and synchronization accuracy. The parameter values in the primary system
are the same as in Sec. 4.1 and we use a fourth-order Runge-Kutta method with
step h = 10−2 time units (t.u.) to numerically integrate the systems. The starting
value for the parameter estimate is β2,0 = 0.01, which corresponds to a non-chaotic
state of the secondary laser model (see the bifurcation diagram of Fig. 4.1(a)). The
parameter adaptation period is set to T = 700h = 7 t.u.

Figure 4.3(a) shows the time evolution of the parameter β2, that is, the con-
vergence of the parameter estimate, and Fig. 4.3(b) shows the time evolution of
the absolute deviation between the output intensity of the primary and secondary
lasers, specifically, |y1 − x1|. It is clearly seen that identical synchronization of both
laser intensities is achieved as the same pace as the parameter estimate converge
to the desired value, that is β2 = 0.08. As this occurs, the secondary laser, that
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begins with β2,0 = 0.01, is going through the different behaviors of the characteristic
bifurcation diagram.

4.5. Conclusions

In this chapter we have described briefly the dynamical system that gives the
evolution of a well known experimental system: the CO2 laser. After this, we have
introduced the problem of parameter estimation in a dynamical system, and we
have proposed an adaptive procedure in order to estimate unknown parameters of
a numerical model of a chaotic laser which is observed through a time series that
represents the output intensity of the laser. To do that, we consider a coupled sys-
tem with the same functional form and adjustable parameters. The salient feature
of the proposed technique is that accurate parameter estimation and identical syn-
chronization can be jointly achieved by adaptively adjusting the desired parameters
of the coupled system. Here, we have shown how it is possible to estimate the am-
plitude of the external forcing signal that regulates the behavior of the laser, that
is, parameter β.
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In an interior crisis, by changing one of the system’s parameters a chaotic at-
tractor is suddenly expanded. After it, the trajectories alternate periods of time
in the region of the phase space where the pre-crisis attractor lied with excursions
out of it. This phenomenon is known as crisis-induced intermittency, and here we
show that this phenomenon can be tamed or enhanced by using the phase control
scheme. The validity of the method in verified in an experiment with the CO2 laser,
whose dynamics where described in previous chapter. Note that the aim here is not
to suppress chaotic behavior, but to tame or enhance the intermittent behavior of
the system.

In Section 5.1 we first describe the phenomenon of crisis (both boundary crisis
and interior crisis) and of intermittency using a one-dimensional map. After this,
we review the literature concerning the control of this phenomenon, and we explain
why the phase control method can be applied in this context. In Section 5.2 we
show that the CO2 laser presents crisis-induced intermittency, and we describe how
the phase control scheme was implemented in our experiment. In Sections 5.3 and
5.4 we show, both numerically and experimentally, the effectiveness of the method
when the unperturbed laser is operating before and after the crisis, respectively. In
Section 5.5, an analytical study of the effect of a parametric perturbation and of the
value of the phase in a quadratic map is presented, showing the key role played by
this parameter when the system is close to an interior crisis. Finally, Section 5.6 is
devoted to the conclusions.

5.1. Crisis, intermittency and its control

5.1.1. Boundary crisis, interior crisis and intermittency

We want to describe the phenomenon of crisis in chaotic systems [Grebogi et al.,
1982; Grebogi et al., 1983] that leads either to a sudden change of the chaotic
attractor or to its disappearance. To do it, we are going to use the well-known
one-dimensional quadratic map

xn+1 = C − x2
n = F (C, xn). (5.1)

47
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Figure 5.1. Bifurcation diagram of the cuadratic map. Bounded orbits exists for −1
4 ≤

C ≤ 2, but they are destroyed when the chaotic orbit touches the unstable orbit at
x = −x∗, whose position is marked with a dashed line.

Let’s briefly describe the dynamics of this map. For C < −1
4

no fixed points of
the map exist. At C = −1

4
a stable fixed point appears, together with an unstable

one. For −1
4
≤ C ≤ 2 the dynamics of the system are equivalent to those of the

logistic map xn+1 = λxn(1 − xn). In the bifurcation diagram shown in Fig. 5.1 we
can see that this system presents a large variety of periodic and chaotic behaviors.
However, note that past C = 2 the chaotic attracting orbit (that is equivalent to the
orbit obtained for the logistic map for λ = 4, and thus topologically equivalent to
the chaotic orbits obtained for the slope-two tent map in Section 2.2) is destroyed,
and all initial conditions lead to orbits which approach x = −∞. In Fig. 5.1 we
have also plotted with a dashed line the unstable orbit x = −x∗ = −1

2
− (1

4
+ C)1/2

that is born at C = −1
4
.

For −1
4
≤ C ≤ 2 and for almost any point in |x| < x∗ the orbits converge

asymptotically to the bounded orbits shown in Fig. 5.1, while any point such that
|x| > x∗ will go asymptotically to x = −∞. Thus, for −1

4
≤ C ≤ 2 we have that

|x| < x∗ is the basin of attraction for bounded orbits, and |x| > x∗ is the basin of
attraction for x = −∞. Note from the figure that the destruction of the chaotic
orbit coincides with the intersection of the chaotic band with the unstable fixed
point x = −x∗. To understand why this happens, consider C a bit larger than 2,
and note that any initial condition in |x| < x∗ will generate a chaotic-looking orbit
until the orbit puts x below −x∗, so it will accelerate rapidly to large negative values
of x. This discontinuous disappearance of the chaotic attractor is called a boundary
crisis.

But other qualitative and discontinuous changes in the chaotic attractor can be
found in this system for −1

4
≤ C ≤ 2. Consider what happens for 1.72 ≤ C ≤ 1.82.

A bifurcation diagram showing the dynamics of the system for these values of the
parameter is shown in Fig. 5.2. We can see that the orbits are confined in a chaotic
attractor composed by three bands that suddenly disappear at C∗ ≈ 1.79. Note
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Figure 5.2. Zoom on the bifurcation diagram of the quadratic map. For C < C∗ ≈ 1.79
the attractor is made of three pieces. However, when it touches the period-three orbit that
lies in its basin of attraction marked with a dashed line, at C = C∗, the attractor merges
to a single and wider band.

that this also takes place when each of these bands touch the unstable period-three
orbit xa, xb and xc that is created for C ≈ 1.75, that is plotted with a dashed line in
Fig. 5.2. This sudden expansion of the chaotic attractor occurring when a chaotic
attractor touches an unstable orbit that lies in its basin of attraction is known as
interior crisis.

The typical behavior of an orbit for values of C slightly largest than C∗ is the
following: First, it will typically wander around the three chaotic bands until it
passes sufficiently close to one of the points of the unstable orbit (xa, xb and xc),
which is a source and thus will push the trajectory out of the three chaotic bands.
However, contrarily to what happens with the boundary crisis, trajectories stay in
the basin of attraction and after a number of iterations they will come back to
the zone that was occupied by the three chaotic bands. This kind of intermittent
behavior, in which trajectories alternate periods of time in the zone occupied by the
pre-crisis attractor and excursions out of it, is known as crisis-induced intermittency
[Grebogi et al., 1987] and it is known to be present in a large variety of dynamical
systems.

We have given a characterization of the two main types of crisis: boundary crisis
and interior crisis. Although they seem to be very different, we shall see later in
this chapter that they are intimately related. On the other hand, boundary crisis
will also be important in our discussion on transient chaos on Chapter 7. However,
now we are going to focus in controlling the main consequence of the second type
of crisis: crisis-induced intermittency. We are going to show that the phase control
scheme can be used to tame or enhance this behavior.
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5.1.2. Control of intermittency

In former section we have seen how, by modifying a control parameter, a chaotic
attractor can touch an unstable periodic orbit inside its basin of attraction, so it
alternates periods of time in the region where the pre-crisis attractor lied with ex-
cursions out of it. This type of intermittency is a widespread phenomenon [Grebogi
et al., 1987], and thus there are situations in which it might be interesting to control
this phenomenon. Recently, [Meucci et al., 2005] a feedback method to enhance or
tame the intermittency has been devised. The strategy is to force the system with a
feedback in which the “typical” frequency of the excursions, that is the frequency of
the periodic orbit involved in the interior crisis, is either filtered or enhanced. This
method has been shown to be effective in a periodically driven chaotic CO2 laser,
as the one described in Ref. [Meucci et al., 2004] and in Chapter 4.

However, as we said in Chapter 3, feedback control methods might present some
difficulties for their implementation. Thus, in some contexts non-feedback methods
might be more useful. In last chapter we have shown that phase control of chaos
[Qu et al., 1995; Yang et al., 1996] is a powerful tool to control the dynamics of a
periodically driven chaotic system. In this control scheme, the control parameter is
the phase difference φ between the main driving and a small harmonic perturbation
that is applied to the system, and an accurate choice of φ plays a crucial role in the
global dynamics of the system.

We are going to show that the intermittent behavior of a dynamical system close
to an interior crisis can be controlled by using the phase control scheme. We give
experimental and numerical evidence of the validity of the method for the periodi-
cally driven CO2 laser close to an interior crisis. We show that, if we apply a small
harmonic perturbation to the laser, an accurate selection of the phase difference φ
with the main driving allows to place the laser in the desired dynamical state, which
can be either the intermittent regime or the pre-crisis regime. Three different values
of the frequency of the perturbation are used: the frequency of the main forcing f0,
the frequency of the period doubling bifurcation f0/2 and, finally, f0/3, which is the
frequency of the unstable orbit responsible for the interior crisis. In order to have
a deeper insight on the role of φ we also present an analysis of phase control of the
quadratic map close to a crisis.

5.2. Interior crisis in the CO2 laser and phase control scheme

In this section we give experimental and numerical evidences showing that the
CO2 laser presents an interior crisis. The experimental setup consists of a single-
mode CO2 laser, as shown in Fig. 5.3. The laser cavity is defined by a totally
reflecting grating and a partially reflecting mirror (G and M), and the gain medium
is pumped by a constant electric discharge current. An electrooptic modulator
(EOM) is inserted in the laser cavity in order to control the cavity losses by an
external forcing, obtained from a sinusoidal generator (MD), that can be represented
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Figure 5.3. Experimental setup for a single-mode CO2 laser with modulated losses.
EOM: intracavity electrooptic modulator, G: total reflecting grating, M: partial reflecting
mirror, D: fast infrared detector, P: sinusoidal generator, MD: digital oscilloscope.

Figure 5.4. Numerical bifurcation diagram for β. Two interior crisis are observed, but
we are going to study the effect of harmonic perturbations on the laser around the first
crisis.

as

F (t) = β sin(2πf0t) + b0, (5.2)

where β is the amplitude of the external forcing, b0 is a bias voltage and f0 = 100 kHz
is about twice the relaxation frequency of the laser.

The CO2 modulated laser is accurately described by the set of five differential
equations given by Eq. 4.1, that was described in Chapter 4. As we showed in
Section 4.1, by increasing the amplitude of the external forcing, the system undergoes
a sequence of subharmonic bifurcations that leads it to a chaotic state. In the
bifurcation diagram shown in Fig. 5.4 we can see that for β < 0.1 the dynamics is
restricted to a certain region of the phase space, say |x1| < 0.013. Further increase
of β induces an interior crisis by which the attractor suffers a sudden expansion.
This leads to the occurrence of a regime where there is an intermittency between
orbits contained in the pre-crisis bounding region and excursions out of it, of period
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Figure 5.5. Two experimental time series of the CO2 laser. The typical behavior
expected (a) before the crisis and (b) after the interior crisis is observed, confirming the
numerical simulations.

three and four. The set of parameters used in the numerical simulations with the
model given by Eq. 4.1 are k = 30, α = 4, γ1 = 10.0643, g = 0.05, p = 0.01987,
γ2 = 1.0643, z = 10, f0 = 1/7 and b0 = 0.1794. The stability analysis provides
a value of the relaxation oscillation frequency of 0.07, which is around half the
frequency of the forcing signal. In Fig. 5.5 we can see two experimental time series
confirming the pre and post-crisis regimes predicted from the numerical model of
the laser.

We describe how the phase control scheme described in Chapter 3 can be imple-
mented in this system. First, we perturb harmonically one of the parameters of the
system. We choose b0 because it is easily accessible in the experimental setup. The
perturbed parameter becomes a periodic function b(t) = b0(1 + ǫ′ sin(2πf0rt + φ)),
where ǫ′ is the perturbation amplitude, r is the resonance condition and φ the phase
difference. The phase control scheme relies in an appropriate use of the phase φ,
once ǫ′ and r are fixed.

Due to the fact that F (t) depends linearly on the bias b0, one can clearly see
that adding a harmonic perturbation to the bias is equivalent to adding a second
periodic forcing, which is one of the possible implementations of the phase control
scheme [Qu et al., 1995; Yang et al., 1996]. Thus, for the perturbed system, the
forcing term of Eq. (4.1) should read

F (t) = β sin(2πf0t) + ǫβ sin(2πf0rt + φ) + b0, (5.3)

with ǫ = b0ǫ
′/β. We consider ǫ instead of ǫ′, since it enables us to quantify the

strength of the applied perturbation in terms of the main periodic forcing.
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Figure 5.6. Long time series varying the phase φ for r = 1 ǫ = 0.1. Note that for φ = 0
and φ = 2π the maxima of the series are increased, as expected.

5.3. Phase control of the laser in a pre-crisis regime

We consider the role of the phase when the unperturbed laser is placed in the
situation previous to the interior crisis, so that no intermittency takes place (not
even induced by noise, since we choose to be quite far from the interior crisis). In
this case, we characterize the effect of φ for fixed values of ǫ and r by taking records
of very long time series where φ is slowly varied φ 7→ φ(t) = 2πµt where µ ≪ 1/f0,
i.e., the phase varies very slowly compared to the typical time scale of the laser.
Thus, for t = 0 the phase difference is φ = 0 and it increases until t = 1/µ, where
it is φ = 2π. The dynamical state of the system at a certain time t′ corresponds
essentially to the expected behavior for φ = 2πµt′.

Let us first analyze the case in which the frequency of the perturbation is the
same as the frequency of the main driving, that is, r = 1. The experimental long
time series for this case is plotted in Fig. 5.6. We can observe how there is an
increase of the amplitude of the peaks when φ is close to 0 and 2π, and a depression
as φ goes to π. This phenomenon has a simple explanation, indeed

F (t) = β sin(2πf0t) + ǫβ sin(2πf0t + φ) = β ′ sin(2πf0t + φ0), (5.4)

where
β ′ = β

√

1 + ǫ2 + 2ǫ cos φ. (5.5)

Notice that we basically have a single forcing, so the resulting φ0 plays an irrelevant
role. However, the effective amplitude of the perturbation, β ′, depends on φ. Thus,
by choosing φ = 0, the effective amplitude of the periodic forcing is increased to a
value closer to the critical value so the height of the peaks becomes bigger. Instead,
by choosing φ = π, β ′ becomes smaller, so the system is further away from the crisis,
and the height of the peaks becomes smaller. We shall point out, in this figure, that
with a perturbation of about 10% of the main forcing, the system is not led to the
intermittent regime. This is not very relevant by itself, because Eq. (5.5) shows that
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Figure 5.7. Long time series varying the phase φ for r = 1/3, ǫ = 0.003 (a) and ǫ = 0.006
(b). The diagrams present the expected 2π/3 symmetry, even if in (b) the intervals of φ
leading to intermittency have merged and the behavior is nearly phase independent.
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Figure 5.8. Long time series varying the phase φ for r = 1/2, ǫ = 0.006 (a) and
ǫ = 0.01 (b). We have a π symmetry, as expected. The dependence on the phase φ is
clear, and we observe that in (b) a correct selection of the phase determines whether there
is intermittency or not.

the necessary amplitude of the perturbation to lead the system to the intermittent
regime could be reduced just by placing the unperturbed system closer to the crisis.
However, it is an important reference to evaluate the effectiveness of perturbations
with different frequencies.

Now we consider the laser in the same unperturbed situation before the crisis and
we apply a perturbation whose frequency is the same as the frequency of the unstable
periodic orbit involved in the interior crisis [Meucci et al., 2005], that is, f0/3. The
two main behaviors observed experimentally are summarized in the two diagrams
shown in Fig 5.7. We observe an evident 2π/3 symmetry of the first diagram,
which could be deduced from the invariance of Eq. (5.3) under the transformation
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t 7→ t+k/f0 and φ 7→ φ+2πrk, with k an integer. Figure 5.7 (a) shows the crucial role
played by the phase difference. For the same values of the perturbation amplitude,
by adjusting the phase, the system can be placed either in an intermittent regime
or in the pre-crisis regime. It is important to note that we observe experimentally
this significant effect even if the amplitude of the perturbation applied is about 0.3
% of the amplitude of the main forcing, which is much smaller than in the r = 1
case. However, as we observe in Fig. 5.7 (b) for ǫ

′

= 0.006, there is intermittency for
nearly all values of φ. In summary, the r = 1/3 perturbation is much more effective
than the r = 1 perturbation to control the intermittency.

New features arise when the system is perturbed with the frequency correspond-
ing to the period doubling bifurcation of the system, f0/2. Again, two experimental
diagrams are presented to see the effect of the phase, shown in Fig. 5.8. We can
observe the expected π symmetry in φ. On the other hand, Fig. 5.8 (a) shows
again that the phase difference modulates the maximum height of the peaks, but
intermittency does no take place. However, when the perturbation is increased to
ǫ = 0.01, Fig. 5.8 (b), just 1 % of the main forcing, the effect of the phase is even
clearer: again, the phase enables us to place the system either in the intermittent
regime or in the small chaos regime. In the intermittent regime observed in Fig. 5.8
(b), the high amplitude orbits are related with the second interior crisis shown in
Fig. 5.4, thus a variety of dynamical behaviors is accessible by varying φ.

Numerical calculations provide a confirmation of these results, together with a
deeper insight on the role of the phase. A good indicator to discriminate between
the different dynamical states of the laser for different values of the parameters is

< H >=< max(x1(t)) > |x1(t)>x0
(5.6)

where < · > indicates the average over a long time series, and max() indicates the
relative maximum of the series. The value of x0 is chosen in such a way that < H >
enables us to distinguish between the small chaos and the intermittent regime. In the
numerical simulations we have observed that taking x0 = 10−5, that is, neglecting
only the extremely small peaks of the signal is sufficient for this discrimination.
We have observed that < H >≤ 0.006 corresponds to the pre-crisis chaotic regime,
0.006 << H >≤ 0.0074 matches with the intermittent regime observed after the first
crisis shown in Fig. 5.4 and < H >> 0.0074 corresponds to the regime in which
there are high amplitude orbits, like those observed in Fig. 5.4 after the second
crisis. < H > can be easily computed by numerical integration of the equations of
the laser. We study the dependence of the global dynamics on the parameters of
the system by calculating < H > as a function of ǫ and φ, fixing r.

Numerical calculations are presented in Fig. 5.9. As for the experimental results,
we include the calculations for the trivial case r = 1 for the sake of clarity. In this
case, Fig. 5.9 (a), the color of the diagram and thus < H > changes smoothly as the
parameters vary, from a minimum at φ = π to a maximum at φ = 0.2π, as observed
in the experiment (Fig. 5.6).

For the r = 1/3 case, Fig. 5.9 (b), < H > presents the expected 2π/3 symmetry.
On the other hand, it can be clearly observed how the value of < H > increases
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Figure 5.9. The medium height of the maxima of x1, < H >, as a function of ǫ and φ
for r = 1 (a), r = 1/3 (b) and r = 1/2 (c).

gradually with ǫ. For a narrow interval of ǫ, approximately ǫ ∈ [0.002, 0.003], de-
pending on φ we have values of < H > bigger than 0.006 intercalated with values of
< H > smaller than 0.006. This agrees with the phase-induced transitions between
the intermittency and the small chaos regime observed experimentally. However,
as in the experiment, we can see that if the perturbation amplitude ǫ is further
increased the intervals of φ giving rise to intermittency merge, so intermittency is
observed almost independently of the phase.

Let us finally comment the results for the r = 1/2 case. For small values of ǫ,
ǫ < 0.02, the < H > remains around < H >≈ 0.005 almost independently of the
phase. However, when ǫ becomes bigger than a certain critical value ǫ0 ≈ 0.02, there
is a sudden change in the medium height of the peaks. This sudden transition to
a high < H > regime, which corresponds to the dynamical state observed after the
second crisis of the laser, is evident from the drastic change of color that we can
observe in the diagram of Fig. 5.9 (c), which is fully consistent with the experiments
on the laser. Thus, once again we see the important role played by φ in placing the
system before or after the interior crisis.
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Figure 5.10. Experimental bifurcation diagram (a), showing how an appropriate se-
lection of the phase φ can take the laser from an intermittent regime to a small chaos
regime. A controlled time series of the laser, where control is applied at t ≈ 2 ms and the
intermittent behavior is nearly immediately suppressed (b).

Figure 5.11. The medium height of the maxima of x1, < H >, as a function of ǫ and φ
for r = 1/2.

5.4. Phase control of the intermittency after the crisis

Up to now we have shown that the intermittency of the CO2 laser in the pre-crisis
regime can be controlled, by just varying the phase φ. In this section, in analogy
with [Meucci et al., 2005], we show that phase control does also work when the
unperturbed laser is placed in the post-crisis region.

In order to characterize the role of φ in this case we have opted to perform a
bifurcation diagram by localizing the maxima of different time series of the laser
with different values of φ, for ǫ = 0.01 and r = 1/2, as shown in Fig. 5.10 (a).
We can clearly appreciate a π symmetry in the diagram as in the diagrams shown
in the previous section. We can see how a variation of φ allows us to move from
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Figure 5.12. (a) Graph of the map xn+1 = F (C, xn) ≡ C −x2
n. (b) The ratio R(C) as a

function of C, which is smaller than 1 for C < 2 and bigger than 1 for C > 2, as expected.

the intermittent regime to the small chaos regime. The action of the applied per-
turbation on the laser is illustrated by Fig. 5.10 (b), where we can see how, once
the perturbation is applied (for t ≈ 2 ms), the system passes from an intermittent
regime, with the characteristic large spikes, to a small chaos regime.

We have performed a numerical analysis to see this phenomenon in more detail.
We characterize the role of the phase φ by calculating < H >, defined as in Eq.
(5.6), and the results are shown in Fig. 5.11. Again, the symmetry induced by our
selection of r and the nontrivial role played by the phase φ are evident.

Thus, we have shown that we can use φ to control the intermittency after the
interior crisis.

5.5. Phase control of the intermittency in the quadratic map

In order to gain a deeper insight of the role of φ in nonlinear systems, we study
phase control of the quadratic map. Our approach is quite different from that of
other authors [Loskutov and Shishmarev, 1994; Mirus and Sprott, 1999], who have
studied chaos control by harmonic perturbations in maps. Here we identify the key
ingredients involved in the interior crisis for the unperturbed system. After this, we
perform a perturbative analysis to estimate how these ingredients are affected by
the presence of a periodic perturbation, thus emphasizing the nontrivial role played
by φ.

Our approach is based in the common features existing between boundary and
interior crisis, that we shall explain now. First we will look at boundary crisis from
a different, more geometrical, point of view. As we said in Section 5.1, boundary
crisis takes place when the unstable orbit x = −x∗, that is born for C = −1

4
enters

in the zone occupied by the old basin of attraction of bounded orbits, |x| < x∗.
There is an alternative way to see this. Consider the interval I = [−x∗, x∗], which



5.5. Phase control of the intermittency in the quadratic map 59

−2 2
−2

0

2

x
mc

 x
ma

 x
mb

 

x
c
 

x
a
 

x
b
 

a) 

x
i
 x

m,i
 x

L,i
 

F3(C,x
m,i

) 

b) 

1.76 1.78 1.8 1.82 1.84 1.86
0.6

0.8

1

1.2

1.4

1.6

C

R
i

C* 

c) 

Figure 5.13. (a) Plot of F 3(C, x) as a function of x for C ≈ C∗, where the unstable orbit
xa, xb, xc is marked. (b) Scheme of each of the three copies of a unimodal map present in
F 3(C, x), responsible for the three bands observed in the bifurcation diagram. (c) Plot of
the numerical calculations of the three ratios Ri, i ∈ {a, b, c}, which are smaller than one
for C < C∗ and bigger than one for C > C∗.

is defined for C > −1/4. By definition, F (C,−x∗) = −x∗ due to the fact that it
is a fixed point, and F (C, x∗) = −x∗ because of the parity of the map. This can
be seen in Fig. 5.12 (a). Note that the maximum of F (C, x) at I is F (C, 0) = 0,
so F (C, I) = [−x∗, C]. The length of I is 2x∗ and the length of F (C, I) is C + x∗.
Thus, some trajectories starting in I will be mapped out of I when the length of
F (C, I) is bigger than the length of I, that is, when the ratio

R(C) =
C + x∗

2x∗
(5.7)

is bigger than one. Otherwise, all trajectories starting in I will be “trapped” in I
under iterations of the map. From the expression of x∗ it can be seen easily that
R ≥ 1 for C ≥ 2 as expected. This can also be observed in Fig. 5.12 (b).

Bearing this in mind, consider now the interior crisis. We are interested in
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the form of F 3(C, x) ≡ F (C, F (C, F (C, x))) close to the crisis. It is depicted in
Fig. 5.13(a) for C ≈ C∗, together with the three points of the unstable period-
3 orbit involved in the crisis xi which verify F 3(C, xi) = xi, where the subindex
i will be a, b or c throughout this discussion. If we make a zoom of F 3(C, x)
close to each of the points xi we can see that we have three small unimodal maps
(inverted or reflected, but equivalent), whose structure is sketched in Fig. 5.13
(b). Their structure is clearly remisniscent to the graph of F (C, x) shown in Fig.
5.12 (a). Each of them is associated with one of the three chaotic bands and they
can be essentially characterized by the unstable orbit xi, the limit point xL,i which
verifies F 3(C, xL,i) = xi (see Fig. 5.13 (b)), and the maximum xm,i, for which
dF 3(C, x)

dx
|xm,i

= 0. The values of xm,i, that can be calculated analytically, and the

values of xi, xL,i, that can be calculated using the Newton-Raphson method [Press
et al., 1988], will depend on C. The key idea that we want to illustrate is that
the existence of the three bands for C ≤ C∗ and their disappearance at C > C∗

can be interpreted in terms of the evolution of the three unimodal maps that are
present in F 3(C, x). In fact, we claim that the bands will exist if these copies of a
unimodal map present in F 3(C, x) “trap” the orbits passing by [xi, xL,i] (or [xL,i, xi])
under iterations of F 3(C, x), that is, if these copies have not suffered some kind of
“boundary crisis” themselves. Whether those three copies are “trapping” or not can
be characterized here by the three following ratios:

Ri(C) =
|F 3(C, xm,i) − xi|

|xi − xL,i|
, i ∈ {a, b, c} (5.8)

that are totally analogous to the ratio calculated for the boundary crisis in Eq. 5.7.
Thus, the bands will exist if Ri ≤ 1, and they will disappear for Ri > 1. Thus, we
claim that the ratios Ri(C) will go from values smaller than 1 for C < C∗, before the
crisis, to values larger than 1 for C > C∗, after the crisis. Numerical calculations
of these ratios Ri as functions of C have been carried out and are shown in Fig.
5.13 (c), confirming our prediction. Notice that the value of C∗ obtained this way
corresponds to the one obtained in [Grebogi et al., 1982; Grebogi et al., 1983] using
other analytical methods.

Bearing all this in mind, we can now focus on the role of the phase φ when
applying a harmonic perturbation to the system given by Eq. (5.9). Consider the
perturbed map

xn+1 = Cn − x2
n = F (Cn, xn), (5.9)

where
Cn = C(1 + ǫ sin(2πrn + φ)). (5.10)

We will assume ǫ ≪ 1. In analogy with the laser, it is easy to see that the r = 1
case is quite trivial, because, by varying the phase, we are just moving in C in the
interval [C(1 − ǫ), C(1 + ǫ)].

Instead, in the r = 1/3 case the role of φ is far from being trivial. In this
situation, the global dynamics will be governed by the autonomous map:

xn+3 = F (C2, F (C1, F (C0, xn))) ≡ G(xn) (5.11)
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Figure 5.14. (a) Bifurcation diagram of G(x) for C = 1.8, ǫ = 0.005 as a function
of φ, showing that the value of the phase influences greatly in whether there is or not
intermittency. (b) Graphs of our approximation of the perturbed ratios R′

i as a function
of φ: the φ interval where the intermittency is observed corresponds roughly to the interval
for which R′

i > 1, as claimed.

The smallness of ǫ will make G(xn) be quite similar to F 3(C, xn). Thus, if C ≈ C∗,
G(x) will also contain three small unimodal maps, and our aim is to see how the
perturbed ratios R′

i of each of them varies with φ, where i again can be a, b or c.
First, it is straightforward to verify that the maxima of the perturbed system, x′

m,i,
exist for ǫ sufficiently small, and can be written as,

x′
m,a = 0,

x′
m,b =

√

C1 +
√

C0,

x′
m,c = −

√

C0.

Thus,

G(x′
m,a) = C2 − (C1 − C2

0 )2,

G(x′
m,b) = C2,

G(x′
m,c) = C2 − C2

1 .

The values of the perturbed periodic orbit x′
i, verifying G(x′

i) = x′
i, can be approx-

imated starting from the unperturbed ones (xi) by means of the Implicit Function
Theorem (IFT) [Hale and Koçak, 1991]. It is relatively simple to verify using this
theorem that the order ǫ approximation is given by:

x′
i ≈ xi − ǫ

C sin(φ)

2xi
. (5.12)

Analogously, we can calculate the values of the perturbed x′
L,i from the unperturbed
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xL,i by making use of the IFT. It can be shown quite easily that:

x′
L,i ≈ xL,i − ǫ

C sin(φ)

2xL,i

(1 − 1

8F 2(C, xL,i)F (C, xL,i)
), (5.13)

for i ∈ {a, b, c}. With the exact expressions of obtained for G(x′
m,i) and the approx-

imations of x′
i and xL,i shown above we can then approximate the new perturbed

ratios:

R′
i(C, ǫ, φ) =

|G(x′
m,i) − x′

i|
|x′

i − x′
L,i|

. (5.14)

Fixing ǫ and C, the three ratios will clearly depend on φ, so R′
i = R′

i(φ). We can see
a bifurcation diagram varying φ and a plot of our approximations of R′

i(φ) in Fig.
5.14 for C = 1.8 (the unperturbed system displays intermittency) and ǫ = 0.005. We
can observe in the bifurcation diagram of Fig. 5.14 (a) that the value of φ determines
wether the system displays intermittency or not. On the other hand, we can see
in Fig. 5.14 (b) that the interval of φ for which there is intermittency corresponds
roughly with the small interval around φ = π/2 for which our approximations of the
three ratios are bigger than one. In this region none of the copies of the unimodal
map present in G(x) are “trapping”, so the orbits are not restricted to any band
and there is intermittency. Thus, our calculations provide a way to understand the
nontrivial role of φ in the global dynamics of the system that matches with the
numerical simulations.

Summarizing, we have seen that varying φ modulates both the geometry of the
system and the position of the periodic orbit involved in the interior crisis. Thus,
when we are close to the crisis, its contribution becomes crucial.

5.6. Conclusions

After giving some basic notions on the phenomenon of crisis in a dynamical sys-
tem, we have shown that the phase control scheme is able to control the intermittency
in a chaotic system close to an interior crisis. First, we have shown both experimen-
tally and numerically how, if we apply a harmonic perturbation to a chaotic CO2

laser, it is possible to control the crisis-induced intermittency by accurately choosing
φ. We have seen that this scheme is more effective when the frequency of the per-
turbation is equal to either the frequency of the unstable periodic orbit involved in
the crisis or the frequency involved in the period doubling bifurcation, which can be
obtained from experimental time series by using the Fourier transform. On the other
hand, with the aid of the simple quadratic map, we have illustrated the nontrivial
role that the phase difference φ plays when applying a harmonic perturbation to a
dynamical system. Our analysis shows that the application of a periodic modulation
to a system close to an interior crisis perturbs its geometry, and such perturbation
depends strongly on φ, which becomes a key parameter for the global dynamics.

Thus, with this work we have shown that a new advantage can be added to the
list of advantages of the phase control method described in Chapter 3: that it is
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very versatile, as long as it also allows to control the intermittency in periodically
driven chaotic systems.
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Chapter 6

Chaos-induced resonant

effects and its control

We have seen previously different phenomena related with chaotic behavior. Now
we explore a new kind of phenomenon related with chaotic dynamics: chaotic res-
onance. We show that a suitable chaotic signal can induce a resonant effect in a
bistable system under periodic forcing. The main interest of this exploration is that
this kind of resonant phenomenon, that is widespread in nature, is related with the
presence of environmental random perturbations. However, we show in a simple
system that in some cases chaos and noise induce indistinguishable resonant effects.
On the other hand, we have seen that there are different methods to control chaos,
so we show here that the presence of a chaotic signal as the perturbation leading to
a resonance opens new control perspectives.

The structure of this chapter is as follows. In Section 6.1 we give some basic
ideas concerning the phenomenon of chaotic resonance. In Section 6.2 the model of
a bistable system under a periodic forcing used in this work is presented. In Section
6.3 we describe how the statistics of a dynamical system can be described by means
of the invariant measure, and we show how chaotic and random signals with similar
statistics can be generated for certain paradigmatic examples. After this, we show
in Section 6.4 that these similar signals induce nearly indistinguishable resonant
effects. Finally, in Section 6.5 we show how chaotic resonance can be controlled and
in Section 6.6 we draw the main conclusions of this work.

6.1. Introduction

In the last twenty years a big effort has been made to explore the constructive
role of small perturbations added to the dynamics of bistable or mustistable systems
externally driven by either periodic or aperiodic forces. When modeling the response
to external forcing of some complex systems characterized by two well-defined, sta-
tionary (or long-lived) states, it is worth considering the dynamics of the relevant
variables by means of that of a classical particle moving in a symmetric double-well
potential. We consider then that it is subjected to a weak sinusoidal signal, not
strong enough to induce jumps between the two wells, that represents the main
external forcing acting on the system. The rest of degrees of freedom of the whole

65
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system, or a new term being added to the main forcing by some experimenter, are
supposed to be less relevant. Thus, they are usually added to the full dynamical
description of the system by means of one or more small perturbative terms. In the
theory of Stochastic Resonance (SR), for instance, this perturbation is supposed to
be adequately described by means of a “noisy” term and then some random pro-
cess, usually a Gaussian white noise, is used [Benzi et al., 1981; Gammaitoni et al.,
1998]. Rather surprisingly, in this situation a large variety of input-output coherence
quantifiers show maximal values for finite values of noise intensity. Similar resonant
effects have been observed in other systems in presence of noise, such as certain
planar systems in absence of forcing [Gang et al., 1993].

But other situations can be envisaged, where there is a maximum in the input-
output coherence without any external random contribution. That is the case of
some chaotic systems [Crisanti et al., 1994; Arai et al., 2004; Sinha, 1999] that
might be close to a crisis [Carroll and Pecora, 1993; Horita et al., 1999], where
the coordination between a periodic input and the output can be optimized by
varying one of the system’s parameters. Here we are more interested in the situa-
tion where the small perturbation arises from the chaotic dynamics of a subsystem
weakly coupled to the relevant variables of the system. In this case we can speak of
Chaotic Resonance (CR)[Ippen et al., 1993; Ambika et al., 2002; Chew et al., 2005].
Considering this, some authors have pointed out that in situations in which noise
is supposed to play a role in generating a resonant phenomenon maybe a chaotic
perturbation is at work.

In this work we give a step forward in this direction by analyzing the effect of
chaos and noise in a simple nonlinear system. Among the references cited in the
former paragraph, only in Refs. [Ippen et al., 1993; Ambika et al., 2002] the effect
of both chaos and noise in a bistable system were evaluated, considering Gaussian
white noise and logistic chaos. However, here we evaluate the effect of random and
chaotic perturbations whose properties are similar, in a sense that will be precise
later. From our explorations it becomes evident that chaos and noise can give rise
to very similar levels of coherence between the periodic input and the output in a
simple example, as long as we chose them to be “sufficiently similar”.

In this context, the question of whether it is relevant or not to know if a resonance
in a dynamical system is due to a chaotic perturbation or to noise arises naturally.
From a fundamental point of view, this issue can be framed in the longstanding
problem of the equivalence between chaotic and stochastic signals as activators of
different process, recently reviewed in [Cecconi et al., 2005]. Here we show that this
might also be relevant from a control point of view. In fact, we show that if the
considered resonance is of chaotic origin new control perspectives arise. As we have
seen previous chapters, one of the most interesting properties of chaos is that it can
be easily stabilized in a wide variety of periodic behaviors [Ott et al., 1990]. By
making use of a simple example, we illustrate here that this property can also be of
relevance in systems displaying CR, as long as it allows to design a control scheme
that can either tame or enhance the input-output coherence without changing the
perturbation intensity. A discussion of the contexts in which this idea might be
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Figure 6.1. Graph of a simple bistable dynamical system, the map xn+1 = 2 tanh(xn),
for which there are two stable fixed points.

useful is also given at the end of this paper.

6.2. Our model

Throughout this paper we use the following map as an example of a bistable
dynamical system [Gade et al., 1997]:

xn+1 = S tanh(xn) + ǫ sin (2πn/T0) + αξn, (6.1)

where S, T0 and α are parameters. We fix S = 2, so if ǫ = 0 and α = 0 the
system possesses two stable fixed points, as we can see in Fig. 6.1. To such an
autonomous system we add a periodic forcing with ǫ = 0.5, unable to induce jumps
between positive and negative values of x, and whose period is T0 = 32. In order
to complete the analogy with the typical system displaying SR, we add an external
perturbation ξn. Here we mainly focus on the role played by ξn, whose intensity is
modulated through the parameter α. This perturbation can either be random or
chaotic, and hence it may obey a deterministic law ξn+1 = f(ξn). Another type of
chaotic perturbation that we consider here is given by the quantity ξn = g(ξ1

n, ξ
2
n)

that is constructed from two chaotic systems verifying ξj
n+1 = f(ξj

n), j = 1, 2.
We present a novel way to analyze the resonant phenomena caused by either a

chaotic or a random perturbation, in order to see more precisely which is the specific
effect played by the different origin of these perturbations. In previous works [Ippen
et al., 1993; Ambika et al., 2002] the effect of a chaotic perturbation and Gaussian
white noise in a bistable dynamical system were analyzed. However, these pertur-
bations have very different statistical properties. Thus, here we construct groups
of chaotic and random perturbations in such a way that they have similar statisti-
cal properties at the level of one-time distribution functions, and then we compare
their effect on our system. This comparison is done by evaluating a quantifier of
the input-output coordination as a function of the perturbation intensity D = 2σ2,
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where σ is the standard deviation of the perturbation [Gammaitoni et al., 1998].
The dependence of σ on α is given by the following relation:

σ2 = α2

∫

I

(ξ− < ξ >)2p(ξ)dξ, (6.2)

where I is the interval to which ξ is restricted and < ξ > is its mean value. For
random perturbations, p(ξ) is the probability density. Instead, for chaotic pertur-
bations, p(ξ) is the density of the measure, a quantity that allows to evaluate the
amount of time that a dynamical system spends in a region of the phase space.
This quantity can be easily computed in some simple cases, as we show in the next
section.

6.3. Generating similar chaos and noise

6.3.1. The invariant measure

A chaotic attractor might be described by an infinite number of points. However,
this description does not say too much about the amount of time that a typical
trajectory spends in each part of the attractor. This description is given by the
invariant measure, that was mentioned in Chapter 3 and whose main properties will
be sketched now. Our discussion on this concept is inspired in the discussion made
in [Alligood et al., 1996].

Consider the following two conditions for certain scalar function in R
m:

a) It is nonnegative for any closed set.
b) The value assigned to a disjoint union of a finite or countably infinite number

of sets is the sum of the values of the individuals sets.
Any rule assigning a numerical value to sets of points that satisfies these condi-

tions is called a measure. The ordinary measures such as lengths on R
1, areas on

R
2 and volumes on R

3 are called Lebesgue measures. But the measure giving the
statistical description of a dynamical system that we are searching for needs to fulfill
other important properties:

c) The measure of the entire space equals 1.
d) µ(f−1(S)) = µ(S) for any closed set S ∈ R

m and f is an m-dimensional map.
Recall that property d) is written for flows as in Eq. 3.3. We can define the

measure giving the statistical description of a map like xn+1 = f(xn) as follows. We
define the fraction of iterates of the orbit {f i(x0)} lying in a set S as

F (x0, S) = lim
n→∞

|{f i(x0) ∈ S : 1 ≤ i ≤ n}|
n

(6.3)

where | · | denotes cardinality. The measure generated by the map f is then defined
as follows. If we define the set N(r, S) = {x : dist(x, S) ≤ r}, where dist(x, S) is
the distance between the point x and the closed set S, then

µ(S) = lim
r→0

F (x0, N(r, S)). (6.4)
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For maps on the interval we can give the density of the measure as the function p(x)
such that

µ(S) =

∫

S

p(x)dx. (6.5)

Thus, the density of the measure is a chaotic-dynamics analogous to the probability
density of a random signal.

In most cases, the form of p(x) for a given one-dimensional map is not known.
However, now we are going to consider two examples of maps for which the density
of the measure can be calculated explicitly, that will be important in the remaining
of this chapter. Consider first the tent map described in Eq. 2.2, that was explored
in Chapter 2, and that we shall denote xn+1 = T (xn). A first observation, quite easy
to prove, is that for any interval [a, b] ∈ [0, 1] the Lebesgue measure m1([a, b]) = b−a
(that is, the length of the interval) is a good invariant measure (this can be done by
computing T−1(I), with I ∈ [0, 1] an interval of length L, and note that it consists
on two disjoint intervals of lenght L/2, so the total length is preserved). A second
important observation is that this map is topologically equivalent to the logistic map
yn+1 = 4yn(1 − yn) = G(yn) via the conjugacy C(x) = (1 − cos(πx))/2. This is
due to the fact that C(T (x)) = G(C(x)) for all x ∈ [0, 1]. Thus, if {x0, x1, ..., xn, ...}
is an orbit of the tent map {C(x0), C(x1), ..., C(xn), ...} ≡ {y0, y1, ..., yn, ...} is an
orbit of the logistic map. Considering this, the measure of the logistic map µ(S)
will verify that µ(S) = m1(C

−1(S)), so

µ(S) =

∫

C−1(S)

1dx (6.6)

so we can do the change of variables to write it as

µ(S) =

∫

S

p(y)dy (6.7)

and we obtain that p(x) = 1/π
√

x − x2 is the density of the measure of the logistic
map. Thus, we have a couple of chaotic systems whose statistics are perfectly
described by two simple functions, and we can search for random signals imitating
them. We show how they can be found in next subsection.

6.3.2. Chaos and noise with the same statistics

In this section we describe how we have obtained the groups of similar chaotic
and random perturbations that we apply to the system described in the former
section.

If we make a change of variables such that < ξ >= 0, the tent map reads
ξn+1 = 1 − 2|ξn| and it generates a chaotic signal whose density of the measure is
p(ξ) = 1, for ξ ∈ [−0.5, 0.5], see Fig. 6.2. It is easy to see that the same p(ξ) works
for the Bernoulli shift map, ξn+1 = 2ξn +0.5 if ξ ∈ [−0.5, 0) and ξn+1 = 2ξn −0.5 for
ξ ∈ [0, 0.5]. An easy way to obtain a random perturbation with the same one-time
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Figure 6.2. Probability distributions and density of the measure for some perturbations,
computed numerically. Density of the measure of the tent map, showing a uniform proba-
bility distribution in [−0.5, 0.5] (−); Probability density of the logistic noise perturbation,
following the same statistics as the trajectories of the logistic map (·−); Probability dis-
tribution of the chaotic Gaussian perturbation, with an analogous appearance as that of
a Gaussian noise (−−).

statistical properties is to generate numbers in the [−0.5, 0.5] interval with a uniform
probability distribution. Then we have a first group of similar chaotic and random
perturbations, that we call tent perturbations.

We do also generate a chaotic perturbation for our system by using the logistic
map, that after a simple change of variables can be written as ξn+1 = 0.5 − 4ξ2

n,
as well as the piecewise continuous modified logistic map: ξn+1 = 0.5 − 4ξ2

n for
ξ ∈ [−0.5, 0) and ξn+1 = 4ξ2

n − 0.5 for ξ ∈ [0, 0.5]. Although for other values of
the parameter these two maps also present chaotic dynamics, we have seen that for
this one the explicit form of the density of the measure is well known, and for this
set of coordinates it reads p(ξ) = 1/(π

√

(0.5 − ξ)(0.5 + ξ)). The main advantage
of knowing the explicit form of p(ξ) is that there is a variety of algorithms that
allow to obtain random signals with certain probability distribution [Press et al.,
1988]. However, here we have used the topological equivalence existing between
the tent and the logistic map and also between the Bernoulli shift map and the
modified logistic map in order to obtain the desired random perturbation imitating
the statistics of the logistic map. We have seen that trajectories of the tent map are
related one-to-one with those of the logistic map, and the conjugacy relation is given
by the mapping C(x) = sin (πx)/2 in this coordinates. So, as we said previously, if
we have a sufficiently large number of trajectories of the tent map which pass with
the same probability through every point in the [−0.5, 0.5] interval, they correspond
one-to-one to trajectories of the logistic map passing through every point of the
same interval and following the density of the measure of the logistic map. Then,
for a given set of points ηi generated randomly and with uniform probability in
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the [−0.5, 0.5] interval, the points ξi ≡ C(ηi) have a probability distribution equal
to the density of the measure of the logistic map, as shown in Fig. 6.2. Thus, we
have a couple of chaotic perturbations, the logistic map and the modified logistic
map, and a novel noisy perturbation that imitates it, the logistic noise. These three
perturbations form the logistic perturbations group.

We can also generate a signal of chaotic origin that mimics the probabil-
ity distribution of the Gaussian white noise. It is well known that if we gen-
erate two random numbers ξ1 and ξ2, uniformly distributed in [0, 1], then the
numbers ξ = σ

√
−2 log ξ1 cos (2πξ2) follow a Gaussian probability distribution

with zero mean and standard deviation σ [Press et al., 1988]. Thus, it is
easy to see that if ξ1

n and ξ2
n are iterations of the tent map as defined above,

whose values are uniformly distributed in the [−0.5, 0.5] interval, the numbers
ξn =

√

−2 log (ξ1
n + 0.5) cos (2π(ξ2

n + 0.5)) also follow a Gaussian distribution, as
we can see in Fig. 6.2. This is our new chaotic Gaussian perturbation. We refer to
these two perturbations as the Gaussian perturbations.

Figure 6.2 show clearly how different are statistically the three groups of per-
turbations. Thus, we consider more natural to evaluate the effect of each group of
perturbations separately. We must stress, however, that the random signals that we
generate are always white, so the time correlations of the chaotic and random per-
turbations of each group are very different. However, we will show that in some cases
the similarities between the signals of each group are enough to make them induce
nearly indistinguishable resonant effects. The results are shown in next section.

6.4. The effect of the perturbations

Once that we have described how to generate our groups of similar chaotic and
random perturbations, we analyze how each of them acts in our system. As we
mentioned earlier, these perturbations induce jumps between positive and negative
values of xn, and we want to evaluate the coordination between the forcing and the
jumps as a function of D for each one of them. To do so, we use integration of
the Residence Time Distribution Function (RTDF) [Gammaitoni et al., 1995; Gade
et al., 1997; Sinha, 1999] as described later, because it matches better with the
intuitive picture of the resonances that we try to draw here. If we denote by ti
the times in which those jumps take place, the normalized distribution N(T ) of the
quantities T (i) = ti − ti−1 is called RTDF. This distribution is known to show peaks
centered at Tk = (k − 1

2
)T0. In analogy with Refs. [Gammaitoni et al., 1995; Gade

et al., 1997] we define the areas under the different peaks as

Pk =

Tk+T0/4
∑

Tk−T0/4

N(T ). (6.8)

Thus, the k = 1 value, P1, as a function of the perturbation intensity D gives us
a numerical quantifier of the coordination between the jumps and the forcing. The
resonances can be identified by a maximum of P1, and thus of the coordination, for
certain values of D.
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Figure 6.3. The area of the peak P1 as a function of the perturbation intensity D for
different perturbations: (a) Tent chaos (−−), chaos from the Bernoulli shift map (−·)
and random numbers uniformly distributed in [−0.5, 0.5] (−);(b) Logistic chaos (−−),
chaos from the modified logistic map (−·) and logistic noise (−). (c) Chaotic Gaussian
perturbation (−) and Gaussian white noise (−−). For all the perturbations there is a
resonance, and in some cases the curves obtained for chaotic and random perturbations
are very similar.

The results of the calculations performed for the groups of perturbations de-
scribed above are depicted in Fig. 6.3. We start by making some comments on Fig.
6.3 (a), where the results for the tent perturbations are shown. Notice that there is
a clear non-monotonicity of the resulting curve for each of the three perturbations
of this group, so there is a resonance independently of the random or chaotic nature
of the perturbations. The maxima occur for approximately the same values of D,
although the shapes of the curves obtained for each perturbation are quite different.
However, the maximum of the curve obtained for the Bernoulli map case is higher
than when using uniformly distributed random numbers. This example suggests
that there are situations where the coordination between the jumps and the forcing
in presence of chaos can be better than in presence of noise.

In the case of the logistic perturbations, Fig 6.3 (b), and in the case of the
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Gaussian perturbations, Fig 6.3(c), there is also a resonance no matter whether
the perturbation involved is chaotic or random. Furthermore Figs. 6.3(b) and
6.3(c) do also show that the curve obtained for logistic chaos is very similar to the
one obtained for logistic noise, and similarly the curve generated by the chaotic
Gaussian perturbation is very similar to the one obtained for Gaussian white noise.
Thus, the responses of our system to the external perturbation in the chaotic and
in the random case are nearly identical. In our opinion, this result reinforces the
established idea of chaos as a plausible source of resonances in dynamical systems,
as long as these examples show that chaotic perturbations can generate resonant
responses very similar to those generated by noise.

As a final remark, we must say that it would have been possible to change the
time scale of the chaotic perturbations by taking more than one iteration of the
maps described in Section 6.3. This would have given us “faster” chaotic perturba-
tions with the same one-time distribution function that the one obtained by taking
just one iteration of the map (due to the invariance of the measure [Alligood et al.,
1996]). We expect that the similarities between the resonant effect induced by these
faster chaotic perturbations and their random counterpart would be even clearer.
Analogously, it would have also been possible to consider the effect of colored ran-
dom signals, as long as it is well known that the resonances are sensitive the time
correlation of the perturbation [Gammaitoni et al., 1989]. However, Fig. 6.3 shows
that we do not need to tune neither the time scale of the chaotic perturbation nor
the time correlations of the random perturbations in order to obtain nearly the same
resonant effects. Thus, we have opted to restrict ourselves to the simpler case.

6.5. Control of chaotic resonance

In last section we have given evidences showing that chaos and noise can give
rise to very similar resonant responses. In this section we are going to illustrate one
of the main implications of having CR instead of SR in a dynamical system. We are
going to show that the presence of chaos as the perturbation leading to a resonant
behavior can have important consequences from a control point of view.

The good performance of a dynamical system displaying resonances usually lies
on the degree of coordination between the periodic input and the evolution of one
of the significant variables of the system, specially on how correlated are certain
threshold crossings of that variable with the periodic forcing. In the simple case
that we are considering here, such threshold is x = 0 (and each threshold crossing
is called a jump). Thus, some schemes have been designed to control SR (some
references can be found in [Borromeo and Marchesoni, 2005]). Here we want to
point out that, if the perturbation involved in the resonance is chaotic, new control
possibilities arise. These possibilities are based in the well-known adaptability of
chaotic systems, whose trajectories can be easily led to periodic motions by using
just small perturbations using the OGY control scheme [Ott et al., 1990] that was
described in Chapter 3.

Now we briefly describe how the OGY method is applied to stabilize periodic
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orbits in one-dimensional maps. Consider a map xn+1 = f(xn, λ), where λ is an
accessible parameter, for which there is a period-T orbit in the attractor satisfying
x∗ = fT (x∗, λ) ≡ F (x∗, λ). The aim is to stabilize the orbit in the period-T orbit
containing x∗ by applying a small perturbation to the parameter λ → λ + ∆λ each
iteration. To do it, we have to wait until the orbit falls sufficiently close to x∗, say
in x∗ +∆x∗ with ∆x∗ << 1. We apply thus a perturbation to the parameter λ such
that F (x∗ + ∆x∗, λ + ∆λ) is closest to x∗ than x∗ + ∆x∗, that is

F (x∗ + ∆x∗, λ + ∆λ) ≈ x∗. (6.9)

If we linearize the above equation we have that next iteration the distance can be
reduced if

F (x∗, λ) + ∂F/∂x|(x∗ ,λ)∆x∗ + ∂F/∂λ|(x∗ ,λ)∆λ ≈ x∗ (6.10)

so we just need the parametric perturbation to be

∆λ = −∂F/∂x|(x∗ ,λ)

∂F/∂λ|(x∗ ,λ)

∆x∗. (6.11)

This way, trajectories settle to the desired period-T orbit. Note that no matter how
small ∆λ is, we just need to wait until the trajectory passes close enough to x∗, that
is, we just need ∆x∗ to be sufficiently small.

Considering this, in systems displaying CR we can take advantage of our ability
to stabilize the source of the perturbation that induces the resonance in different
periodic orbits. This idea can be illustrated by considering our example when ξn is
a chaotic signal from the logistic map. If we have a perturbation intensity D ≈ 0.29
close to the optimal one (see Fig. 6.3 (b)) the jumps of xn between positive and
negative values are quite coherent with the periodic input, as shown in the sample of
Fig. 6.4 (a). Instead, if the perturbation intensity takes a value far from the optimal
one, for example D = 1.5, then jumps take place much more often and the coherence
is worse, as shown in Fig. 6.4 (b). However, in that situation we can improve the
input-output coordination without varying α, the parameter that modulates the
perturbation intensity, just by stabilizing the dynamical system ξn+1 = f(ξn) in one
of the period-T0 orbits that lie in the chaotic attractor, using the method described
above. This leads to a nearly perfect coordination between the jumps of xn and the
periodic forcing, as seen in Fig. 6.4 (c).

It is also easy to see that, if we were interested on destroying the coordination
between the jumps of the xn and the input, we could just stabilize now the system
ξn+1 = f(ξn) in one of the period-1 orbits that lie in the attractor. For example, in
Fig. 6.4 d) we are considering again the system perturbed with logistic chaos with
the same α as in the D ≈ 0.29 case, but now the logistic chaos has been stabilized
in a period-one orbit so xn takes always negative values. Thus, instead of observing
the nice coordination between the jumps and the forcing that was observed in the
uncontrolled case (Fig 6.4 a)), we are able to tame those jumps. But all this would
not be possible if ξn is purely random.
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Figure 6.4. Three time series of the bistable system perturbed with different signals
generated with the logistic map, plotted with the periodic forcing (−−), amplified in order
to evaluate their coordination. (a) Time series of the system perturbed with iterations of
logistic chaos for the optimal intensity, D ≈ 0.29, showing a good coordination between
the jumps of xn and the forcing. (b) Time series for the system perturbed with logistic
chaos again with D = 1.5, so the coordination is sensibly worse. (c) Time series for the
system perturbed with logistic chaos stabilized in a period T0 orbit with the same α that
in the former case, so input-output coherence is greatly improved. (d) Time series for the
system perturbed with logistic chaos with the same α as in the D ≈ 0.29 case. However,
here we have stabilized chaos in a period-one orbit, so instead of the jumps coordinated
with the forcing that could be observed in absence of control here there are no jumps at
all.

Finally, we must point out that the application of the control scheme of the
resonances will greatly depend on the type of dynamical system where the resonance
is observed. More precisely, it will strongly depend on the coupling with the chaotic
subsystem generating the chaotic perturbations and the structure of its chaotic
attractor. However, we consider that the fact that chaos can be easily redirected
to a large variety of dynamical behaviors with small perturbations can always be
used to tame or enhance the resonances in these kind of systems. We must finally
point out that the results shown in this section could have also been reproduced by
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making use of any of the chaotic perturbations considered in this work instead of a
chaotic signal from the logistic map.

6.6. Conclusions

In conclusion, in this work we have given further evidence showing that chaos
plays a role analogous to noise in inducing a resonant behavior in a simple system.
Most importantly, by using similar chaotic and random perturbations we have given
strong evidences reinforcing the idea according to which, in some cases, it is very
difficult to distinguish whether a resonant behavior is due to the effect of noise or to a
chaotic perturbation. This is especially interesting, because it may imply that in real
systems where noise is supposed to play a major role in the enhancement of periodic
signals perhaps a chaotic signal is the main cause of this enhancement. Resonance-
like behavior are thought to be connected with certain cooperative phenomena in
neurons, like epilepsy, and some authors [Sinha, 1999] have speculated that there
might be a link between the evidence of chaotic activity in neural processes [Pei and
Moss, 1996] and the occurrence of resonances in some simple dynamical systems
in absence of random perturbations. Our work contributes then to make the link
between chaotic dynamics and resonances more plausible. On the other hand, we
have also illustrated that, if the perturbation is chaotic, a suitable chaos control
scheme can enhance or tame drastically the input-output coherence. This can also
be of great importance in the context mentioned above.



Chapter 7

Horseshoes and

generalizations: Infinite

horseshoes

In this chapter we study a type of dynamical system that has played a key role in
the development of Nonlinear Dynamics: horseshoe maps. These maps were used by
Smale to explain why the dynamics of a system becomes extremely complex when the
stable and unstable manifolds of a saddle point intersect, as Poincaré predicted. In
Section 7.1 we present the basic features of these maps. The dynamics of the Smale
horseshoe map is analyzed in detail in Section 7.2, and generalizations of this map
are discussed in Section 7.3. All this information will be of great help both in next
chapter, where we describe an optimal way to control dynamical systems that are
similar to these maps, and in the remaining sections of this one, where we present a
new type of horseshoe that we have discovered: the infinite horseshoes. The infinite
adjective is due to the fact that these maps stretch and fold regions in the phase
space an infinite number of times in just one iteration. The necessary conditions
that a map needs to fulfill to present this particular geometrical action are given in
Section 7.5. We describe two examples of maps arising in simple physical systems for
which infinite horseshoes are observed in Section 7.6, and their geometrical action
is shown in Section 7.7. In Section 7.8 the dynamical consequences of the existence
of these horseshoes in phase space are given. Finally, in Section 7.9 we make some
concluding remarks.

7.1. Two-dimensional maps. The Smale horseshoe

Throughout this chapter we are going to consider two-dimensional maps of the
form

pn+1 = g(pn), (7.1)

where p ∈ R
2 and g is a one-to-one relation. These maps have been thoroughly used

in the understanding of chaotic dynamics for many reasons. An important reason is
that Poincaré maps for three-dimensional flows, like those described in Sec. 3.1.2,
can be written as two-dimensional maps. In this section we are going to describe
the appearance of chaos in these two-dimensional maps. More specifically, we are
going to study a kind of maps for which there is a set where the dynamics is chaotic:
horseshoe maps [Smale, 1967]. Before describing this map, we are going to explain
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Figure 7.1. Sketch of the geometrical action of a map g close to a saddle point p∗ with
a homoclinic intersection.

the context where this map arises naturally.
To do this we need some basic notions on two-dimensional maps. Analogously to

what we have said about one-dimensional maps, a fixed point of a map of the form
given by Eq. 7.1 satisfies that g(p∗) = p∗. The stability of p∗ (whether it attracts
or not any sufficiently small set of points around it) is given by the eigenvalues λ1

and λ2 of the jacobian matrix Dg|p∗ . If |λ1| < 1 and |λ2| < 1 the point p∗ is a sink,
if |λ1| > 1 and |λ2| > 1 the point p∗ is a source and if |λ1| > 1 and |λ2| < 1 it is a
saddle.

For saddle points, there is a expanding direction, given by the eigenvector v1 as-
sociated with λ1, and a contracting direction, given by the eigenvector v2 associated
with λ2. Thus, at least locally, it is clear that points p sufficiently close to p∗ in the
direction of v2 will go to p∗ under iterations g, and points sufficiently close to p∗ in
the direction of v1 will approach p∗ under iterations of g−1. Generalizing this no-
tion, for a saddle point p∗ we define the stable manifold W s(p∗) as the set of points
verifying W s(p∗) ≡ {p ∈ R

2 : lim
k→∞

||p∗ − gk(p)|| = 0} and the unstable manifold

W u(p∗) as the set of points satisfying W s(p∗) ≡ {p ∈ R
2 : lim

k→−∞
||p∗−gk(p)|| = 0}.

The stable manifold theorem [Alligood et al., 1996] shows that these sets of points
are both one-dimensional manifolds (curves) if g is a diffeomorphism, as we assume
from now.

The key idea that Poincaré noticed is that when the stable and the unstable
manifold intersect transversally, i.e., when there is a homoclinic intersection, strange
motions occur. Smale explained this by considering a simplified map that partially
reproduces the action of a map when this kind of intersection occur. To illustrate the
geometrical action of a map g when there is one of such intersections, consider the
scheme shown in Fig. 7.1. Choose a square Q around the saddle point p∗. By using
continuity arguments it is easy to see that after a number k of forward iterations of
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Figure 7.2. The Smale horseshoe map f . Here, A′ = f(A), B′ = f(B), C ′ = f(C),D′ =
f(D) and f(V1) = H1, and f(V2) = H2. The geometrical action of the map f on the square
S reminds of the action of a map g with a homoclinic intersection.

the map, and by accurately choosing Q, gk(Q) expands along W u(p∗) as shown in
Fig. 7.1. Analogously, using the same kind of arguments we can see that, after an
adequate number l of backward iterations, g−l(Q) partially covers W s(p∗) as shown
in Fig. 7.1.

Thus, Fig. 7.1 shows that the topological square g−l(Q) is stretched, folded
and placed across itself by applying k + l iterations of g. If we define S ≡ g−l(Q)
and f ≡ gk+l, the action of the map f on S is essentially equal to the action of the
horseshoe map xn+1 = f(xn), that is shown in Fig. 7.2. This beautiful simplification,
due to Smale, will help us to understand why chaos appears in this situation.

7.2. Chaos for the Smale horseshoe map

We are going to study in some detail the dynamics of the map f shown in Fig.
7.2 when acting on a side-one square S. Our discussion is inspired in [Alligood et al.,
1996; Wiggins, 1990].

Note that f maps two vertical rectangles V1 and V2 into two horizontal rectangles
H1 and H2. The map f (f−1) does linear expansion along the x (y) direction with a
factor 3 and vertical contraction along the y (x) direction with a factor 1/3. Other
type of linear expansions and contractions would lead to analogous results. We
choose these particular values for the sake of clarity. The geometrical action of
this map implies the following two properties. If we call a horizontal strip to any
rectangle in the square that goes from its left side to its right side, like the strip H
in Fig. 7.3, and if we call a vertical strip to any rectangle in the square that goes
from the upper to the lower side of the square, like the strip V shown in Fig. 7.3,
then:
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f

f−1
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V

f(H) ∩ H1

f(H) ∩ H2

f−1(V ) ∩ V1 f−1(V ) ∩ V2

Figure 7.3. The action of the Smale horseshoe map f and its inverse f−1 on a horizontal
strip H and on a vertical strip V , respectively.

a) For any horizontal strip H of width d in S, f(H)∩S consists on two horizontal
strips of width d/3, one lying in H1 and the other lying in H2, as shown in Fig. 7.3.

b) Analogously, for any vertical strip V of width d, f−1(V ) ∩ S consist on two
vertical strips of width d/3, one lying in V1 and the other lying in V2, as shown in
Fig. 7.3.

We assume that the points that fall out of the square S under forward or back-
ward iterations of f do not come back to S under iterations of f . Thus, once a
trajectory is mapped out of S it does not come back. The set of points Λ that do
never escape from S under forward or backward iterates of f can be written as:

Λ = ... ∩ f−n(S) ∩ ... ∩ f−1(S) ∩ S ∩ f(S) ∩ ... ∩ fn(S) ∩ ... (7.2)

or
Λ = ∩∞

n=−∞fn(S). (7.3)

We are going to show now that the dynamics in this set is chaotic. The way
to prove this is reminiscent to what we made in Chapter 2 to prove that there was
chaos for the one-dimensional tent map: using symbolic dynamics. The key idea is
that there is a way to assign a bi-infinite chain of symbols to all x ∈ Λ, that allows
to characterize its dynamics completely.

Note that a point in Λ does necessarily lie either in H1 or in H2. Thus, a way to
assign a bi-infinite chain of symbols ..s−3s−2s−1s0.s1s2... to a point x ∈ Λ could be
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the following:
1. If f i(x) ∈ H1, set si = 1.
2. If f i(x) ∈ H2, set si = 2.
Now, consider the shift operation σ that acts on a bi-infinite chain of symbols

as follows:
σ(...s−3s−2s−1s0.s1s2s3...) = ...s−3s−2s−1s0s1.s2s3... (7.4)

From the definition given above it is clear that if a chain ..s−3s−2s−1s0.s1s2s3... works
for x ∈ Λ, then the chain ..s−3s−2s−1s0s1.s2s3... corresponds to f(x), and the chain
..s−3s−2s−1.s0s1s2s3... corresponds to f−1(x). Thus, the action of f (f−1) on a point
x ∈ Λ is equivalent to a shift to the right (left) of the point “.” of its corresponding
bi-infinite chain of symbols.

The dynamics of all the points in Λ can be characterized by this shift operation
only if there is a bijection between each point in Λ and a bi-infinite chain of symbols.
We are going to show now that such bijection exists. To do it, first note that the
points in the strip Vi, of width 1/3, will lie in Hi after one iteration, i ∈ {1, 2}. The
points on Vji ≡ f−1(Vi) ∩ Vj, that by b) is a vertical strip of width 1/32, lie on Hj

after one iteration and on Hi after two iterations of f , i, j ∈ {1, 2}. Analogously,
the points on Vkji ≡ f−1(Vji) ∩ Vk = f−2(Vi) ∩ f−1(Vj) ∩ Vk, a vertical strip of width
1/33 by b), lie on Hk after one iteration, on Hj after two iterations and on Hi after
three iterations of f , i, j, k ∈ {1, 2}. It is then easy to prove inductively that the set:

Vs1s2...sk
≡ f−k+1(Vsk

) ∩ .... ∩ f−1(Vs2
) ∩ Vs1

(7.5)

is a vertical strip of width 1/3k for which f i(Vs1s2,...sk
) ∈ Hsi

for 1 ≤ i ≤ k and
si ∈ {1, 2}. There are 2k of such strips corresponding to all the possible combinations
of sj with 1 ≤ j ≤ k and sj ∈ {1, 2}, as long as f is one-to-one so overlapping of
the images of disjoint sets is not possible. In the limit as k → +∞ we have that
Vs1s2,...sn,... is a zero-width strip (a segment) whose points do not escape from S
under forward iterations of f . There is, of course, an infinite number of such vertical
segments. We must point out that the area occupied by these vertical segments,
their measure, is zero, as long as the total area of the 2k strips, each of them of
area 1/3k, obtained using Eq. 7.5 ((2/3)k) goes to zero as k → ∞. Thus, nearly all
points in S (except a zero measure set of vertical segments) escape from S under
forward iterations of f .

On the other hand, Hji ≡ f(Hi) ∩ Hj is a horizontal strip (by a)) whose points
fall in Hi after one iteration of f−1, i, j ∈ {1, 2}. Analogously, the points in the
horizontal strip f(Hji)∩Hk ≡ Hkji = f2(Hi)∩ f(Hj)∩Hk of width 1/33 (by a)) are
in Hk, fall in Hj under one iteration of f−1 and lie in in Hi after two iterations of
f−1 with i, j, k ∈ {1, 2}. It is easy then to prove that

Hs0s−1s−2...s−k+1
≡ fk−1(Hs−k+1

) ∩ ... ∩ f(Hs−1
) ∩ Hs0

(7.6)

is a horizontal strip of width 1/3k verifying that f−i(Hs0s−1s−2...s−k+1
) ∈ Hs−i

for
0 ≤ i ≤ k − 1. As in the former case there are 2k of such possible horizontal strips,
corresponding to all possible combinations of s−i ∈ {1, 2} for 0 ≤ i ≤ k − 1. In the
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limit as k → ∞, Hs0s−1s−2...s−k+1
corresponds to a horizontal segment whose points

do not escape from S under backward iterates of f . Using similar arguments to
those used before, we see that the infinite number of segments obtained this way is
also a zero-measure set.

Considering this,

Vs1s2...sn... ∩ Hs0s−1s−2...s−n... (7.7)

is an intersection of a vertical segment and a horizontal segment in S, so it is a point
that never escapes from S neither under forward nor under backward iterations of
f , that is, it corresponds to a point on Λ. It is a simple exercise to show that all the
points in Λ can be written this way. Thus, we have found that there is a bijection
between the points in Λ and the bi-infinite chains of symbols. Thus, the dynamics
under f of any point in Λ can be described by a shift of its corresponding chain of
symbols.

Let’s analyze briefly the consequences of this fact. First, orbits of all the periods
exist: period-1 orbits given by the chains ..111.111... and ..222.222..., a period-2 orbit
of the form ...1212.1212..., and so on. Infinitely many aperiodic orbits also exist,
corresponding with bi-infinite chains of symbols that do not follow any pattern.

We have also sensitive dependence on initial conditions for orbits in Λ. Note
that the distance between two points in Λ depends on the number of elements to
the right and to the left of the point “.” of their symbol sequences that are identical.
Consider two points p,p′ ∈ Λ whose symbol sequences p ↔ ..s−1s0.s1s2... and
p′ ↔ ..s′−1s

′
0.s

′
1s

′
2... satisfy that s′i = si for −k + 1 ≤ i ≤ k but s′k+1 6= sk+1. This

imply that these points lie in the intersection of the same k−symbol vertical strip
and k-symbol horizontal strip, with equations of the form 7.5 and 7.6 respectively, so
the distance between them is O(1/3k). However, after k + 1 iterations, the symbols
sequences say that fk+1(p) and fk+1(p′) lie each in a different horizontal strip, so
one lies in H1 and the other in H2, at least O(1/3) apart. Thus, there has been
approximately an exponential divergence of the initial distance between these points
under iterations of the map (the bigger k, the closer to exponential).

Summarizing we have proved, using symbolic dynamics, that there is an infinite
number of periodic orbits in Λ, an infinite number of nonperiodic orbits and there
is also sensitive dependence on the initial conditions for trajectories in Λ. Thus, as
for one-dimensional maps discussed in Chapter 2, we can say that the dynamics on
the set Λ is chaotic.

As a final remark, we must say that although the dynamics in the set Λ is
complex, it is not a chaotic attractor as those described in Chapter 3, as long as we
have seen that nearly all the trajectories, except a zero measure set, escape from S
(and thus go far away from Λ) under iterations. Thus, a trajectory starting close to
Λ, for continuity, will wander around in a chaotic-like manner before escaping from
S. This kind of short-time chaotic behavior is known as transient chaos [Kantz and
Grassberger, 1985], and nonattractive chaotic sets as Λ are referred to as chaotic
saddles.
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7.3. Generalizations of the Smale horseshoe map

We sketch now some generalizations of the above results. Probably at this point
it is quite intuitive for the reader that a map like the one shown in Fig. 7.4, a
“standard” horseshoe map, does also have a set where the dynamics is chaotic.
The general conditions allowing chaos in two-dimensional maps are the Conley-
Moser conditions [Moser, 1973], that are given in most textbooks [Robinson, 1999;
Wiggins, 1990; Guckenheimer and Holmes, 1983] and that we summarize now.

We consider maps f : S → R
2, where S is a 2a side square given by [−a, a] ×

[−a, a]. We need some previous definitions in order to describe the action of f on
the S square in a precise way.

A vertical curve Cv is a set of points in S that satisfies Cv ≡ {(v(y), y), |v(y1)−
v(y2)| ≤ µ|y1 − y2|, −a ≤ y1 < y2 ≤ a} for some 0 < µ < 1. Analogously, a
horizontal curve Ch is a set of points in S that satisfies Ch ≡ {(x, h(x)), |h(x1) −
h(x2)| ≤ µ|x1 − x2|, −a ≤ x1 < x2 ≤ a}. The set of points in S between two
nonintersecting vertical curves is a vertical strip, and the set of points in S between
two nonintersecting horizontal curves is a horizontal strip.

The width of a horizontal strip H and of a vertical strip V are given by:

w(H) = max
x∈[−a,a]

|h1(x) − h2(x)|, w(V ) = max
y∈[−a,a]

|v1(y) − v2(y)|.

Now we can specify in a rigorous way the conditions that f needs to fulfill to
present chaos:

H1. Consider the set of symbols ℵ = {1, 2, ..., N}. Then f(S) ∩ S = ∪i∈ℵHi

and f−1(S) ∩ S = ∪i∈ℵVi, where Hi, Vi for i ∈ ℵ are disjoint horizontal and vertical
strips respectively and f(Vi) = Hi, i ∈ ℵ, homeomorphically.

H2. The map f contracts horizontal strips and f−1 contract vertical strips uni-
formly. Given a horizontal strip H ′

i ⊂ Hi, then f(H ′
i) ∩ Hj is a horizontal strip

satisfying:

w(f(H ′
i) ∩ Hj) ≤ ν

w(H ′
i)

w(Hi)
w(Hj) for ν ∈ (0, 1).

For any vertical strip V ′
i ⊂ Vi, f−1(V ′

i ) ∩ Vj is also a vertical strip satisfying

w(f−1(V ′
i ) ∩ Vj) ≤ ν

w(V ′
i )

w(Vi)
w(Vj) for ν ∈ (0, 1).

From these two hypotheses, the existence of a zero measure set Λ where the
dynamics is equivalent to a shift on a bi-infinite chain of N symbols can be inferred.
The rule to assign to each point p ∈ Λ a bi-infinite sequence of symbols is analogous
to what we saw for the Smale horseshoe map: we assign to the point p the chain of
symbols ...s−2s−1s0.s1s2... if f i(x) ∈ Hsi

, for si ∈ ℵ, in such a way that the dynamics
of the point under f is equivalent to a shift of the point “.” in its corresponding
chain of symbols. Hypotheses H2 assures that sets of points defined as in Eq. 7.5,
but now with si ∈ ℵ, are vertical strips. Analogously, the set of points defined by
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Figure 7.4. A “standard” horseshoe map. This two-dimensional map f basically
stretches and folds the square S before placing it across itself, in such a way that f(S)∩S
consists on two strips. This kind of geometrical action on the phase space is thought to
be behind different complex behaviors in dynamical systems. We call f a “2-horseshoe”
map because for each curve γ running from the left to the right of S, f(γ) ∩ S similarly
crosses S at least twice.
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f(B)
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f(D)
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CD

Figure 7.5. A horseshoe map such that f(S) ∩ S consists on four disjoint horizontal
strips. The dynamics in the invariant set of this horseshoe is equivalent to a shift on a
bi-infinite chain of four symbols.

Eq. 7.6 are horizontal strips. In the limit as k → ∞, by H2, the width of these
sets goes to zero, so they become vertical and horizontal curves respectively. The
intersection of those curves are points that behave under forward and backward
iterates of f according to what the bi-infinite chain of symbols that determines their
position indicates. All the points obtained this way are the invariant set Λ, and the
dynamics in this set is chaotic. As an example, the invariant set of the map shown
in Fig. 7.5 is equivalent to a shift on a bi-infinite chain of symbols si ∈ {1, 2, 3, 4}.

Up to know we have just considered diffeomorphisms, that is, maps that are
continuous and one-to-one. However, we want to point out that the conditions for
the existence of “chaotic” dynamics have been recently relaxed in [Kennedy et al.,
2001]. It has been proved that the one-to-one condition is not a necessary one
in order to have bounded aperiodic orbits with sensitive dependence on the initial
conditions (the existence of periodic orbits, however, has not been stated). We just
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f(γ)γ
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Figure 7.6. For this map, that clearly is not one-to-one, any curve γ going from left to
right is mapped into two curves going from left to right (together with some other points).
Standard horseshoe maps do also have this property.

sketch how can this be done by using an example. Consider the map shown in Fig.
7.6. It is clearly not one-to-one (so backward iterates have no sense) but we assume
that it is continuous. The key feature shared by this map and the regular horseshoe
map is that any horizontal curve going from the left side to the right side of S is
mapped on at least two horizontal curves. This is so because there are two sets, the
set S1 (a “vertical” strip) and S2 (two “vertical” strips) such that: any horizontal
curve γ intersects both of them and f(γ ∩ Sj) is a horizontal curve for j ∈ {1, 2}.
Considering this, for example for any horizontal curve γ there is a piece of it P1 ⊂ γ
such that f(P1) is a horizontal curve, so it crosses S1 and S2. Thus, there is a set
P12 ⊂ P1 such that f(P12) ⊂ S2 and f2(P12) is a horizontal curve. But this implies
also that, for example, there is a set P121 ⊂ P12 such that f2(P121) ⊂ S1 and such
that f3(P121) is a horizontal curve. Usin this type of procedure, we can find a set
Ps1s2...sk

⊂ γ and such that f i(Ps1s2...sk
) ∈ Ssi+1

with si ∈ {1, 2} and 1 ≤ i ≤ k.
In the limit as k → ∞ we have points that follow any itinerary specified by any
infinite chain of symbols s1s2...sn..., si ∈ {1, 2}. The existence of totally aperiodic
orbits follows easily, together with the sensitive dependence on the initial conditions
(points on the same curve associated to chains with different symbols from a certain
position k will necessarily diverge under iterations). These arguments are extended
in [Kennedy et al., 2001; Kennedy and Yorke, 2001].

7.4. Horseshoes in physics. Infinite horseshoes

Up to know, we have seen that horseshoe maps present a wide variety of dy-
namical behaviors. For this reason, this kind of map has been frequently used
to understand many different phenomena that are typical in Nonlinear Dynamics,
from chaos itself to transient chaos [Kantz and Grassberger, 1985], boundary crises
[Grebogi et al., 1983] and fractal basin boundaries [McDonald et al., 1985].

We have seen that horseshoe maps arise when the stable and unstable manifolds
of a saddle point intersect transversally. Thus, it is not surprising to see that horse-
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shoes have been found in a wide variety of physical systems such as a bouncing ball
in an oscillating table [Guckenheimer and Holmes, 1983], a driven laser [Schwartz,
1988], a nonlinear oscillator [Moon and li, 1985], an atom-field interaction [Nath
and Ray, 1987], a bistable optical system [Taki, 1997], a Josephson junction [Bar-
tuccelli et al., 1986] and in fluid advection [Sanjuán et al., 1997]. The presence of a
horseshoe can be found explicitly or inferred by determining if the invariant man-
ifolds intersect. Such intersections can also be deduced by means of the Melnikov
method [Melnikov, 1963], which gives an analytical criterion for the existence of
those intersections in a dynamical system.

As we have seen, the action of a standard horseshoe map on a square S can be
understood by looking at Fig. 7.4. The map stretches and folds the square and
places it across itself. Notice that in Fig. 7.4 if f(S) crosses twice S, f2(S) would
cross it 22 times and fn(S) would cross it 2n times. We have seen that this kind
of geometrical action leads to the existence of an invariant set where the dynamics
is chaotic. We have also seen that the conditions in the way that f(S) needs to
cross S to have complex dynamics have been relaxed by Kennedy et al. [Kennedy
et al., 2001]. However, it is often assumed that f is continuous and defined on all
of S. This implies that f is uniformly continuous. Furthermore, uniform continuity
implies that f(S) crosses S a finite number of times.

However, we were surprised to discover that for certain two-dimensional maps f

arising naturally in two scattering problems, f(S) crosses S an infinite number of
times in a horseshoe-like manner. We call these maps the infinite horseshoes and
the aim of the remaining of this chapter is to describe the conditions that allow their
existence, to present examples, and to give the physical implications of the existence
of this kind of geometrical action on the phase space.

7.5. Uniform continuity and foldings

If f is continuous but is defined only on part of S, then it is possible for f(S)
to cross S infinitely many times. A first nonphysical one-dimensional example that
might help to understand how a map can present an infinite number of folds is the
one-dimensional map xn+1 = sin(1/xn). The graph of this map can be observed
in Fig. 7.7. This map stretches and folds the interval I = [−1/2, 1/2] an infinite
number of times across itself, in contrast to what we had with the logistic map
and the tent map studied in Chapter 2. In this case, there is an infinite number of
intervals Ik contained in I such that f(Ik) = I.

We must point out that the map is not defined at x = 0 and thus, although it is
continuous elsewhere, it does not need to be and is not uniformly continuous. Recall
that a function f is uniformly continuous in an interval I ′ if for any two sequences
yk and zk in I ′, |yk − zk| → 0 as k → ∞ implies that |f(yk)− f(zk)| → 0 as k → ∞.
Consider then two sequences of negative numbers yk → 0 and zk → 0 and satisfying
f(yk) = 1/2 and f(zk) = −1/2 respectively. As k → ∞ these sequences become
arbitrarily close, but |f(yk) − f(zk)| = 1 always. Thus, the map is not uniformly
continuous, and thus infinite crossings become possible.
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Figure 7.7. The graph of the one-dimensional map xn+1 = sin(1/xn) stretches and
folds I = [−1/2, 1/2] and infinite number of times, i.e. f(I) crosses I an infinite number
of times. This is related to the fact that the map is not uniformly continuous.

We said before that uniform continuity implies that there must be a finite number
of foldings. This is the same that saying that an infinite number of foldings imply
that there cannot be uniform continuity. The graph shown in Fig. 7.7 evidences why
this is so. Infinite number of foldings implies the accumulation of an infinite number
of intervals Ik around 0 that satisfy f(Ik) = I of arbitrarily small length in which
obviously f must be arbitrarily expansive. This makes that suitable sequences that
contradict the uniform continuity conditions, as those found for xn+1 = sin(1/xn),
can be found when there are infinite foldings.

7.6. Two-dimensional maps for two physical systems

Once we have considered a simple nonphysical example that allow us to under-
stand how infinite foldings arise, now we focus on the geometrical action of the maps
arising in two simple scattering systems. The first map arises from a point moving in
a four-hill potential given by V (x, y) = x2y2exp(−(x2 + y2)) which has been studied
in the investigation of chaotic scattering [Tél and Ott, 1993]. In this system, the key
parameter is the energy E of the particle, which is always smaller than the height
of the hills V (±1,±1) = exp(−2). The second system is an open billiard problem
that consists of two unit-radius hard disks that are separated by a distance d and
with a reflecting hard wall under them, at a distance d/2. Thus, in this system the
key parameter is d. See Fig. 7.8.

For these systems, a map f can be obtained as follows. In the four-hill system,
we observe a particle motion and if it crosses the x axis at least n times, xn denotes
the location of the crossing and θn is the angle from the vertical in (−π/2, π/2). This
angle is positive if the trajectory direction is in the right half plane. See Fig. 8.2
(a). Furthermore, (xn, θn) determines the trajectory and so determines (xn+1, θn+1)
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Figure 7.8. The two systems considered here: a four-hill potential V (x, y) =
x2y2exp(−(x2 + y2)) for values of the energy E smaller than the “height” of the hills
E < exp(−2) (a) and an open billiard consisting on two unit-radius hard disks separated
by a distance d and a reflecting hard wall placed d/2 distance units under them (b).

for the next crossing. Thus we can write

(xn+1, θn+1) = f(xn, θn). (7.8)

If there is no n + 1-st crossing for this trajectory, then f is not defined in (xn, θn).
Analogously, for a trajectory on the two-disk system, for the n-th collision we

write the position xn and the angle of reflection from the vertical θn in (−π/2, π/2),
as shown in Fig. 8.2(b). These two numbers determine the trajectory and thus they
determine the position and the angle of the n + 1-st bounce (xn+1, θn+1), if any.
Thus, we can write an equation of the type Eq. 7.8 that relates two consecutive
collisions. Here again, if there is not an n+1-st collision, the map will not be defined
at (xn, θn).
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Figure 7.9. For each of the systems considered we can define a one-to-one map f as
follows. In the four-hill case we consider the map that relates the position xn and the
angle from the vertical θn of a crossing of a given trajectory with the y = 0 line with the
position xn+1 and angle θn+1 of the next one (if any). Note that θ ∈ (−π/2, π/2) (a). In
the two-disk system the map takes as arguments the position xn and the angle θn of a
reflection against reflecting wall, giving the position xn+1 and angle of reflection θn+1 of
the next one (if any)(b).These maps are clearly not defined everywhere in R×(−π/2, π/2).

7.7. Visualizing the geometrical action of the maps: Infinite
horseshoes

Thus, we have two maps whose phase space is R × (−π/2, π/2). Now we are
interested in visualizing the geometrical action of these maps. To do this, we take a
parallelogram S in R×(−π/2, π/2), and we obtain f(S) by integrating the equations
of motion of each system for points lying in its boundary. We also color grey the
points where f is not defined.

The results of our calculations are shown in Fig. 7.10, for the four-hill case with
E = 0.26exp(−2), in Fig. 7.10 (a) and for the two-disk system with d = 0.8 in Fig.
7.10 (b). First, we can notice that, as expected, in these two figures there are regions
in phase space where the maps are not defined. In particular, for both systems there
is a set of points U where f is not defined that intersects S. Note that U contains
the point (0, 0), that clearly has no image under f for the systems considered (as
long as trajectories starting from y = 0 with these values either escape from the
scattering region between the two upper hills in the four hill case or between the
two disks in the two disk case).

The most interesting part of the geometrical action of the map f is that it
apparently stretches and folds S an infinite number of times across itself. This
becomes evident from the zoom of Fig. 7.10 (b) that can be seen in Fig. 7.10 (c),
where an accumulation of strips can be clearly observed. Furthermore, the mapping
is horseshoe-like: for any curve γ going from the bottom left side to the upper right
side of S, f(γ) ∩ S contains an infinite number of curves going from the bottom left
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Figure 7.10. For a parallelogram S (grey) in phase space we plot f(S) (black). The
points with no image under f are marked in grey except those lying in the bounds of S,
that are marked in black. The central region where f is not defined is called U . This is
shown in (a) for the four-hill system with E = 0.26exp(−2) and in (b) for the two-disk
system with d = 0.8. (c) shows an enlargement of the square in (b) revealing an infinite
number of lines that accumulate close to the reflection of U about θ = 0. The structure
of f(S) shows that the square S is stretched and then folded an infinite number of times.
We call these maps infinite horseshoes.

side of S to the upper right side of S (even though f is not defined in γ ∩ U), as
shown in Fig. 7.11(a) and (b). For the standard horseshoe map, f(γ) ∩ S would
consist of two curves, as shown in Fig. 7.4, and even for other type of horseshoes
studied, like those shown in Figs. 7.5 and 7.6, it would consist in a finite number of
curves. Thus, we can call this new type of horseshoe maps infinite horseshoes.

Again, the fact that f(S) crosses S an infinite number of times does not con-
tradict the finite crossings rule given in Section 7.5 . It is both physically and
mathematically intuitive that given a point (x, θ) in S that has image under f , a
point sufficiently close in the phase space (and thus a sufficiently close trajectory in
the physical system) must have its image under f close to f(x, θ). Thus, continuity
must be preserved where f is defined. However, the stronger condition of uniform



7.8. Symmetries and itineraries 91

−4 −2 0 2 4
−0.5

0

0.5

x

θ/
π

a)

γ

 f(γ)

0.6 0.7 0.8 0.9 1 1.1
0

0.02

0.04

0.06

0.08

x

θ/
π

b)

Figure 7.11. For the infinite horseshoe map, the image of a curve γ in the expanding
direction crosses the square S an infinite number of times. This is shown here for the
two-disk system. The points of f(S) are marked in grey and those of γ are marked in
black. Both the points of f(γ) and the points on γ that have no image under f are marked
in thicker black.

continuity does not need to be fulfilled, because we have seen that there are regions
of the phase space, such as U , where f is not defined. Therefore, f is not necessarily
uniformly continuous on S and infinite crossings become possible.

7.8. Symmetries and itineraries

The symmetries of the systems give us important information about f . We
define the symmetry transformations ρx(x, θ) = (−x, θ) and ρθ(x, θ) = (x,−θ).
First, notice that both systems are symmetric about the y axes, so if a trajectory is
possible its reflection about the y axis is possible too. Mathematically, this implies
that if we set p ≡ (x, θ):

f(p) = −f(−p). (7.9)

We have chosen S so that S = ρxS = ρθS = ρxρθS, so Eq. 7.9 explains the
symmetric appearance of f(S).

On the other hand, for both systems a time-reversed trajectory is a trajectory,
which implies that:

f−1(ρθp) = ρθf(p). (7.10)

This equation implies that ρθU has no image under f−1, and that is the reason why
in Fig. 7.10 the infinite strips of f(S) accumulate around it.

Equation 7.10, together with our numerical analysis, has important consequences
from a dynamical point of view. A standard horseshoe map as in Fig. 7.4 maps
two vertical strips in S to two horizontal strips, and this implies the existence of
two period-1 orbits. For the infinite horseshoes, Eq. 7.10 implies that f−1(S)∩ S is
ρθf(S) ∩ S, the reflection of f(S) ∩ S about θ = 0, so we have an infinite number of
pairs of strips, each of which is mapped to a strip (identical but transversal to it) in a
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Figure 7.12. Each one of the infinite strips appearing in f−1(S) = ρθf(S) (since S =
ρθS) can be associated with a different type of trajectory. In (a) “.A” and “.B” denote
regions whose trajectories collide with A and B respectively and then return to y = 0.
The label of the regions gives then the sequence of bounces against A and B of their
trajectories before coming back to y = 0. The “.AB” and “.BA” strips are also shown.
In (b) we show an example of a “.A” trajectory (light grey) and other one of a “.AB”
trajectory (grey). The existence of an infinite number of period-k orbits, for each integer
k > 0, can be inferred.

horseshoe-like way. We showed in Section 7.2 that a horseshoe map, that maps two
strips into two strips transverse to them, presented two period-1 orbits. Applying
the same kind of arguments, and considering that in this case we have an infinite
number of such pairs of strips, the infinite horseshoe map has an infinite number
of period-1 orbits (analogously to the one-dimensional map of Fig. 7.7). The same
applies to orbits of period k, whose number is finite for a standard horseshoe map
and infinite for the infinite horseshoe map.

We must finally point out that periodic orbits of these maps are associated with
periodic behaviors of the systems considered. Consider for example the two-disk
system. Numerical simulations show that trajectories associated with each strip of
f−1(S)∩S share common dynamical features. If we label the leftmost disk A and the
rightmost one B, as shown in Fig. 7.8 (b), it turns out that each strip determines
the sequence of bounces against A and B of a trajectory before coming back to the
wall. We can thus label each of these strips according to the sequence of bounces
associated with them. The strips .A, .B and .AB are shown in Fig. 7.12 (a), and
two trajectories corresponding to .A and .AB are shown in Fig. 7.12 (b). In fact,
any alternate sequence of A and B, no matter how long it is, has a corresponding
strip. This implies that there is a wide variety of periodic and nonperiodic behaviors
in these systems that cannot be captured by a regular horseshoe map.
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7.9. Conclusions

We have studied horseshoe maps, that play a central role in Nonlinear Dynamics.
After this, we have analyzed the main features of the Smale horseshoe map, and we
have also sketched some generalizations of this map existing in the literature. Then,
we have focused on studying the geometrical action of two maps that arise naturally
for two simple physical systems: scattering in a four hill potential and an open
billiard. Simulations show that these maps share many features with the standard
horseshoe map, but they present a very interesting property: they stretch and fold
regions in the phase space an infinite number of times, so we call them infinite
horseshoes. Using a nonphysical example, we have illustrated that this is related
with the fact that these maps are not defined everywhere in phase space, something
that was usually assumed in previous studies on horseshoe maps, although they are
continuous where they are defined. We have also given arguments showing that the
presence of these horseshoes implies a wider number of dynamical behaviors than
for the regular horseshoe maps.
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Chapter 8

Geometry and control of

a dynamical system: safe

sets

We have seen previously that some systems do not present a chaotic attractor but,
instead, they present a nonattractive set where the dynamics is chaotic: a chaotic
saddle. Imagine that we are interested in confining a trajectory of a dynamical
system on a region of the phase space where there is a chaotic saddle, and from
which nearly all the trajectories (except a zero measure set containing the chaotic
saddle) escape after a finite amount of time. Assume also that the system is affected
by noise. We are going to show that the existence of a chaotic saddle provides
indirectly a solution. Chaotic saddles are related with the existence of a “stretching
and folding” geometrical action. Here we show that for certain paradigmatic maps
this action also implies the existence of a set, the safe set, where trajectories can be
stabilized even if the controlling perturbation applied is smaller than the deviation
induced by noise. This has evident advantages from a controlling point of view.

In Section 8.1 we describe the type of dynamical system that we want to control
and we introduce the concept of safe set. Next, in Section 8.2 we present the
class of one-dimensional maps that can be controlled using our strategy. Section
8.3 describes how to obtain the safe sets for these systems, and in Section 8.4 we
describe an example of application of our control technique. In Section 8.5 the link
between these one-dimensional maps and horseshoe maps is described. After this,
in Section 8.6 we give an example of safe sets for a paradigmatic horseshoe like-
map: the Hénon map. The general result for horseshoe maps is given as a theorem
in Section 8.7, and in Section 8.8 we show that our technique can be applied to
different physical situations, among which an open billiard presenting an infinite
horseshoe like those described in Chapter 7. Section 8.9 is devoted to the main
conclusions of this chapter.

8.1. Introduction. Transient chaos and safe sets

In the previous chapter we have seen different examples of dynamical systems for
which there is not a chaotic attractor but, instead, there is a set where the dynamics
is chaotic, usually referred to as a chaotic saddle. The manifestation of the existence
of this set is that trajectories that start nearby present short periods of time in which
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the dynamics is chaotic, before settling to an attractor [Alligood et al., 1996]. This
phenomenon is known as transient chaos. Transient chaos is nearly as ubiquitous
as chaos itself, and it has been shown that in different contexts [Dhamala and Lai,
1999] it might be desirable to keep the system close to the chaotic saddle, in order
to avoid the attractor.

Some techniques that can provide a solution to this problem, with applications to
many different situations, have been proposed recently [Tél, 1991; Dhamala and Lai,
1999; Aguirre et al., 2004; Schwartz and Triandalf, 1996; Kapitaniak and Brindley,
1998]. These techniques allow to keep the system in the vicinity of the chaotic saddle
and far from the attractor, but they face two main difficulties: the nonattractive
nature of the chaotic saddle and the eventual presence of noise. Among them, the
approach of Aguirre et al. is of special interest [Aguirre et al., 2004]. In that
paper, a technique to stabilize trajectories of the paradigmatic slope-three tent map
xn+1 = 3(1−|xn|)−1 in presence of noise is proposed. This system presents a chaotic
saddle in the [−1, 1] interval, but the presence of noise makes all the trajectories
escape from it, and diverge to infinity. To avoid this, the authors propose to stabilize
the trajectories in a very particular set that lies inside the interval, the safe set. This
kind of stabilization is found to have a key advantage from a controlling point of
view, as long as it allows to keep the trajectories in [−1, 1] even if the control applied
is smaller than the amplitude of the noise.

The main goal of this chapter is to show that this interesting result can be
extended to a wide class of dynamical systems. First, we are going to show that
it can be extended to different one-dimensional maps presenting a chaotic saddle.
Second, and most importantly, we are going to show that it can be extended to
systems that present a horseshoe or an infinite horseshoe, like those described in
Chapter 7. We are going to show that if a dynamical system acts like a horseshoe
map on certain region Q of the phase space, it will also present a safe set inside Q,
which yields to the same advantages observed for the safe set in the slope-three tent
map case.

In order to have a better understanding of the concept of safe set and to illustrate
its importance from a controlling point of view, we define it now in a general way.
Assume that the dynamics of the system considered can be written as a map (that
can also be a Poincaré map) given by

xn+1 = f(xn) + un, (8.1)

with x,u ∈ R
n, where un represents the deviation from the deterministic path of

the trajectories due to the presence of environmental noise. We shall assume for
simplicity that this deviation is bounded by a positive constant ||un|| ≤ u0 (where
|| · || is the norm of the vector). We consider now that there is a region Q in phase
space such that nearly all the trajectories (except a zero-measure set) escape from it
under iterations of f . We now say that a set of points S that lies in Q is a safe set if
for any point x belonging to S and for any bounded vector u representing the noisy
perturbation such that ||u|| ≤ u0 the distance between f(x) + u and S is smaller
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Figure 8.1. Inductive construction of the chaotic saddle for the slope-three tent map.
The set I∞ = limk→∞ Ik is a Cantor set, that is, a fractal.

than u0. Mathematically, S is a safe set if

x ∈ S → d(f(x) + u, S) < u0, (8.2)

for all u such that ||u|| < u0, where d(·, ·) is the usual distance between a point and
a set.

The main implication of this property is that if xn belongs to S we can apply to
the system an accurately chosen controlling perturbation rn such that the value of
xn+1, given by

xn+1 = f(xn) + un + rn, (8.3)

will lie again on S even if ||rn|| < u0. From a controlling point of view this is a great
advantage, as long as it implies that the trajectories can be kept forever in the safe
set, and thus in Q, by applying a perturbation that is always smaller than the noise
amplitude u0. In the following sections we are going to prove that safe sets exist for
an important class of one-dimensional and two-dimensional maps.

8.2. One-dimensional maps with a chaotic saddle

The first part of this chapter deals with control of a variety of one-dimensional
maps with a chaotic saddle. It is inspired in [Aguirre et al., 2004], where the main
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objective is to control the dynamics of the slope-three tent map xn+1 = 3(1−|xn|)−
1 = T (xn), which is a paradigmatic example of this kind of maps. In this section,
we use this paradigmatic example to explain the phenomenon of transient chaos and
the concept of chaotic saddle in one-dimensional maps. After this, we show the type
of one-dimensional maps for which our control technique can be applied.

We focus now on the description of the map xn+1 = T (xn). The graph of this map
is sketched in Fig. 8.1. Note that points in the middle-third interval of I = [−1, 1],
escape from I after one iteration and do never come back, as long as for any point
x that is not in I, T (x) 6∈ I. If we call I1 the set of points that stays in I after one
iteration, so they verify that T (I1) = I, we find that it consists on two segments
of length 2/3. If we define the set I2 as the set of points such that T (I2) = I1 we
obtain the four 2/9 length intervals shown in Fig. 8.1, and these points obviously
stay in I under two iterations of the map. We can define inductively the set Ik as
the set of points such that T (Ik) = Ik−1. It consists on 2k intervals of length 2/3k.
The limit as k → ∞, I∞ is a Cantor set [Alligood et al., 1996], a very particular set
that has played an important role in set theory.

The set I∞ is a zero-measure set as long as the total length of Ik, that is 2k ·2/3k,
goes to zero as k → ∞. It is self-similar, as long as I∞ contains 2k copies of itself
scaled down by a factor 3k. The Hausdorff dimension of I∞, calculated using Eq. 3.2,
is d = ln 2/ ln 3 which is obviously noninteger, so it is a fractal. On the other hand,
by using techniques analogous to those used in Chapter 2, it can be proved that
for each point in I∞ there is a one-to-one correspondence with an infinite chain of
symbols, so there are unstable periodic orbits of all the periods in I∞ and sensitive
dependence on the initial conditions, so the dynamics in I∞ under T is chaotic.
Thus, I∞ is a nonattractive chaotic set, that is, it is a chaotic saddle.

Probably for the reader it is clear now that maps similar to the slope-three tent
map will also present a chaotic saddle. In fact it can be proved [Robinson, 1999]
that any one-dimensional map xn+1 = f(xn) that fulfills the following conditions
will present a nonattractive chaotic Cantor-like set Λ where the dynamics is chaotic:

(a) There is an interval I = [a, b] such that I ⊂ f(I). The interval I can be
divided in three subintervals A1 = [a, x−], A0 = (x−, x+), and A2 = [x+, b]
such that f(A1) = f(A2) = I and f(A0) 6∈ I.

(b) The map f is continuous and differentiable in A1 ∪ A2 and for all x0 ∈
A1 ∪ A2, |f ′(x0)| > 1.

(c) For all x0 6∈ I, |fn(x0)| → ∞ as n → ∞.

The slope-three tent map obviously satisfies these conditions. We must point out
that condition (b) is not a necessary condition for the existence of a chaotic saddle.
However it makes both the proof of the existence of Λ and the calculations needed
here much easier. As for the slope-three tent map, condition (c) implies that for all
x0 6∈ Λ |fk(x0)| → ∞ for k → ∞. If we would have established that all trajectories
starting out of I settle to any other type of attractor out of I the existence of a
chaotic saddle Λ in A1 ∪ A2 could be established in the same manner.
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Figure 8.2. Four possible configurations of a map xn+1 = f(xn) satisfiying conditions
(a) − (c). Note that each point in I has just one preimage in A1 and other in A2.

Once we have defined the type of dynamical system that we will deal with, we can
define in a more precise way the type of situation that we want to control. We have
seen that nearly all the trajectories in I, except those starting in the zero-measure
set Λ, escape from it under iterations of f . If we apply a random perturbation un

each iteration, all the trajectories escape from I. Our aim is to avoid such escapes,
so we introduce a perturbation rn each iteration. The global dynamics is given by
the following equation:

xn+1 = f(xn) + un + rn, (8.4)

which is the one-dimensional version of Eq. 8.3. The perturbation un is bounded,
so |un| ≤ u0 and the correction applied rn is also bounded, so |rn| < r0.

We are going to show that, in analogy with [Aguirre et al., 2004], contrary to
what intuition may say, there is a way to keep the trajectories in A1∪A2 (or “close”
to the chaotic saddle Λ) even if r0 < u0 by accurately applying a perturbation to
the system each iteration. In next section we are going to show that maps satisfying
conditions (a) − (c) present a safe set that makes this possible.
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8.3. Safe sets for one-dimensional maps

Considering that the maps described by hypotheses (a)-(c) share many features
with the slope-three tent map studied in [Aguirre et al., 2004], it is easy to prove
that the safe sets can be obtained analogously. The idea is to use as safe set the
preimages of a certain order k of the middle point of A0 which, as for the slope-three
tent map, have very interesting properties.

We proceed to characterize those preimages and explain why they can be suit-
able safe sets for different values of u0. Assume from now that the map f fulfills
hypotheses (a)-(c). Then, any point in I has 2 preimages in I, due to the fact that
f is monotonous in A1 and in A2. If we call x0

1 to the middle point of A0, which we
shall consider the only point of the set S0, for the maps f we can define inductively
the sets Sk as the sets of 2k points {xk

i }2k

i=1 obtained as follows:

Sk = {xk
i }2k

i=1 = ∪2k−1

i=1 f−1(xk−1
i ), (8.5)

where the subindex i = 1, ..., 2k of xk
i is assigned in such a way that m < n ↔ xk

m <
xk

n.
We are going to prove now that for all u0 > 0 there is a k such that the set Sk is

a “safe set”. From the definition given above, it might seem paradoxical that these
sets are potentially “safe”, as long as it is clear from Eq. 8.5 that all the elements
of the set Sk fall out of I after k + 1 iterations, but the properties of this set justify
this denomination.

A first main property of these sets, that can be easily deduced from this defini-
tion, is the following: given a point z that belongs to Sk, then f(z) will belong to
Sk−1. The second key property of the sets Sk, that tell us how the sets Sk and Sk+1

are positioned in I, is given by the following equation:

xk+1
2i−1 < xk

i < xk+1
2i , i = 1, ...., 2k, (8.6)

which implies that any point in Sk has two adjacent points of Sk+1, closer than any
other point of Sk. Consider now the maximum and minimum distance between each
point in Sk and its two adjacent points of Sk+1, given by the expressions:

δk
max = max

i
{|xk

i − xk+1
2i−1|, |xk

i − xk+1
2i |}, δk

min = min
i
{|xk

i − xk+1
2i−1|, |xk

i − xk+1
2i |}, (8.7)

then
lim
k→∞

δk
max = lim

k→∞
δk
min = 0. (8.8)

Both equations are easy to prove inductively. Consider first Eq. 8.6. It is clearly
true for k = 0, as long as x0

1, as all the points in I, has exactly one preimage in A1,
x1

1 = f−1(x0
1)∩A1 and other preimage in A2, x1

2 = f−1(x0
1)∩A1. We shall define for

simplicity Fi(x) ≡ f−1(x) ∩ Ai, for all x ∈ I. Now, Eq. 8.6 gives us the position of
the 2k points of Sk and of the 2k+1 points of Sk+1 in I. By applying F1 to each of
the points of Sk, we have 2k points of Sk+1 in A1, and by applying F1 to each of the
points of Sk+1 we have now 2k+1 points of Sk+2 in A1. The map f is monotonous in
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A1, so F1 is monotonous also. Thus, the relative order of the images of the points of
Sk and Sk+1 under F1 is either preserved or inverted. In any case, the points in Sk+1

generated by applying F1 to Sk will have two adjacent points of Sk+2 generated also
by applying F1 to Sk+1. As a consequence, we have proved that Eq. 8.6 is true for
k +1 and for i = 1, ..., 2k. To complete the proof for i = 2k +1, ..., 2k+1 we just need
to apply F2 to Eq. 8.6.

The proof of Eq. 8.8 is also quite simple. By (b), for all x0 ∈ A1 ∪A2, |f ′(x0)| >
1. Thus there are two positive constants Lmax > 1, Lmin > 1 such that Lmin ≤
|f ′(x0)| ≤ Lmax. Then, considering our previous discussion:

δk
max = max

i
{|xk

i − xk+1
2i−1|, |xk

i − xk+1
2i |} =

= max{|Fn(xk−1
j ) − Fn(xk

2j−1)|, |Fn(x
k−1
j ) − Fn(xk

2j)|},

for certain j and for certain n = 1, 2. Thus, using the mean value theorem and the
bound of the derivative given above:

δk
max = max{|Fn(xk−1

j ) − Fn(xk
2j−1)|, |Fn(x

k−1
j ) − Fn(xk

2j)|} ≤

≤ 1

Lmin
max{|xk−1

j − xk
2j−1|, |xk−1

j − xk
2j |} ≤ δk−1

max

Lmin
,

which implies that δk
max ≤ δ0

max

(Lmin)k
and Eq. 8.10 follows.

Once that we have given the key properties of the sets Sk, we can now explain
why for each value of u0 there is a Sk that is a safe set. Given u0, we just have
to chose k in such a way that u0 > δk−1

max which, by Eq. 8.10, is always possible if
k is sufficiently big. Then, we put the initial condition z on a point on Sk. After
this, f maps this point to a point on Sk−1, f(z), and noise displaces it to f(z) + u.
Thus, the displaced trajectory either lies between the two adjacent points of Sk, in
[xk

2i−1, x
k
2i], or it lies outside this interval. In the former case, the distance to at least

one of the points of Sk is less than δk−1
max, which is smaller than u0 by our selection

of k. In the latter case, it is smaller than u0 − δk−1
min , which is obviously smaller than

u0. Thus, d(f(z) + u, Sk) < u0 for z ∈ Sk and for |u| ≤ u0, so Sk is a safe set.
Considering this, by applying each iteration a perturbation rn to the trajectory,

bounded by r0 = max{u0 − δk−1
min , δk−1

max} < u0, trajectories starting on Sk can always
be kept in Sk. Furthermore, using above ideas, it can be found that the optimal
ratios of control and noise are bounded by:

The ratio
r0

u0
≤ δk−1

max

u0
if u0 ∈ (δk−1

max + δk
min, δk−1

max + δk−1
min ].

The ratio
r0

u0
≤ u0 − δk−1

min

u0
if u0 ∈ (δk−1

max + δk−1
min , δk−2

max + δk−1
min].

In next section we are going to give an example of application of our technique,
using the well-known logistic map.
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Figure 8.3. (a) The points of S2 (‘o’) and of S1 (‘×’) plotted in the xn axis together
with the curve of the logistic map xn+1 = 5xn(1 − xn). (b) A trajectory controlled with
u0 = 0.25, which is always kept in the safe set S2 (marked by ‘o’ in the xn axis). (c) The
correction applied each iteration, which is always smaller than the maximum perturbation
applied u0 = 0.25, marked with a dashed line.
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from the analytical expressions (‘—’) obtained. Note that this ratio is always smaller than
1.
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8.4. An example of application: safe sets and control of the
logistic map

We show now an example of application of our technique in a simple situation,
using the well known logistic map xn+1 = µxn(1 − xn). Although it is well known
that for µ > 4 this map presents a chaotic saddle [Grebogi et al., 1982], which
is formed after a boundary crisis like the one that we described in Chapter 5, we
restrict ourselves to the µ = 5 case, as long as it is easy to prove only for µ ≥ 2+

√
5

that this map satisfies conditions (a)-(c). For this map, the points bounding A1, A2

and A0 are x− =
1

2
−

√

µ2 − 4µ

2µ
and x+ =

1

2
+

√

µ2 − 4µ

2µ
, so x1

0 =
1

2
.

As an example, assume first that we perturb the system with a random pertur-
bation that is bounded by u0 = 0.25. We must first find a k such that u0 ≥ δk−1

max.
We observe numerically that with k = 2, this condition is fulfilled. The sets S2 and
S1 are shown in Fig. 8.3 (a), and we can appreciate how they present the expected
structure: each point of S1 has two adjacent points of order S2.

In Fig. 8.3 (b) we can observe a controlled trajectory. As we said, the idea is
to put the initial condition in S2 and to adjust rn in such a way that the resulting
xn+1 = f(xn)+un+rn lies always on a point of S2. The trajectory is kept bounded in
75 iterations and it could be bounded forever. Note that, in absence of perturbations
(even of noise), considering that the initial condition lies on a safe point of order two,
after three iterations the trajectory would lie out of [0, 1], and then go to infinity, In
Fig. 8.3 (c) we also show the value of the correction applied each iteration, clearly
smaller than u0 = 0.25. In fact, we observe that max

n
(|rn|)/u0 ≈ 0.15/0.25 = 0.6,

so with a control that is approximately 60 % of the noise amplitude the trajectories
are kept bounded.

Finally, in Fig. 8.4 we show the ratios r0/u0 that allow to keep the trajectories
in I using our technique, obtained both numerically using trajectories of 10000
steps and analytically with the expressions obtained in previous section (for which a
numerical estimation of the δk

max and δk
min is also needed). There is a good agreement

between them. Note that these ratios are always smaller than one, but their value
depend on the value of u0.

8.5. Stretching and folding. From one-dimensional maps to the
Hénon map

Up to now we have considered one-dimensional maps with a chaotic saddle.
Consider the action of these maps from a geometrical point of view. We observe
the action of the paradigmatic slope-three tent map on the [−1, 1] interval. It can
be interpreted as Fig. 8.5 suggests: it stretches the interval by a factor 3 and then
folds it back into itself, in such a way that part of it is mapped inside it and part
outside it. For the maps discussed in Section 8.2 an analogous interpretation can be
given, just by changing “folding” by “cutting” or by adding an inversion. This kind
of action clearly reminds of the action of horseshoe maps on a square S that has



104 Chapter 8. Geometry and control of a dynamical system: safe sets

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

��������������������������

��������������������������������������������������

−1 1 −1 0’ ’ 1’

T(−1)=−1 T(0)=2

T(1)=−1

0

T

Figure 8.5. The action of the slope-three thent map xn+1 = T (xn) on the I = [−1, 1]
interval. It can be interpreted as if it stretches it by a factor 3 and then folds it across
itself, in a way that reminds to the action of horseshoe maps on areas.
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Figure 8.6. The action of the Hénon map xn+1 = A − Byn − x2
n, yn+1 = xn and its

inverse on the square Q, and A = 6, B = 0.4. f(Q)∩Q = H1∪H2 and f−1(Q)∩Q = V1∪V2.
A horseshoe appears, implying the existence of a chaotic saddle in Q.

been thoroughly discussed in Chapter 7. In fact, in the remaining of this chapter we
are going to show that the “stretching and folding action” of horseshoe-like maps
implies that we can also find safe sets for these dynamical systems. The importance
of these dynamical systems and its presence in a wide variety of physical systems
implies that our approach can be applied to a large number of situations.

In order to illustrate our idea, we start by showing an example of how the
existence of a horseshoe map in a region of the phase space, which is known to lead
to the existence of a chaotic saddle (see Section 7.3), does also imply the existence of
a safe set. We use the well-known Hénon map xn+1 = A−Byn −x2

n, yn+1 = xn with
A = 6, B = 0.4. For these values of the parameters it can be verified that nearly
all the trajectories diverge to infinity. On the other hand, by adequately choosing a
square Q in phase space, f(Q) looks like a horseshoe map, as shown in Fig. 8.6, so
it can be proved that there is a chaotic saddle in Q [Devaney and Nitecki, 1979].
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x
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Figure 8.7. The sets Sk for the Hénon map: S0 (thick black line), S1 (black), S2 (grey)
and S3 (silver) consisting on 1, 2, 4 and 8 vertical curves, respectively.

Our aim here is analogous to the aim that we had for one-dimensional maps: to
avoid escapes to infinity by keeping trajectories inside Q. We consider for simplicity
that the system is affected by additive noise, which is modeled by the random
vector un ≡ (unx, uny) such that ||un|| ≤ u0. We apply each iteration a controlling
perturbation rn ≡ (rnx, rny) such that ||rn|| ≤ r0. Thus, the global dynamics of the
system is given by xn+1 = A − Byn − x2

n + unx + rnx, yn+1 = xn + uny + rny, an
equation of the same type of Eq. 8.1. We can show now that we can find safe sets
for this map.

8.6. An example: safe sets for the Hénon Map

We explain now how safe sets are obtained for the Hénon map. In previous
sections of this chapter we showed that the preimages of the point x1

0 in I, the
“most dangerous” point, that escapes from I after one iteration of the map, worked
as suitable safe sets for different values of u0. The stretching and folding action
shared by these maps and horseshoes suggests that safe sets can be obtained for
horseshoe maps using an analogous procedure. Thus, we consider the preimages in
the square Q of the curve S0 shown in Fig. 8.7, whose points escape from Q after
one iteration, and we can analyze its structure in order to see if they can be safe
sets.

We denote the Hénon map by f for simplicity. The preimage of S0 in Q is then
S1 ≡ f−1(S0) ∩ Q. Considering the action of the inverse Hénon map shown in Fig.
8.6, it is not difficult to see that S1 consists on two nonintersecting vertical curves
noted C1

1 and C1
2 , where the subindex gives their position on the square from left

to right. The preimage of S1 in Q is noted S2 ≡ f−1(S1)∩Q, and it now consist on



106 Chapter 8. Geometry and control of a dynamical system: safe sets

x

y

f( x) 

 f( x)+ u
a

 f( x)+ u
b
 

 r
b
 

 r
a
 

H
1
 

V
1
 

Figure 8.8. A trajectory starting in x belonging to S3 (silver) is mapped to f(x), that
belongs to S2 (grey). The noise action can either deviate it to the region between the
two adjacent curves belonging to S3, as ua, or take it outside this region, as ub. In any
case, trajectories can be placed again on S3 by applying a perturbation (either ra or rb)
bounded by a r0 such that r0 < u0, and this can be repeated forever.

four vertical curves C2
i with the subindex i = 1, ..., 4 giving again the position of the

curve from left to right in Q. In general, we define the set Sk ≡ f−1(Sk−1)∩Q, and
numerical exploration shows that it always consist on 2k nonintersecting vertical
curves Ck

i with i = 1, ..., 2k where the subindex i denotes the position of the curve
from left to right.

In Fig. 8.7 the sets Sk are shown up to k = 3. They have two main properties
that need to be emphasized. In Fig. 8.7 we can see clearly how each curve belonging
to Sk has two adjacent vertical curves that belong to Sk+1, one to its left and other
to its right. If we denote by C ≺ C ′ when a vertical curve C is to the left of a
vertical curve C ′, both being in Q, we can express mathematically this property as

Ck+1
2i−1 ≺ Ck

i ≺ Ck+1
2i . (8.9)

This is true for all k and Fig. 8.7 shows clearly that it holds for k = 0, 1, 2.
Thus, the set Sk is somehow surrounded by Sk+1.

The second main property of the sets Sk is the following. If we denote the
maximum and the minimum distance between any curve belonging to Sk and its
two adjacent curves belonging to Sk+1 by δk

max and δk
min respectively, it is clear from

Fig. 8.7 that these distances go to zero as k is increased or, mathematically,

lim
k→∞

δk
max = lim

k→∞
δk
min = 0. (8.10)

These properties are clearly analogous to the properties of the sets Sk that were
obtained for one-dimensional maps. Thus, it is easy to see that, as we expected, for
all u0 > 0 at least one of the Sk works as a safe set. Consider for example that the
system is perturbed with noise such that u0 = 0.25. The set Sk that works as a safe
set is given by the minimum k such that δk−1

max < u0. In this case, the adequate set is
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Figure 8.9. (a) Time series of xn for a trajectory of the Hénon map controlled for
u0 = 0.25 and (b) amplitude ||rn|| of the control applied each iteration, which is clearly
smaller than u0 = 0.25.

S3, because we can observe numerically that δ2
max < 0.25. If we place x on S3, f(x)

will necessarily lie on a curve belonging to S2. The deviation induced by noise will
take the trajectory to a position corresponding to any of the two possibilities shown
in Fig. 8.8: the point f(x)+u either lies between the two adjacent curves belonging
to S3, so d(f(x)+u, S3) ≤ δ2

max, or out of this region, so d(f(x)+u, S3) ≤ u0−δ2
min.

Thus, for all u such that ||u|| < u0 there is always a r with r0 < u0 such that
f(x) + u + r lies on S3, and this can be repeated forever. Thus, just by placing the
initial condition on S3, xn can be kept forever in Q even by applying perturbations
such that r0 < u0. An example of a controlled time series for these value of u0 is
shown in Fig. 8.9 (a). The perturbation applied each iteration is shown in Fig. 8.9
(b), which is clearly smaller than u0.

Some minor remarks need to be done. First, if the value of u0 would have been
smaller, by Eq. 8.10 we could always find a set Sk verifying that δk−1

max < u0, and
the control strategy would be exactly the same, thanks to the property given by Eq.
8.9.

Second, we have chosen u0 = 0.25, a value that is smaller than the distance
between the horizontal strips H1 and H2 and the upper and lower sides of Q, that
we might call ∆. However, if it was larger, it can be proved that if ∆ > 0 by
accurately choosing k it is possible to find a set allowing to keep xn in Q even if
r0 < u0.

8.7. Safe sets in horseshoe-like maps

The Hénon map is just an example of how the existence of a horseshoe implies
the existence of a safe set. However, it is quite intuitive to see that in any other
example where a horseshoe-like map exists, we can find safe sets with an analogous
structure. We give now the general conditions that a two-dimensional map f that
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acts on a square Q needs to fulfill to present safe sets. These conditions are a slight
modification of the Conley-Moser conditions explained in Section 7.3. However,
the definition of vertical and horizontal curve, of vertical an horizontal strip and of
their width w when they are defined on a square Q = [−a, a] × [−a, a] are those
given in Section 7.3.

(i) For certain square Q in the plane, f(Q)∩Q consists on at least two horizontal
strips H1 and H2 (that are separated from the upper and lower sides of Q by a
distance ∆ > 0) and f−1(Q) ∩ Q consists on at least two vertical strips V1 and V2.
Moreover, f(Vi) = Hi homeomorphically and the horizontal (vertical) bounds of Vi

are mapped into horizontal (vertical) bounds of Hi.

(ii) Given a horizontal strip H ′
i ⊂ Hi, then f(H ′

i)∩Hj for i, j = 1, 2 is a horizontal
strip satisfying:

w(f(H ′
i ∩ Vj)) ≤ νw(H ′

i) for ν ∈ (0, 1).

For any vertical strip V ′
i ⊂ Vi, f−1(V ′

i ) ∩ Vj for i, j = 1, 2 is also a vertical strip
satisfying

w(f−1(V ′
i ∩ Hj)) ≤ νw(V ′

i ) for ν ∈ (0, 1).

The main differences between these conditions and the Conley-Moser conditions
described in Section 7.3 is that we just need f(Q) ∩ Q to consist on at least two
horizontal strips and f−1(Q) ∩ Q on at least two vertical strips, that are mapped
between them homeomorphically. It is not necessary, for example, that f is defined
in all the plane. This will become important in some examples coming.

These conditions are clearly fulfilled by the Hénon map studied above. We define
then the sets Sk in an analogous way. We consider a vertical curve S0 between the
two vertical strips V1 and V2 and consider its preimages of order k in Q. Then, it
can be proved that the set Sk defined as:

Sk = f−1(Sk−1 ∩ (H1 ∪ H2)), (8.11)

consists on 2k vertical curves noted Ck
i , where the subindex i = 1, ..., 2k denotes

their position from left to right. Furthermore, equations 8.9 and 8.10 hold for these
sets, and consequently for all u0 > 0 there is a Sk that works as a valid safe set.

We can give this result as a theorem:

Theorem of the safe sets for horseshoes. Given a a dynamical system of
the form given by Eq. 8.1 where the map f verifies (i) and (ii), for each u0 > 0
there is a set Sk defined as in Eq. 8.11 that is a safe set, so there is a strategy to
keep the trajectories in Q even if r0 < u0.

Proof. We just sketch the proof of this result. First, we are going to show that
the sets Sk verify equations 8.9 and 8.10, and then we will detail the control strategy,
considering also briefly the u0 > ∆ case.
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First, it is clear that hypotheses (i) and (ii) imply that given a vertical curve
C, f−1(C ∩ Hi) is a vertical curve for i = 1, 2. Thus, if S0 is a vertical curve,
obviously S1 consists on two nonintersecting vertical curves. Considering that f−1

is a homeomorphism from Hi to Vi, and that the curves in S1 do not intersect,
S2 = f−1(S1 ∩ (H1 ∪ H2)) consists on four vertical curves that do not intersect
either. Reasoning inductively, it is clear that the set Sk given by Eq. 8.11 consists
on 2k vertical curves, as we had for the Hénon map.

We can prove now Eq. 8.9. First, by using the arguments given above and
the fact that S0 and S1 do not intersect, it is clear that the curves in Sk and in
Sk+1 do not intersect either. To prove that the 2k vertical curves of Sk and the
2k+1 vertical curves of Sk+1 are placed on Q according to Eq. 8.9, we just need to
reason inductively. It is evident that Eq. 8.9 holds for k = 0. Assume then that
it holds for k. If we calculate now f−1(Sk ∩ Hj) and f−1(Sk+1 ∩ Hj), for j either
1 or 2, the resulting sets are 2k curves of the set Sk+1 and 2k+1 curves of the set
Sk+2, respectively, lying inside Vj . The key observation is that this operation either
preserves the order from left to right of the resulting curves or it inverts it. We show
this with an example: assume that we have four vertical curves such that C1 ≺ C2 ≺
C3 ≺ C4 and define C ′

i = f−1(Ci∩H1). Imagine that this operation neither preserves
their order nor it inverts it, so for example we have that C ′

1 ≺ C ′
3 ≺ C ′

2 ≺ C ′
4. This

implies that the image under f−1 of the nonintersecting vertical strips limited by C1

and C2 (first) and C3 and C4 (second) overlap, which is absurd as long as f−1 is a
homeomorphism from Hi to Vi. From this we can see that Eq. 8.9 holds for all k.

Finally, Eq. 8.10 can be proved by considering the strip V limited by the two
curves of S1, such that w(V ) = d. It follows that the width of the two strips given
by f−1(V ∩ H1 ∪ H2), the first limited by C2

1 and C2
2 and the second limited by C2

3

and C2
4 , each of them curves of S2, has a width smaller than νd by (ii). By applying

k times the same argument to these curves we obtain 2k strips of width less that
νkd, according to (ii), each of them bounded by Ck+1

2i+1 and Ck+1
2i+2 for i = 0, ...2k − 1.

By Eq. 8.9 there is also a curve of Sk between these curves, and thus the δk
max and

the δk
min are bounded by νkd, that in the limit k → ∞ obviously fulfill Eq. 8.10 and

go to zero as k → ∞.
Once Eqs. 8.9 and 8.10 have been proved, we can consider now the control

strategy. Assume that u0 < ∆. As for one-dimensional maps, we just need to
search the set Sk such that δk−1

max < u0, which is always possible by Eq. 8.10. Then,
we consider any point x in Sk. Then, f(x) belongs to a curve Ck−1

i of Sk−1. The
deviation induced by noise is represented by f(x) + u. Considering that f(x) ∈
H1∪H2, then f(x)+u is between the upper and down sides of Q. We have then two
possibilities: that f(x)+u lies between the two adjacent curves of Sk, Ck

2i−1 and Ck
2i,

so d(f(x)+u, Sk) ≤ δk−1
max, or it lies outside those strips, so d(f(x)+u, Sk) ≤ u0−δk−1

min .
In any case, for all x ∈ Sk and for all u such that ||u|| < u0, d(f(x) +u, Sk) < u0 so
Sk is a safe set and trajectories can be kept in Q forever using perturbations such
that r0 < u0.

The case u0 > ∆ is also quite simple. It is straightforward to show that if we
chose any x in Sk, with k sufficiently big to fulfill u0 >

√

(u0 − ∆)2 + (δk−1
max)

2,
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Figure 8.10. Control-noise ratio for different values of u0 for the Hénon map, computed
numerically (‘··’ ) and analytically (‘–’) with the expressions obtained. Note that, as
expected, the ratio is always smaller than one.

which is always possible if k is sufficiently big, then d(f(x) + u, Sk) < u0 and
trajectories can be kept in Sk even if r0 < u0. This completes the proof. ⋄

Thus, we have shown that trajectories can be kept in Q forever for dynamical
systems of the type 8.1 where f is a horseshoe-like map, even if the perturbation
applied each iteration is smaller than the noise amplitude. We have thoroughly
discussed the importance of this kind of map in Chapter 7. Two examples of appli-
cation of our technique to maps that are obtained for physical systems are shown in
next section. Before that, we want to point out that the best control/noise ratios
that can be obtained using this technique, that are always smaller than one, are
bounded by the following analytical expressions if u0 < ∆:

r0

u0

≤ δk
max

u0

if u0 ∈ [δk−1
max + δk

min, δ
k−1
max + δk−1

min ].

r0

u0
≤ u0 − δk−1

min

u0
if u0 ∈ [δk−1

max + δk−1
min , δk−2

max + δk−1
min ].

The optimal ratios between r0 and u0 that allow to keep trajectories bounded
for the example of Section 8.6 have been estimated numerically and analytically,
and they can be seen in Fig. 8.10. It is evident that the expressions match well
with the numerical estimations (even though we have to estimate the δk

max and δk
min

numerically each time).

8.8. Examples of applications: from horseshoes to infinite
horseshoes

Some remarks need to be done to the result obtained in the previous section.
First, note that we have considered the action of f on a square. However, there
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Figure 8.11. Horseshoe for the bouncing ball map g when acting on the parallelogram
R (a). Ratio between the maximum control r0 necessary to avoid divergences from R
and the noise amplitude u0, computed both numerical (‘··’) and analytically using the
expressions obtained (‘—’). Note that this ratio is smaller than 1.

are maps where horseshoes appear in topological squares, like for the bouncing ball
map [Guckenheimer and Holmes, 1983]: φn+1 = φn + vn mod 2π, θn+1 = αvn +
β cos(φn + vn) with α = 1 and β = 12.6. For these values of the parameters we
can see in Fig. 8.11 that the map, that we denote by g, deforms the parallelogram
R like a horseshoe map. On the other hand, it can be verified that nearly all the
initial conditions escape from R. But the geometry of this map, which give rise
to the existence of a chaotic saddle in R, does also allow us to construct here sets
Sk with all the good properties described previously. Thus, escapes from R can
be avoided by using a control smaller than noise. A numerical estimation of the
control-noise ratio necessary to avoid divergences from R using safe sets, together
with the analytical estimation using the same expressions obtained in the previous
section, show that those escapes from R can be avoided even if r0/u0 < 1.

On the other hand, note that by conditions (i) and (ii) we just need that f(Q)∩Q
consists on at least two horizontal strips to have safe sets. We could consider also
maps such that f(Q) ∩ Q consists on more than two strips, such as the three-
strip map used in [McDonald et al., 1985] to explain the phenomenon of fractal
basin boundaries, as long as it presents a pair of vertical strips that are mapped to
horizontal strips as stated in (i) and (ii).

Finally, it is clear that we can apply our technique to the infinite horseshoe
maps described in Chapter 7. In Section 7.6 we showed two examples of two two-
dimensional maps associated to two physical examples that stretched and folded
regions on the phase space an infinite number of times before placing them across
themselves. Here we are going to consider another example of application of our
technique to a map different to the ones described in Chapter 7, that will also give
us an infinite horseshoe. We consider the scattering by a three disk open billiard.
This system is thoroughly described in [Poon et al., 1996], and consists on three
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1

φ

2 3

θ

Figure 8.12. The three disk scattering problem. Each time that a trajectory collides
against disk 1, the collision is characterized by the angles φ and θ. There is a one-to-one
relation between the angles of a conllision (θn, φn) and the next, if any.

unit-radius hard disks separated by a distance d, that we set d = 2/9, see Fig. 8.12.
Each bounce against the disk 1 is characterized by two angles, (θn, φn). In fact,
there is a one-to-one relation between a bounce and the next, if any, that can be
expressed as (θn+1, φn+1) = f(θn, φn). We can also model the noise by adding a
perturbation un each time that there is one of such bounces. A natural aim here
would be to keep the trajectories inside the scattering region, and this control task
can be modeled by an equation of the type Eq. 8.1.

It turns out that for this system we can also find sets Sk with the desired struc-
ture. This is due to the fact that for certain parallelogram Q, f(Q) ∩ Q consists on
at least two clear horizontal strips and f−1(Q)∩Q is a reflection of this figure around
the φ = π/2 angle, and it fulfills conditions (i) and (ii). There is also an infinite
number of narrower strips, but we do not consider them. The sets Sk obtained for
this infinite horseshoe with k equal to 0, 1 and 2 are plotted, and they have the
desired structure. For example, for a noise amplitude u0 = 0.05π the set S2 is a
valid safe set and, by placing x0 in S2, trajectories are kept in the scattering region
even if r0 < u0, as shown in Fig. 8.13 (b) and (c). Thus, in a noisy open billiard,
escapes from the scattering region can be avoided even if the perturbation applied
each time that the trajectory bounces against the disk 1 is smaller than the noise
amplitude. As a final remark, it is easy to see that this would also be possible for
the examples of infinite horseshoes given in Chapter 7.

8.9. Conclusions

In this chapter we have outlined a control technique to keep trajectories of certain
maps in a region of the phase space where there is a chaotic saddle by stabilizing
trajectories in a very particular set of points, the safe set. The key property of this
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Figure 8.13. Square Q (−−), its image under f (grey) and the sets Sk for k = 0 (thick
black), k = 1 (black) and k = 2 (grey) for the three disk scattering problem (a). A
trajectory stabilized on the set of safe curves of order 2 when u0 = 0.05π (b) and the
perturbation applied each time the trajectory bounces against the ball 1 (c), which clearly
verifies ||rn|| < u0 = 0.05π (marked with a dashed line) as expected.

set is that any point starting on it is mapped out to a point that, even if it is deviated
by the action of the environmental noise, it is separated from the set by a distance
that is smaller than the maximum deviation induced by noise. Thus, trajectories
can be stabilized in this kind of sets even if the controlling perturbation applied each
iteration is smaller than the noise amplitude. We have shown that these sets exist
for a large variety of one-dimensional maps. After this, we have also shown that
safe sets also exist wherever a horseshoe-like map is present. We have shown the
versatility of our method by applying it to the Hénon map and to an open billiard.
We have underlined that both for one-dimensional maps and two-dimensional maps
the presence of safe sets is due to their common inherent “stretching and folding”
action. The wide presence of “stretching and folding” process in dynamical systems
make us think that analogous techniques can be implemented in other situations
where this geometrical action yields to other types of complex dynamics with the
same type of advantages observed here.
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Chapter 9

Conclusions

An expert is a man who has made all the mistakes which can be
made in a very narrow field.

—Niels Bohr

In this thesis we have studied different methods to control many different
complex dynamical phenomena, and we have made some contributions to the
understanding of complex dynamics. This is a summary of the main results of each
of the chapters of this thesis:

1. We have presented a method that allows to distinguish certain deterministic
time series from random time series. The presence of forbidden order patterns
are hallmarks of deterministic time series, and we have presented numerical
evidence showing that, by detecting forbidden patterns, we can distinguish
chaotic series of one-dimensional maps and random signals, even if the former
are contaminated by noise. The fact that the dynamics of one-dimensional
maps is deeply related with that of higher dimensional dynamical systems
makes us think that this technique can also allow to elucidate the deterministic
or stochastic nature of a large variety of experimental data.

2. We have performed numerical simulations confirming the most important
properties of a chaos control method, phase control of chaos. Using the
Duffing oscillator as a paradigm in Nonlinear Dynamics, we have shown that a
correct choice of the phase φ of a harmonic perturbation applied to the system
can lead it to a periodic orbit (once we fix the amplitude of the perturbation)
and that, by adequately selecting the phase, the necessary amplitude to
suppress chaos can be minimized. Thus, the phase represents an additional
degree of freedom that become crucial to reach control. With our numerical
analysis we have also pointed out some features that were not observed in
previous works on phase control of chaos and we have detected some inter-
esting patterns. Finally, most of the interesting patterns found numerically
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have been recovered for the first time in a experiment with an electronic circuit.

3. We have proposed an adaptive procedure in order to estimate unknown
parameters of a numerical model of a chaotic laser which is observed through
a time series that represents the output intensity of the laser. The salient
feature of the proposed technique is that accurate parameter estimation and
identical synchronization can be jointly achieved by adaptively adjusting the
desired parameters of the coupled system using the gradient-descent method.
Here, we have shown how it is possible to estimate the amplitude of the
external forcing signal that regulates the behavior of a model of a laser.

4. We have shown that the phase control scheme is able to control the in-
termittency in a chaotic system close to an interior crisis. First, we have
shown both experimentally and numerically how, if we apply a harmonic
perturbation to a periodically driven chaotic CO2 laser, it is possible to
control the crisis-induced intermittency by accurately choosing the phase
difference with the main driving. On the other hand, with the aid of
the simple quadratic map, we have illustrated the nontrivial role that
the phase plays when applying a harmonic perturbation to a dynamical
system. Our analysis shows that the effect of such perturbation depends
strongly on the phase, which becomes a key parameter for the global dynamics.

5. Numerical evidences showing that chaos plays a role analogous to noise in
inducing a resonant behavior in a simple system have been given. Most
importantly, we have given strong evidences reinforcing the idea according
to which, in some cases, it is very difficult to distinguish whether a resonant
behavior is due to the effect of noise or to a chaotic perturbation. This is
especially interesting, because it may imply that in real systems where noise is
supposed to play a major role in the enhancement of periodic signals, perhaps
a chaotic signal is the main cause of this enhancement. On the other hand,
we have also illustrated that, if the perturbation is chaotic, a suitable chaos
control scheme can enhance or tame drastically the input-output coherence.
This can be of great importance in contexts where these phenomena are
supposed to play a key role, such as certain cooperative phenomena in biology.

6. We have studied the geometrical action of two maps that arise naturally
for two simple physical systems: scattering in a four hill potential and an
open billiard. Simulations show that these maps share many features with
the standard horseshoe map, but they present a very interesting property:
they stretch and fold regions in the phase space an infinite number of times,
so we call them infinite horseshoes. Using a nonphysical example, we have
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illustrated that this is related with the fact that these maps are not defined
everywhere in phase space, and then they do not need to be uniformly
continuous, something that was usually assumed in previous studies on
horseshoe maps. We have also given arguments showing that the presence of
these horseshoes implies a wider number of dynamical behaviors than for the
regular horseshoe maps.

7. We have outlined a control technique to keep trajectories of certain dynamical
systems in a region of the phase space where there is a chaotic saddle by
stabilizing trajectories in a very particular set of points, the safe set. The
key property of this set is that trajectories can be stabilized on it even if the
control applied each iteration is smaller than the deviation of the trajectories
induced by the presence of noise. We have shown that these sets exist for a
large variety of one-dimensional maps. After this, we have also shown that
safe sets also exist wherever a horseshoe like map is present. We have shown
the versatility of our method by applying it to the Hénon map and to a noisy
open billiard. We have underlined that both for one-dimensional maps and
two-dimensional maps the presence of safe sets is due to their common inherent
“stretching and folding” action. The wide presence of “stretching and folding”
process in dynamical systems make us think that analogous techniques can be
implemented in a wide variety of situations in Nonlinear Dynamics.
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Amigó, J. M., Kocarev, L., and Szczepanski, J., ‘Order patterns and chaos’, Phys.
Lett. A 355, 27 (2006).

Arai, K., Mizutani, S., and Yoshimura, K., ‘Deterministic stochastic resonance in a
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Samuel Zambrano, José M. Casado, and Miguel A. F. Sanjuán, Chaos-Induced

Resonant Effects and Its Control, Phys. Lett. A 366, xxxx (2007).
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Conferencia: ENCUENTRO DE FÍSICA DE SISTEMAS COMPLEJOS Y
CIENCIAS DE LA VIDA
Presentación oral: El caos como posible amplificador de señales en sistemas
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Resumen y objetivos de la tesis en
español

Resumen

1. Introducción

Uno de los objetivos primordiales de la Ciencia, y más concretamente de la
F́ısica, ha sido intentar lograr modelos fiables de la Naturaleza a partir de los cuales
fuese posible realizar predicciones. En ese sentido, podemos considerar como un hito
histórico el momento, allá por el s. XVII, en el que Newton fue capaz explicar el
movimiento de los astros en el sistema solar a partir de la interacción gravitatoria
y usando las ecuaciones diferenciales, que él mismo hab́ıa contribuido a desarrollar.
De un modo impĺıcito, probablemente Newton fue el primer f́ısico en utilizar lo que
hoy llamamos sistemas dinámicos: sistemas de ecuaciones que describen la evolución
de un sistema en función del estado actual de un modo uńıvoco.

Las técnicas usadas por Newton se extendieron rápidamente a varios ámbitos
de la F́ısica. Se encontró que, usando las ecuaciones diferenciales y un puñado de
interacciones sencillas, una gran cantidad de fenómenos f́ısicos pod́ıan ser descritos
y predichos con gran precisión. Esto generó un clima de optimismo que hizo al
astrónomo y matemático francés Laplace declarar que, si supiésemos el actual estado
del mundo y conociésemos a fondo las interacciones básicas entre sus componentes,
podŕıamos predecir su evolución perfectamente.

Los avances de la Ciencia hicieron que este optimismo cient́ıfico tuviese que ser
matizado, tanto por la irrupción de la F́ısica Estad́ıstica en el S. XIX como de la
Mecánica Cuántica en el S. XX. Sin embargo, el hecho de que la F́ısica Estad́ıstica
afectase sólo a ciertos sistemas con un elevado número de part́ıculas, y que los efec-
tos de los postulados de la F́ısica Cuántica no fuesen observables a nuestra escala,
hicieron que los f́ısicos siguiesen conservando una cierta seguridad en la capacidad
de los sistemas dinámicos para predecir la evolución de un sistema si éste era lo su-
ficientemente sencillo. Sin embargo una teoŕıa, que estaba dando sus primeros pasos
a finales del S. XIX y que iba a experimentar su eclosión a finales del S. XX, iba a
trastocar drásticamente este punto de vista: la Teoŕıa del Caos.

2. Dinámica compleja y su control

A finales del S. XIX el matemático francés Henri Poincaré publicó un trabajo en
el que se trataba de la estabilidad del sistema (aparentemente sencillo) formado por
tres cuerpos interaccionando a través de la interacción gravitatoria. En el desarrollo
de este trabajo pudo intuir que exist́ıan algunos conjuntos de condiciones iniciales
para los que la dinámica del sistema se volv́ıa impredecible, es decir: que una pe-
queña diferencia en las condiciones iniciales pod́ıa introducir grandes cambios en la
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dinámica del sistema. Hab́ıa descubierto el caos.
Tuvieron que pasar muchos años hasta que el uso generalizado de los computa-

dores, que permit́ıa resolver numéricamente ecuaciones diferenciales cuya solución
era imposible de encontrar por otros métodos, permitió constatar que este com-
portamiento estaba presente en una gran cantidad de sistemas dinámicos distintos
presentes en campos de la Ciencia tan variados como la F́ısica, la Bioloǵıa o la
Ingenieŕıa. En este sentido, la contribución de los cient́ıficos Edward Lorenz, Ste-
ven Smale y James A. Yorke, entre otros, fue crucial. Aśı pues, existe una enorme
variedad de sistemas dinámicos aparentemente sencillos para los cuales la evolu-
ción del sistema es prácticamente impredecible. Esta idea choca frontalmente con la
concepción clásica de la F́ısica como ciencia capaz de predecir perfectamente el com-
portamiento de sistemas suficientemente “sencillos”. Aśı pues, durante los últimos
años toda una Teoŕıa del Caos ha sido desarrollada en torno a esta idea, intentando
describir de un modo cuantitativo las propiedades de este tipo de sistemas.

En el desarrollo de esa teoŕıa, se ha encontrado que existe una gran cantidad
de comportamientos complicados, que hacen a los sistemas asociados impredecibles
en distintos grados, y que también aparecen en situaciones bastantes generales. Por
citar algunos ejemplos, podŕıamos mencionar los transitorios caóticos, las crisis, la
intermitencia y las cuencas de atracción fractales y de Wada. Un denominador común
de todos estos comportamientos es que aparecen en sistemas dinámicos no lineales, es
decir, aquellos para los que las ecuaciones de evolución presentan términos no lineales
de las variables involucradas, por lo que la Teoŕıa del Caos ha sido encuadrada en
un ámbito del conocimiento más extenso: la Dinámica No Lineal. En esta disciplina
se encuadran, además, los estudios sobre los efectos del ruido en los sistemas no
lineales.

La ubicuidad de los sistemas que presentan algún tipo de dinámica compleja,
ampliamente verificada en diversos experimentos durante los últimos años, hace que
existan muchas situaciones en las que seŕıa deseable la existencia de algún tipo de
control para el sistema dinámico considerado, que permita obtener una determinada
respuesta de él usando para ello pequeñas perturbaciones. Probablemente el trabajo
clave en este contexto fue el realizado por los cient́ıficos Edward Ott, Celso Grebogi
y James A. Yorke, de la Universidad de Maryland, en el que mostraban cómo, apli-
cando una perturbación pequeña pero elegida adecuadamente a un sistema caótico,
era posible obtener una variedad infinita de comportamientos dinámicos de él. En
torno a esta idea básica ha surgido una nueva rama de la Dinámica No Lineal: el
Control de los Sistemas Dinámicos o el Control de la Dinámica Compleja. Y esta Te-
sis pretende ser una contribución a esta rama de la Dinámica No Lineal. Resumimos
a continuacin sus objetivos fundamentales.
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Objetivos

1. Ruido, caos, resonancia caótica y su control.

En este primer apartado, discutiremos algunas nociones básicas sobre el com-
portamiento caótico, usando para ello unos sistemas muy sencillos pero que pueden
presentar una variedad enorme de comportamientos: las aplicaciones discretas uni-
dimensionales. Los sistemas caóticos presentan un comportamiento en apariencia
aleatorio, pero que es puramente determinista. En la primera parte de este aparta-
do estudiaremos las diferencias entre series temporales generadas aleatoriamente y
series caóticas, y mostraremos cómo la existencia de patrones de orden prohibidos
en series caóticas (relaciones de orden prohibidas entre los elementos de una serie
temporal) permiten distinguirlas.

Una vez que hemos realizado un estudio detallado de las diferencias entre ruido
y caos, podemos centrarnos en las similitudes. En concreto, nos centraremos en el
fenómeno complejo denominado resonancia caótica. Durante los últimos años, se ha
descubierto que el ruido puede jugar un papel cooperativo (inducir una resonancia)
en ciertos sistemas dinámicos, y nuestro objetivo es mostrar que el caos, por sus
evidentes similitudes con el ruido, puede jugar un papel análogo. Una vez demostra-
do esto, daremos un ejemplo de cómo la presencia de caos en lugar de ruido como
generador de resonancias tiene una gran ventaja: que se puede estabilizar su com-
portamiento usando los distintos esquemas existentes de control del caos.

2. Control de dinámicas complejas usando la fase

Muchos sistemas presentan una dinámica compleja cuando son sometidos a for-
zamientos periódicos, es decir, a una acción externa sinusoidal. En los últimos años
se ha comprobado que la aplicación de pequeñas perturbaciones de tipo periódico a
sistemas de este tipo puede inducir cambios drásticos en su dinámica, permitiendo
controlarla.

En este apartado nosotros nos centraremos en el efecto jugado por la fase en
este tipo de control. Primero, tras dar unas nociones básicas de caos en sistemas
dinámicos continuos, mostraremos un ejemplo de sistema que, al aplicársele un for-
zamiento periódico, presenta un atractor caótico: el oscilador de Duffing. Tras esto
mostraremos cómo, si aplicamos una pequeña perturbación periódica al sistema, la
diferencia de fase entre ambos juega un papel crucial en su dinámica global. Va-
riando la fase, el sistema pasa de movimientos caóticos a movimientos periódicos.
Este tipo de control es el llamado “control por la fase”. La validez del método se
comprobará experimentalmente implementándolo en un circuito electrónico.

Otro sistema dinámico experimental que presenta una variedad enorme de com-
portamientos dinámicos al aplicársele un forzamiento periódico es el láser de CO2.
En concreto, se observan transiciones entre reǵımenes de altas intensidades y de ba-
jas intensidades en los pulsos que, analizadas desde el punto de vista de la Dinámica
No Lineal, se conocen como intermitencia. Mostraremos, tanto numéricamente ha-
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ciendo uso del modelo como en un experimento con el láser, que el método de control
por la fase hace que podamos suprimir completamente el régimen de pulsos de altas
intensidades o potenciarlo, según queramos. Además, un análisis teórico realizado
con una aplicación discreta permitirá entender algo mejor el paradójico efecto de la
fase en este tipo de sistemas.

3. Geometŕıa y control de sistemas dinámicos

La primera parte de este apartado consistirá en una profundización en el pa-
pel jugado por la geometŕıa de los sistemas dinámicos en su dinámica. En efecto,
desde los primeros pasos de la Dinámica No Lineal hasta la decisiva contribución
de Smale con su famosa “aplicación herradura”, se sabe que la geometŕıa de un
sistema dinámico juega un papel clave en su evolución temporal. En concreto, el
proceso de “estiramiento y plegado”de una región en el espacio en ocasiones implica
la existencia de caos. Sin embargo, nosotros mostraremos que para dos sistemas sen-
cillos abiertos (con escapes), un potencial con cuatro máximos y un billar abierto,
el sistema dinámico asociado estira y dobla regiones del espacio de fases un número
infinito de veces en un modo que recuerda al de la herradura de Smale. Este tipo
de objetos se pueden llamar entonces “herraduras infinitas”, y las caracterizaremos
extensamente.

Tras esto, pasaremos a analizar cómo se puede aprovechar la geometŕıa de un
sistema dinámico para controlarlo. En efecto, existen sistemas dinámicos para los
que puede ser deseable mantener a las trayectorias confinadas en una región del
espacio de fases. Sin embargo, en ocasiones la presencia del ruido dificulta esa tarea.
Nosotros mostraremos que, para sistemas con una herradura (sea como la ideada
por Smale, sea una herradura infinita), es posible confinar trayectorias en ciertas
regiones usando un control menor que el ruido. Esto es posible por la existencia de
ciertos conjuntos de puntos, los conjuntos seguros, que presentan unas propiedades
muy interesantes debidas a la existencia de una herradura.

Este tipo de control tiene aplicaciones a campos muy variados, de la F́ısica a la
Ingenieŕıa pasando por la Qúımica. Primero, ilustraremos el concepto de conjunto
seguro con sistemas unidimensionales, para pasar a ejemplos más generales más ade-
lante, mostrando que nuestras ideas se pueden aplicar tanto a aplicaciones discretas
como a sistemas continuos, e incluso para billares abiertos, siempre que tengan algo
parecido a una herradura (como la de Smale o infinita) en el espacio de fases.


