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Agradecimientos

“A journey of a thousand miles begins with a single step”

-Lao Tse (604 b.C.)

Primeramente y sin lugar a dudas, a mi Director de tesis, el Catedrático y Di-
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De igual forma tengo que agradecer al profesor Hongjun Cao de la Beijing Jiao-
tong University en Beijing, China, con quién colaboré en el trabajo sobre la ruptura
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A parte, por supuesto, de Antonio Bernalte Miralles, quisiera agradecer especial-
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Preface

“If nature were not beautiful, it would not be worth knowing, and if

nature were not worth knowing, life would not be worth living”

-H. Poincaré (1854-1912)

The present work represents my thesis, which has been carried out during the
four years I dedicated to the study of Hamiltonian systems with escapes from the
point of view of Nonlinear Dynamics and Chaos. All this work is oriented from
the point of view of the influence of perturbations on the dynamics of a classical
system with escapes. In order to introduce this thesis properly, I provide a global
introduction of the main characteristics of the dynamics of a system with escapes
and of a chaotic scattering problem in conservative systems. After this point I study
what happen when the system is altered by some internal or external force. This
work is arranged as follows:

1. Introduction: This Introduction is divided in two parts. The first one refers
to what a system with escapes is and I devote this part to explain and analize the
main properties of a system with escapes and what kind of systems are typical in the
Universe. The second one is dedicated to define a very typical phenomenon in this
sort of systems. This phenomenon is called chaotic scattering and it appears in many
physical situations, as described here. So far, this phenomenon was almost always
analized in the context of conservative systems. Here, I study what happens when
the phenomenon turns on nonconservative, say when a small amount of dissipation
and noise or external forces take place.

The rest of this thesis is divided in two parts. The first part focuses on the study
of dissipation and external noise on the dynamics of a classical chaotic scattering
problem, explained in Chapters 2, 3 and 4. The second part corresponds to the
study of systems with escapes in the presence of some external force in order to
control the dynamics of this kind of systems. Chapter 5 introduces the prototype
model, extensively analizing the dynamics of these systems. In Chapter 6 the goal
is the control of the escapes in this system by using a parametric perturbation.
Conclusions of this work are presented in Chapter 7.

Part 1. Noise and dissipation in chaotic scattering

ix
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2. Effects of dissipation on basins in chaotic scattering: In this chapter I study
the basins of attraction and the exit basins in chaotic scattering influenced by a weak
dissipative force. Initially, I take as a prototype model the Hénon-Heiles system as
a paradigmatic hamiltonian system in two dimensions, analyzing its dynamics. The
phase space of this kind of system has a very rich fractal structure. Furthermore,
its basins has the Wada property. This strong topological property is related with
the unpredictability of the evolution of the system with time. The presence of weak
dissipation changes drastically its dynamics, however the phase space appears unal-
tered in the sense that Wada basins are persistent. This means that the evolution
of the system remains unpredictable.

3. Characterization of the fractal dimension in dissipative chaotic scattering:

Another of the main characteristics of chaotic systems is that the dimension of its
sets is not, in general, an integer number. In this cases we say that it is a set with
fractal dimension. The value of the fractal dimension gives plenty of information
about the dynamics of the system. Here, I characterize the fractal dimension of the
scattering function in the presence of dissipative forces.

4. Noisy chaotic scattering: Here, as in the previous chapters I analyzed the
effects of dissipation in chaotic scattering, I devoted this chapter to the effects of
external noise on the basins of the systems and on the survival probability of the
scattering particles in the scattering region. I provide numerical evidence using
both, a continuous time system and a two dimensional map. Moreover, I find a
linear scaling relationship between the coefficient of the scattering particles and the
intensity of noise.

Part 2. External and parametric forcing in systems with escapes

5. The simplest system with escapes: The Helmholtz oscillator: The Helmholtz
oscillator represents the simplest example of a system with escapes. Here, I review
the dynamics of this oscillator which represents many different physical situations.
I focus, mainly, on the dynamics of this system in the presence of different types of
external forcing and damping levels.

6. How can we avoid escapes in open Hamiltonian systems?: The Helmholtz
oscillator has a threshold value of the external forcing for which all particles inside
the well can escape from it and never come back. By slightly changing the topology
of the well I can avoid escapes in some regions of the physical space. Besides, I
also show the importance of the phase difference between the driving force and the
parametric perturbation to avoid the escapes. I provide numerical and experimental
evidence of this phenomenon.

7. Conclusions: I finish this thesis summarizing the main results.
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Chapter 1

Introduction

“Newton, forgive me...The concepts that you created are even today

still guiding our thinking in physics, although we now know that they

have to be replaced by others, more remote from the realm of direct

experience”

-Albert Einstein (1879-1955), Autobiographical Notes

1.1 Systems with Escapes

We suppose that a particle is under the influence of some potential or massive ob-
ject. Under this situation, we say that a dynamical system has an escape whenever
this particle crosses a certain boundary and never comes back. This boundary is
characteristic of the specific potential or a massive object. There are two types of
escapes in conservative dynamical systems with two degrees of freedom: escapes to
the infinity and escapes to certain singular points at finite distance. In both cases
the areas on a surface of a section are not preserved.
The subject of escapes has become fashionable and attracted much interest in re-
cent years; for instance, among others, in galactic dynamics (see Ref. [1]) and in the
three-body problem (see Ref. [2, 3]), among others.
The particular problem of chaotic scattering has been discussed extensively. We will
introduce, in Section 1.2, the problem of chaotic scattering which will be the main
objective of this thesis. The general basis about systems with escapes can be found
in several sources (e. g. Ref. [4]). In this section, we will describe the theoretical
aspects and several applications in different branches in physics.
More recently the problem of escapes has been attacked with more detail (e.g.
Refs. [5, 6, 7, 8]). For this kind of problems we define exit basins in the same
way that basins of attraction. A basin of attraction is the set of initial conditions
that leads to an attractor or fixed point, for which an escape basin is the set of ini-
tial conditions that leads to a certain exit (typically the infinity). Here, the infinity
acts as an attractor. In these cases the volumes in phase space are conserved. In
general, we can distinguish two kind of systems with escapes. Systems with infinity
as escapes and systems whose escapes are at a finite distance (black holes). The

1



2 Chapter 1. Introduction

latter one will not be the object of this thesis but we will mention it briefly in Sec-
tion 1.1.2. The escapes to the infinity when the system is perturbed by some sort
of noise, dissipation or some external force is the goal of this thesis. Now, we are
going to describe the basic ideas about the escapes to the infinity and to the black
holes (Ref. [9]).

1.1.1 Escapes to infinity

We talk about escapes when the orbits in a conservative hamiltonian system with
two degrees of freedom extend to infinity. In order to show the main properties of
these kind of systems we will choose three different types of hamiltonians plotted in
Fig. 1.1. They read:

H =
1

2
(ẋ2 + ẏ2 + ω1x

2 + ω2y
2) − εxy2 = h, (1.1)

H =
1

2
(ẋ2 + ẏ2 + x2 + y2) − εx2y2 = h, (1.2)

H =
1

2
(ẋ2 + ẏ2 + x2 + y2) − εxy2 = h. (1.3)

The isopotential curves of Eqs. 1.1, 1.2 and 1.3 are plotted in Fig. 1.1. Depend-
ing on the parameter h the systems can present different types of behavior. These
systems presents a threshold value of the parameter h for which the dynamics of the
system changes completely. If h is larger than this threshold value, hesc, these isopo-
tential curves are open and allow particles to escape. On the contrary, if h < hesc,
the system presents closed curves and there are no escapes. In Figs. 1.1(A), 1.1(B)
and 1.1(C) are represented both behaviors depending on the value of parameter h.
The openings of the isopotential curves for h > hesc are two in the first case (A),
four in the second case (B) and three in the third case (C). In all cases, there is, at
every opening, an unstable orbit called Lyapunov orbit (denoted with dotted curves
in Fig. 1.1) and any particle crossing a Lyapunov orbit outwards escapes from the
system and never returns to the origin (see, for instance, Ref. [10]).

Other important concept that provides geometric information about the dynam-
ics of the system is the concept of exit basins. An exit basin is the set of initial
conditions leading to a certain exit (typically the infinity). We now illustrate this
concept for one of the chosen models.

For values of the energy larger than hesc = 25.31 the chaotic orbits of the large
chaotic sea escape from the system to infinity. However, the escapes are not im-
mediate. In Figure 1.2 we mark the domains of initial conditions of orbits es-
caping through the Lyapunov orbits O1 and O2 without any further intersection
with the surface of section (domains marked E(O1, +0) and E(O2, +0), respec-
tively), and the domains of orbits that escape after one intersection (E(O1, +0)
and E(O2, +0)). There are more domains that escape after n iterations (E(Oi, +n))
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Figure 1.1. Isopotential curves for the systems (A), (B) and (C) in Eqs. 1.1, 1.2 and
1.3, respectively. (Figure obtained from Ref. [9]).

with i = 1, 2, ..., n ≥ 2. These domains fill the empty space between the invariant
curves close to the boundary and the domains E(Oi, +n) (i = 1, 2, n = 0, 1). There
are also domains E(O1,−n)(i = 1, 2), n ≥ 0, that escape in the backward time
direction. The domains E(O1,−n) and E(O2,−n) are symmetric to E(O2, +n) and
E(O1, +n), respectively, with respect to the axis ẋ = 0.

1.1.2 Escapes into two black holes

It is well known that within the Solar System the effects due to the General Relativity
are very tiny, even on the surface of the Sun (see Ref. [11]). Bigger effects are found in
the vicinity of stellar objects as neutron stars. But the most spectacular relativistic
effects are displayed by black holes. As H. C. Ohanian quotes in Ref. [11]:

“Black holes are the remains of stars that have completely collapsed

under their own weight, crushing their material left to a singular state

of infinite density...”

In fact, if we compare a black hole with the Earth, we find that a black hole of
a mass equal to the mass of the Earth would have the radius of 9 mm. In Fig. 1.3
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Figure 1.2. This figure represents the typical exit basins in phase space (x, ẋ) of the
hamiltonian 1.1 for the value of parameters as follow: ω2

1 = 1.6, ω2
2 = 0.9, ε = 0.08, and

h = 29. (Figure obtained from Ref.[9]).

we show a classical sketch of a black hole with a normal star as a companion. The
escapes through black holes are very typical in systems with escapes as we will
describe now briefly. In the case of two fixed black holes, a large set of orbits escape
into these black holes. This genuine relativistic effect does not occur in Newtonian
mechanics. In fact, the Newtonian problem of two fixed centers is integrable and
the orbits can be obtained explicitly (see Ref. [12, 13]).
In this case only a set of orbits with measure zero reaches the two centers (black
holes). In particular, in the case of one fixed center, only exactly radial orbits reach
the center. However, in the relativistic case the black holes act as attractors. They
attract all orbits that are close to them. In this case, not only the areas on a surface
are not preserved, but also the volumes in the phase space are not preserved neither.
A typical basin of attraction of two fixed black holes is plotted in Fig. 1.4.
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Figure 1.3. Classical sketch of a binary system consisting of a black hole with a nor-
mal star as a companion. Figure obtained from Ref. [11] (After Eardley and Press (see
Ref. [15])).

1.2 Chaotic Scattering

1.2.1 Introduction to classical chaotic scattering

From a general point of view, we can define a scattering problem as the problem
to obtain the relationship between some input variables, that characterize an initial
condition for some dynamical system, and some output variables, that characterize
the final state of the system [14]. The simplest example of this type deals with the
motion of a point particle in a potential V (x, y, z), where the influence of V (x, y, z)
is very small (almost zero), in points outside of the specific scattering region of finite
spatial extend. The region for which the potential has influence over the particle
shot is called scattering region. Thus, outside the scattering region, the trajectories
are moving along a straight line. A trajectory approaching the scattering region
interacts with the scatterer escaping the scattering region. The phenomenon is plot-
ted in Fig. 1.5 for a potential in the plane (x, y). In Fig. 1.5 we define the input
variable b, typically called impact parameter, and an output variable φ, typically
the chosen parameter is the scattering angle. One important question for this kind
of problems is related to the functional relationship between the impact parameter,
b, and the scattering angle, φ, for a given direction of the incoming velocity. The
interesting point of this question is that this relationship is qualitatively different
for the two cases where the dynamics in the scattering region is chaotic or nonchaotic.

In this thesis we will focus on this type of problem, chaotic scattering, when
the systems are subjected by weak perturbations typical in nature as dissipation
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Figure 1.4. This picture denotes the typical basins of attraction of two fixed black holes
for a fixed values of the parameters. (Figure obtained from Ref. [9])

Figure 1.5. Sketch of a typical problem on classical scattering in the plane (x, y). (Figure
obtained from Ref. [14]).

or noise. We will also study the case in which we introduce a small forcing and
parametric perturbations. In order to show the importance of chaotic scattering we
will illustrate some of the multiple applications in physics and different branches in
science. We will focus in the recent developments in this field. First of all, we will
show the main properties of a classical chaotic scattering problem.

We will start with a well known example of a 2D potential (see Ref. [16]). Fig-
ure 1.6 shows different pictures of the output variable, φ, versus the input variable,
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b, for the potential given by the equation:

V (x, y) = x2y2e−(x2+y2). (1.4)

This potential consists of four hills whose peaks are located at (x, y) = (±1,±1).
When the energy, E, of the particle is larger than the maximum potential energy at
the peaks, denoted Em, the scattering is nonchaotic. This is easy to check by looking
at Fig. 1.6(a) that the relation between the impact parameter, b, and the scattering
angle, φ, is a simple smooth curve. It explains very well the nonchaotic behavior
in which the system is not sensitive to the initial conditions. Figure 1.6(b) shows a
numerical plot of the impact parameter, b, and the scattering angle, φ. The speckled
appearance in this finite resolution plot qualitatively shows the chaotic motion of
the particle shot in this situation. There are several regions in which the scattering
angle, φ, changes drastically with the impact parameter, φ, and it is difficult to
distinguish clearly the different regions. In order to improve the resolution of this
picture we pick such a region and blowing up its horizontal scale to improve reso-
lution, we see, in Fig. 1.6(c), that speckled regions still remain. Figures 1.6(d) and
1.6(e) show further blowups of the previous pictures and a good resolution of them
still fails. These pictures suggest that there are values of the impact parameter, b,
for which the scattering angle, φ, varies by an amount of order one on an arbitrarily
fine scale in b. These pictures explain, qualitatively, the chaotic behavior of the
scattering problem for certain values of the energy.

In fact, the set of such values of b is numerically found to be fractal with a di-
mension of approximately D = 0.67 for this example (see Ref. [17]). In general, for
chaotic scattering problems in two dimensions, there is a fractal set of values of the
impact parameter, b, on which the scattering function φ versus b is singular in the
sense described earlier. This fractal set typically has dimension above zero and less
than one in absence of KAM islands 1 in the scattering region as shown in Fig. 1.6.
When there are KAM islands, this singular set has dimension one. This point is
emphasized as this set has Lebesgue measure zero. This result has been shown in
Ref. [18].

The source of the singularity can, in principle, be seen by following a trajectory
from an input at which the scattering function is singular. Such an orbit enters the
scattering region, but never exits, continuing to bounce around in the scattering
region forever. For instance, in the four hill potential, V (x, y) = x2y2e−(x2+y2), for
which Fig. 1.6 was drawn, an impact parameter value very near to a singular b value
might lead to an orbit that bounced several times around the hills, say 200, before
exiting from the scattering region. A very small change in the impact parameter b
might then result in say 201 bounces. This small change only makes a small relative

1KAM islands are typical of conservatives systems. They are unaccessible regions in the phase
space where an orbit can not escape from them. From the chaotic scattering point of view KAM
islands appear in a nonhyperbolic regime. Typically, when the system becomes hyperbolic KAM
islands are destroyed.
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Figure 1.6. Different plots of the scattering angle φ versus the impact parameter b for the
four hills potential (a) for E > Em, and (b) for E < Em. (c), (d) and (e) show successive
blowups of a small region in b for the case E < Em (Figure obtained from Ref. [16]).

change in the number of bounces, from 200 to 201, but the one extra bounce totally
changes the output parameter, say the scattering angle. This sensitive dependence
on initial conditions and the related fractal structure can be seen very clearly in the
two-dimensional three-disk problem originally described by Eckhardt in Ref. [19]
and studied in great detail by Gaspard and Rice (see Ref. [20]) and by Leon et al.
in Ref. [21].
Alternatively, we can also consider the time-delay function, that we will call scatter-
ing function, that tells us how the time spent by the orbits in the scattering region
depends on the impact parameter b. In the chaotic case, this function takes on
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an infinite value whenever there is a singularity in the scattering angle φ. In the
nonchaotic case, (see Fig. 1.6(a)), E > Em and no orbit can spend more time in the
scattering region than some finite upper bound. Another way of thinking about the
chaotic scattering phenomenon is to consider the invariant set of orbits that bounce
around in the potential without ever leaving the scattering region for times t → ±∞.
The dynamics on this invariant set is chaotic, and, for the hyperbolic case, orbits
on the set can be encoded by a symbolic dynamics representation. The knowledge
of such an encoding is of basic importance as shown, for instance, in Ref. [22].

The hyperbolic chaotic scattering set may be envisioned as the intersection of
a stable and unstable manifold, where the stable, or unstable, manifold consists of
uncountably many fractal sets of roughly parallel surfaces on which orbits approach
the invariant chaotic set as t → ∞, or t → −∞, respectively. The fractal set of
singular b values for the scattering function corresponds to those b values that lie
on the stable manifold as indicated, for example, in Refs. [23, 24]. Figure 1.7 shows
a numerical plot of the chaotic invariant set in the surface of section y = 0 for the
case in Fig. 1.5(a). The intersection structure mentioned above is clearly evident.
The fractal dimension of the set along the unstable direction is thus D. Because
of the time reversal invariance, however, the other partial dimension, that along
the stable direction, has to be D, too. The fractal dimension d0 of the chaotic set
shown in Fig. 1.7 is thus d0 = 2D = 1.34 for this specific case. Note, however,
that for higher chaotic scattering, that is with more than two degrees of freedom,
it might happen that a randomly chosen initial line does not intersect the stable
manifold of the invariant set even if the latter is chaotic. Scattering functions have
fractal properties in such cases only if the fractal dimension of the chaotic set is
large enough as shown, for example, in Ref. [25].

Another fundamental aspect of chaotic scattering is the time delay statistics,
P (T ). Imagine that we pick many b values at random in some interval. We then
examine the resulting orbit for each value and determine the time T that this orbit
spends in the scattering region. The fraction of orbits with time delay between T
and T +dT is P (T )dT . For hyperbolic dynamics in the scattering regions, one finds
that for large T the time delay statistics decays exponentially as follows,

P (T ) ∼ exp(−T/τ), (1.5)

where τ is a characteristic time for the scatterer. For chaotic dynamics with bound-
ing KAM surfaces in the scattering region, there is a qualitatively different be-
havior in which P (T ) apparently decays algebraically as shown, for instance, in
Refs. [18, 26]:

P (T ) ∼ T−α. (1.6)

It is worth noticing that opening a window on a billiard to allow the escape of
particles also represents a kind of scattering problem (see, for example, Ref. [27]).
In the case of chaotic billiards the decay is typically exponential but the presence of
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Figure 1.7. Plot of the chaotic invariant set in the surface of section, y = 0, for the
case shown in Figs. 1.6(b)-1.6(e)(From Ref. [16]).

any marginally stable orbits might convert the decay to algebraic even if no KAM
surfaces appear.
The differential cross-section is a fundamental characteristic of any scattering pro-
cess. Figure 1.8 shows this quantity computed for the four hill problem at a particle
energy below Em as shown in Ref. [16]. The appearance of a multiplicity of singu-
larities is obvious and very clear. They sit on a set of the same fractal dimension
D as the singularities of the deflection of time delay functions [45]. In nonchaotic
cases, the differential cross-section is either smooth or its singularities are restricted
to a set of dimension zero.

The above system gives some of the most basic phenomenology of chaotic scatter-
ing. Given the generality of the discussion, it should not be surprising that chaotic
scattering has found application in a host of fields. We will discuss some of their
applications in Section 1.2.2 for the classical chaotic scattering and we will mention
in Section 1.2.4 what is quantum chaotic scattering. In Section 1.2.3 we review some
aspects of ergodic motion on invariant chaotic scattering sets.

1.2.2 Applications of chaotic scattering

In this section we discuss and show some of the physical applications and examples
where chaotic scattering is relevant. Notice that the topic chosen for discussion is
only meant to be a representative choice, and that there may be other significant
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Figure 1.8. The differential cross-section for the four hill potential (Eq. 1.4) in the
regime E < Em (From Ref. [16]).

physical applications that are not mentioned here.

A. Celestial Mechanics

Poincaré’s study of the interaction of three gravitationally interacting bodies was
one of the first physical situations that dealt with chaos. Even the one dimensional
three-body problem [29] has large regions of the phase space connected with chaotic
scattering. One classical result is due to Sitnikov [30] who investigated a version of
the restricted three-body problem. When two heavy masses move on Kepler ellipses
around their center of mass and a third body of negligible mass is restricted to move
a line through the center of mass but perpendicular to the plane of ellipses, Sitnikov
was able to rigorously show that the light bodies motion is chaotic even if it escapes
the vicinity of the two other masses. Other approach was carried out by Petit and
Hénon [31]. They considered the case of two small bodies moving around a very
heavy mass. In the planar problem, initially one has the two small bodies moving
in a common plane on circles of different radii around the central mass. In the case
of close encounters complicated motion can take place, but, with the exception of
a set of initial conditions of zero measure, the small particles separate again. This
phenomenon is relevant for the moons of large planets or particles in planetary rings.
The paper by Boyd and McMillan [32] studies the chaotic scattering of an incoming
star on a binary system. From the physical point of view the problem is of interest
with respect to the heating mechanism for globular clusters. The scattering interac-
tion can result in a more tightly bound binary, thus transferring gravitational energy
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to kinetic energy.

B. Charged particle trajectories in electric and magnetic fields

Charged particle motion in electric and magnetic fields is an important aspect of
a variety of fields including particle accelerators, electromagnetic wave generators,
and plasma physics in general. In Ref. [33] the authors discuss the acceleration of
a charged particle in an uniform magnetic field in the presence of large amplitude
traveling electromagnetic waves. They show that very strong and efficient particle
acceleration can result, and that the process is basically one of the transient Hamil-
tonian chaos as chaotic scattering. As another example, we mention work on the
interaction particles with the central plasma sheet in the magneto tail of the Earth’s
magnetosphere. The magnetic field in this region can be modeled as:

B(x, z) = B0 tanh(z/δ)x0 + Bnz0, (1.7)

where x0 and z0 are unit vectors and δ, B0 and Bn are constants. For | z |� δ the
field is uniform, and particles spiral about the field. Since Bn 6= 0 the guiding center
of a particle spiraling along the field can move toward the layer | z |∼ δ. Particle
motion inside this layer can be chaotic. The dependence of the particle trajectory
exiting the layer on the particle motion in the homogeneous field region before
entry is a chaotic scattering problem. It was predicted theoretically on the basis
of solution of this problem that the particle velocity distribution function for ions
would display resonant peaks corresponding to resonances in the chaotic scattering
problem. Recent space probe measurements beautifully confirm these predictions
as shown in Ref. [34].

C. Magnetic field line trajectories

In plasmas, magnetic field line trajectories, given by the equation

dx

ds
= B(x) (1.8)

are often important to determine physical properties of the system. In Eq. 1.8
represents a parametric variable measuring distance along the magnetic field line.
Since ∇.B = 0, Eq. 1.8 is analogous to the motion of a passive particle convected
by an incompressible fluid (see Subsec. D). In Ref. [35] on reconnection of three
dimensional magnetic fields in solar plasmas, has shown that chaotic scattering
for the conservative dynamical system provides the essential ingredient necessary
for understanding their problem. In magnetic reconnection, the topology of the
magnetic field configuration changes and magnetic energy is converted into heat.
However, in infinitely conducting plasmas, field lines are frozen into the plasma,
and topology change is then ruled out [36]. Thus, for field lines to reconnect in a
highly conductive situation, as in plasma above the surface of the Sun, an energy
dissipation mechanism must be found. In Ref. [35] the authors consider a situation
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where typical magnetic lines leave and then return to the surface of the Sun. Some
of these take longer, in field line length, to do this, and they find that there is a
fractal set which takes forever to return. This is clearly the same phenomenon as
mentioned in Sec. I. The necessary dissipation is associated with these infinitely long
time to accelerate electrons along these magnetic field lines, and electrons can then
gain large energy.

D. Hydrodynamical processes

It has long been known that the dynamics of ideal linear vortices is chaotic if the
number of participating vortices is greater than three (see Ref. [37]). When vortices
are started far away from each other, they can come close due to their mutual in-
teraction. For an infinite homogeneous fluid, a bounded configuration for all of the
participating vortices does not exist, and the distance between some of them will
sooner or later grow unboundedly. Such processes are examples of scattering, and,
in case of four or more vortices, they are typically chaotic. The motion of two pairs
of vortices has been studied in detail, for instance in Ref. [38]. They pointed out that
in the course of interaction, the pairs exchange partners for a finite amount of time.
The new couples have different vorticities and move, as long as they are far away
from each other, on approximately circular orbits. Close encounters of these couples
strongly perturb the orbits, but this metastable configuration of two couples can
last very long, until a new collision finally leads to an exchange again. This result in
the recovery of the two original pairs of vortices which then leave each other along
straight line orbits. This is in complete qualitative agreement with the experiments
made in Ref. [39]. The motion in the metastable configuration is chaotic and the
process exhibits all properties of chaotic scattering mentioned in Sec. 1.2.
It is also well known that the motion of a passive tracer particle in a simple non
stationary, say time periodic, velocity field can be chaotic as shown in Ref. [40].
Incompressibility implies the Hamiltonian character of the Lagrangian dynamics. If
the non stationarity of the flow is restricted to a central region outside of which
the velocity field is practically stationary, the Lagrangian advection problem in an
incompressible fluid provides another example of scattering motion. As pointed out
in Ref. [41], the tracer dynamics in the space of ideal vortices is integrable (for in-
stance, in the case of three vortices). The transport by the vortical flow generated by
a pair of vortices in a wavy-walled channel has been investigated in, among others,
Ref. [42].
Another broad class of problems is related to viscous flows. The passive particle
motion in any open incompressible flow can also be an example of chaotic scatter-
ing (see Ref. [43]). In Ref. [44], the authors showed that particles advected by a
flow generating a von Kármán street behind a cylinder can be trapped behind the
cylinder, and exhibit a sensitive dependence on initial conditions. This is the region
where a strange set exists, which is responsible for the chaos of the scattering pro-
cess. The work [45] investigates the important role of the hydrodynamical boundary
conditions in making the particle dynamics nonhyperbolic.
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E. Models of chemical reactions

In many chemical reactions the number of molecules in the initial and finite states is
the same, i.e., no chemical complex is created. Nevertheless, intermediate complexes
of finite average lifetime might be present.
In the simplest case, one has initially two atoms, say A and B, bound in a molecule
and a third atom C interacting with the other atoms. Reaction takes place when
these two components collide with each other. The qualitatively different outcomes
of the interaction lead either to the creation of new molecules AC or BC and free
atoms B or A or the survival of molecule AB and atom C. This system is an example
of a three-body problem, and is not integrable even in restricted geometries like one
dimensional motion.
Rankin and Miller found [46] that small changes in the initial conditions lead to
drastic differences in the final states, so that a nonreactive trajectory might exist in
the vicinity of a reactive one or viceversa. Later work [47] showed that this property
persists to the smallest numerically accessible scales. Noid, Gray and Rice pointed
out [48] the underlying fractal structure in the scattering process. The importance
of unstable periodic orbits to the understanding of these chemical reaction has been
emphasized in Ref. [49]. So far, it has become clear that there is typically an infinity
of unstable periodic orbits [50] forming the backbone of a nonattracting chaotic set.
Most recent investigations use all tools and concepts on dynamical systems used in
chaotic scattering problems, as shown in Ref. [51]. Since chaotic motion is present as
long as all atoms are close to each other, the average lifetime of chaotic trajectories
τ can be interpreted in classical models of chemical reactions as the average lifetime
of the intermediate complex. In this way, the contribution of Koch and Bruhn [52]
deals with a model of chemical reactions.
Other interesting development is the control of chaos in chemical reactions (see,
for example, Ref. [53]) which means that a certain type of nonchaotic motion can
be stabilized by appropriately choosing an external perturbation. This opens the
possibility of stabilizing metastable complexes.

F. Atomic and Nuclear Physics

The classical dynamics of two electron atoms has much similarity to that of A−B−C
chemical reactions with the essential difference that the interaction is of long range
type due the Coulomb force. Much attention has been focused on the problem of
helium. It has long been believed that the classical helium atom would be unsta-
ble apart from a set of initial conditions of measure zero, and would spontaneously
autoionize. Some years ago, Richter and Wintgen [54], and later Yamamoto and
Kaneko [55] have shown that the phase space is stable around certain periodic or-
bits corresponding to, e.g., asymmetrical stretching motions of the two electrons
around the nucleus (see Ref. [56]). Nevertheless, only a small part of the phase
space corresponds to stable regular motion [54]. Outside of this region, there exists
an infinite amount of unstable periodic orbits embedded in a nonattracting chaotic
set, and, therefore, nearly the entire phase space can be explored by means of scat-
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tering processes. As the first investigations indicate [57], the tori around the stable
periodic orbits can be successfully used for carrying out a semiclassical quantization.
In Ref. [58] Yuan and Gu investigated the scattering of an electron on a helium ion.
Another interesting phenomenon connected with both chemical reactions and atomic
processes is the interaction of the constituents with an external electromagnetic field.
Even if the motion is simple in the field free case, external driving generically de-
stroys integrability and leads to fragmentation or ionization. The study of such
systems has also attracted recent interest and serves as a useful model for dissocia-
tion of molecules (see Ref. [59]) or ionization of atoms [60]. The contribution shown
in Ref. [61] is devoted to a periodically driven scattering system and points out that
parabolic orbits also generate a power law decay.
Scattering experiments are essential in studying the nuclear structure, too. There-
fore, it is natural that chaotic scattering also has relevance to this branch of physics
as shown in Ref. [62] which is reviewed in the contribution to this section by Baldo
et al. [63].

1.2.3 Chaotic scattering sets from an ergodic point of view

Systems with two degrees of freedom and a hyperbolic chaotic invariant set allows
a rather complete theoretical picture. We will review some results for this case in
order to introduce all the most important properties on chaotic scattering in a better
way.
As mentioned in Sec. 1.2.1, we can regard the chaotic scattering set S as the inter-
section of its stable and unstable manifolds. This is illustrated schematically in a
Poincaré surface of section in Fig. 1.9. Now let B be a rectangle containing S. we
assume that under the action of the Poincaré map f , all points in B except for those
on the invariant set and its stable manifold leave B and never return. This part
of B must be mapped out of B, and the Lebesgue measure, say area, remaining in
B must decay. Say we randomly sprinkle a large number N0 of initial points in B.
After t iterates, Nt points remain. The quantity τ in Eq. 1.5 is

1

τ
= lim

t→∞
lim

N0→∞

1

t
ln(

N0

Nt

) (1.9)

If t is large, the Nt point remaining at time t must have started near the stable
manifold. After t iterates, these points now line up along the unstable manifold. In
fact, for any large time t, one finds that the remaining points essentially lie in thin
strips covering the unstable manifold segments in B. Iterating these strips backward
in time to t0, the strips along the unstable manifold map to strips along the stable
manifold. Since f is area preserving and the dimensions of the box B are of order
one, we see that the thickness l

(t)
i of the ith strip along the stable manifold at time t

is of the same order as the thickness of the unstable manifold strip that it originates
from.

We can operationally define natural measures of a set A for the stable and
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unstable manifolds as:

µs(A) = lim
t→∞

lim
N0→∞

Ns(A)

Nt
, (1.10)

µu(A) = lim
t→∞

lim
N0→∞

Nu(A)

Nt

, (1.11)

respectively. Here Ns(A) denotes the number of the remaining Nt trajectories in B
whose initial conditions lie in A, while Nu(A) denotes the number of the remaining
Nt trajectories in B lying in A at time t. Similarly, we define the natural measure
of the chaotic set S itself as:

µ(A) = lim
t→∞

lim
N0→∞

Nξ(A)

Nt
, (1.12)

where Nξ(A) is the number of orbits which do not leave B by time t and which lie
in A at time ξt, where ξ verifies 0 < ξ < 1.

Lyapunov exponents λ1 > λ2 associated with the natural measure on the chaotic
invariant set can be defined by considering the Jacobian matrix of partial derivatives
Df t(x) of the t times iterated map f t for the Nt initial points x whose orbits have
not left B at time t. The matrix reads

lim
t→∞

lim
N0→∞

〈[Df t(x)] ∗ Df t(x)〉1/2t
Nt

, (1.13)

where ∗ denotes the adjoint, and 〈 . 〉Nt
denotes an average over the Nt remaining

initial conditions, and has eigenvalues exp(λ1,2). Because f is area preserving λ1 =
−λ2.
The information dimension of the stable and unstable manifold measures are equal
and are given in terms of the Lyapunov exponent and the characteristic decay time
τ by,

ds,u = 2 − 1

τλ1

, (1.14)

as shown in Refs. [64, 65].
The information dimension d1 of the chaotic invariant set is

d1 = du + ds − 2 = 2(1 − 1

τλ1
), (1.15)

where the left hand side identity results from the fact that S is the intersection of
its stable and unstable manifold. The metric entropy of the natural measure is (see
Refs. [64, 65]),

hµ = λ1 − 1/τ. (1.16)

Pierre Gaspard used this equation to study the connection between the statisti-
cal treatment of diffusive transport and the dynamics of chaotic scattering, which is
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shown in Ref. [66].

Multifractal properties of the measure µ are readily available from numerical
calculations of the set of strip l

(t)
i as shown in Ref. [67], where the following partition

is introduced

∑

i

l
(t)β
i ∼ exp[−βF (β)t]. (1.17)

Here F (β) plays the analogous role of the free energy density and β is similar to
the inverse temperature. The function F (β) yields a convenient characterization of
ergodic properties of the system. In particular the decay time is given by

F (1) = τ−1, (1.18)

and the dimension spectrum dq of the measure µ is given by the solution of

β̂(q)F (β̂(q)) = q/τ, (1.19)

where β̂(q) = q − 1
2
(q − 1)dq. Note that the factor 1/2 follows from the fact that

the dimension spectrum is the same dq/2 along both the stable and the unstable
manifold due to the hamiltonian character. The metric entropy is given by the
equation

hµ = F ′(1). (1.20)

In view of Eqs. 1.14 and 1.16 the Lyapunov exponent λ1 is obtained as the
derivative of βF (β) taken at β = 1. Similar results can be obtained using a partition
function based on averages of finite time Lyapunov numbers (for details see Ref. [68]).
Another very fruitful approach to the ergodic properties of the chaotic scattering
set S is based on the dense set of periodic orbits embedded in S. Again a relevant
partition function can be defined, this time as a sum over all periodic orbits of
given period T . In principle, results follow from the large T limit. In practice, it is
difficult to obtain many large periods, and techniques of obtaining greatly improved
convergence have been formulated (see, for instance, Ref. [69]). The periodic orbit
formulation is particularly important in problems of quantum chaotic scattering.
We do not pay attention at this point, just indicate that in that case the results are
asymptotic rather than convergent.

1.2.4 Basic idea on quantum chaotic scattering

The basic problem in quantum chaotic scattering is to analyze and discover the
typical behaviors characteristic of quantum scattering problems in the semiclassical
regime for situations in which the corresponding hamiltonian yields chaotic scatter-
ing in the classical case. This is a forefront field in physics today because it has
several applications in nanoscience and nanotechnology. Some early works about
quantum chaotic scattering can be found in Ref. [70].
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Figure 1.9. Plot of the Poincaré section of a chaotic invariant set. The roughly parallel
lines denote the intersections between the stable and unstable manifold (From Ref. [4]).
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Chapter 2

Effects of dissipation on

basins in chaotic

scattering

“The very first of all, CHAOS came into being”

-Hesiod, Theogeny 116

2.1 Introduction

In this chapter we study the phenomenon of chaotic scattering in continuous-time
Hamiltonian systems in the presence of weak dissipation, focusing our study mainly
in its effects on the basins. Most previous works on classical chaotic scattering had
focused on purely conservative (Hamiltonian) systems [1, 2, 3, 4].
Note that conservative and dissipative systems might admit a Hamilton function,
although the energy would not be not preserved in dissipative cases [5]. A com-
monly studied setting is the particle motion in a potential field consisting of a group
of potential hills [2, 3]. In general, there exists a region where interactions between
scattering particles and the potential occur, whereas outside the region, the poten-
tial is negligible so that the particle motions are essentially free. This region is
often called the scattering region [1, 2, 3, 4] as we mentioned in Chapter one. For
many potential functions of physical interest, the corresponding classical Hamilton’s
equations of motion are nonlinear, rendering possible chaotic dynamics in the scat-
tering region. Since the system is open, the region necessarily possesses “channels”
for particles to enter and to escape. That is, particles from far away can enter the
scattering region through one of the channels, experience chaotic dynamics in the
region due to the interaction with the potential, and then exit the region through
the same or a different channel. Because of the chaotic dynamics in the scatter-
ing region, particles with slightly different initial conditions (e.g., initial positions
and momenta) can experience different paths in the region and, consequently, they
can spend drastically different times in the region and may exit through different
holes in completely different directions. It is in this sense of sensitive dependence of
the outcome of the scattering trajectory on the initial condition that the scattering
becomes chaotic. In the past two decades or so, physical situations where chaotic
scattering is relevant were identified, which include celestial mechanics [6], charged
particle motions in electric and magnetic fields [7], hydrodynamical processes [8],
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atomic and nuclear physics [9], and solid-state semiconductor structures that are
fundamental devices in nanoscience and nanotechnology [10].

For particles coming into the scattering region from far away, their lifetimes in
the region must be finite. As a result, they exhibit chaotic dynamics but only for a
finite amount of time, i.e., transient chaos [11, 12]. In this sense chaotic scattering
can be regarded as a physical manifestation of transient chaos [1, 2, 3, 4]. It is known
in Nonlinear Dynamics that transient chaos is due to the existence of nonattracting
chaotic invariant sets (chaotic saddles) in the phase space [2, 3, 13]. One way to
physically see the presence of a chaotic saddle is through unstable periodic orbits.
For instance, in the configuration of symmetric potential hills used to study various
bifurcations to chaotic scattering [2, 3], there exist trajectories that bounce back
and forth along the line segments connecting the centers of the hills. Insofar as the
particles move exactly along these lines, they remain in the same paths, resulting
in periodic motions which, in the phase space, correspond to periodic orbits. These
orbits are unstable because an arbitrarily small deviation from the periodic paths
can cause the particles to leave the paths and eventually leave the scattering region.
A fundamental property of the chaotic saddle is that it has embedded in itself an
infinite number of unstable periodic orbits.

An important consequence of the presence of a chaotic saddle in the scattering
region concerns the basin structure for distinct scattering destinations. Although the
term “basins of attraction” is usually associated with dissipative dynamical systems
with attractors, in open Hamiltonian systems this concept can also be useful for
characterizing scattering dynamics. In particular, one can imagine launching an
ensemble of particles toward the scattering region from, say, a plane far away from
the region, and determine the initial conditions that result in trajectories going to
a particular destination after the scattering. The set of initial conditions can thus
be effectively regarded as the basin of the destination. In chaotic scattering, the
boundaries separating the basins of different destinations are typically fractal sets
[2, 14]. The main goal of this part of the thesis is to examine how weak dissipation
may affect the basin structures.

In Hamiltonian systems, regular motions, i.e., motions on various Kol’mogorov-
Arnol’d-Moser (KAM) tori [15], are also fundamental. Depending on whether there
are KAM tori coexisting with chaotic saddles in the phase space, chaotic scattering
may be characterized as either hyperbolic or nonhyperbolic. In hyperbolic chaotic
scattering, all the periodic orbits are unstable and there are no KAM tori in the
phase space. In this case, the particle decay law is exponential. To see this, consider
an ensemble of initial particles randomly distributed in the scattering region. As
time goes particles begin to escape from the region, so the number of particles in
the region (or the survival probability of a particle) decreases with time. When
chaotic saddles are the only dynamical invariant sets in the scattering region so
that all periodic orbits are unstable, this decrease in the survival probability is
necessarily exponential. In nonhyperbolic chaotic scattering, KAM tori coexist with
chaotic saddles, which typically results in algebraic decay in the survival probability
of a particle in the scattering region. Heuristically, this can be seen by noting that
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motions on KAM tori are neither stable nor unstable, so the corresponding Lyapunov
exponents are zero. The symplectic structure of Hamiltonian systems stipulates that
motions transverse to the KAM tori possess zero Lyapunov exponents as well. As a
result, particles getting close to the KAM tori can spend arbitrarily long times there
(the “stickiness” effect of KAM tori [16]), giving rise to appreciable probabilities for
particles to stay in the scattering region for arbitrarily long time and consequently
the algebraic decay law. Another goal of this paper is to address the effect of weak
dissipation on particle decay law in nonhyperbolic scattering.

A recent work based on a class of two-dimensional, idealized discrete-time Hamil-
tonian maps examined the effect of dissipation on chaotic scattering in terms of the
particle decay law and the fractal dimension of the chaotic saddle [17]. The find-
ing was that for hyperbolic chaotic scattering, the exponential decay law remains
unchanged in the presence of weak dissipation but, for nonhyperbolic chaotic scatter-
ing, the algebraic decay law is structurally unstable in the sense that it immediately
becomes exponential in the presence of some amount of dissipation, no matter how
small. This result is consistent with the fact that hyperbolic dynamics in Hamilto-
nian systems are typically structurally stable while nonhyperbolic dynamics are not.
As realistic physical systems evolve in continuous time, it is important to generalize
the result in Ref. [17] to continuous-time, weakly dissipative Hamiltonian systems.
Here, we shall use a paradigmatic continuous-time model for chaotic scattering, the
Hénon-Heiles system, and demonstrate that a similar result for the particle decay
law holds. More importantly, we will go beyond Ref. [17] to address the effect
of weak dissipation on the basin topology of chaotic scattering. We find that in
the common situation where there are more than two scattering destinations, Wada
basin boundaries, i.e., fractal basin boundaries shared by more than two basins, are
common. Mathematically, a basin is Wada if any boundary point also belongs to the
boundaries of at least two other basins [18, 19, 20], i.e., every open neighborhood
of a point belonging to a Wada basin boundary has a nonempty intersection with
at least three different basins. If a dynamical system possesses Wada basins, the
degree of unpredictability of destinations can be more severe than the case where
there are fractal basin boundaries with only two destinations [14, 13, 21]. Wada
basin boundaries in chaotic scattering have been recently observed experimentally
with a simple optical system [22]. Also the appearance of Wada basins in mechanical
devices with applications in engineering have been shown by Bellido and Ramı́rez-
Malo in Ref. [23]. The surprising finding that we will report in this paper is that the
Wada basin topology is structurally stable with respect to weak dissipations, even
when the original Hamiltonian system exhibits nonhyperbolic chaotic scattering. To
provide a solid basis for this result, we shall apply the mathematical conditions for
Wada basins to our weakly dissipative Hénon-Heiles system. An interesting implica-
tion of this result is that, in nonhyperbolic chaotic scattering, although the algebraic
particle decay law is structurally unstable and may thus not be observed in realistic
physical systems, the Wada basin topology is stable and can be expected to occur
commonly. A thorough and complete study about fractal structures in Nonlinear
Dynamics where we find different situations where Wada basins take place can be



28 Chapter 2. Effects of dissipation on basins in chaotic scattering

found in Ref. [24].
In Sec. 2.2, we describe the Hénon-Heiles system and discuss the basic scattering

dynamics. In Sec. 3.3, we generalize the result in Ref. [17] for discrete-time maps to
the Hénon-Heiles system. Section 2.4 presents numerical results with the Wada basin
topology and a mathematical argument. Conclusions and discussions are presented
in Sec. 4.5.

2.2 Model description

The Hénon-Heiles system is described by the Hamiltonian

H =
1

2
(ẋ2 + ẏ2) +

1

2
(x2 + y2) + x2y − 1

3
y3, (2.1)

which defines the motion of a particle with unit mass in the two-dimensional poten-
tial

V (x, y) =
1

2
(x2 + y2) + x2y − 1

3
y3. (2.2)

The system was originally proposed in 1964 to address the question of whether there
exist more than two constants of motion in the dynamics of a galaxy model [25].
Since then it has become a paradigmatic model for studying nonlinear and chaotic
dynamics in continuous-time Hamiltonian systems.
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Figure 2.1. Representative contours of the Hénon-Heiles potential. Closed curves cor-
respond to energy E < Ee = 1/6. There are three symmetric destinations for scattering
particles.

Figure 2.1 shows several contours of the potential. There is a 2π/3 rotational
symmetry, with the center of the potential at the origin. For particles initiated from
near the center with energy E < Ee = 1/6, they will be confined in the neighborhood
of the center and thus generate bounded orbits in the phase space. Entering from
outside into and escaping from the central region of the potential are possible only
when the particle energy exceeds Ee. Since our interest is in scattering, we will
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focus on the E > Ee regime. The triangular-like region around the center in Fig.
2.1 is thus the scattering region, the size of which depends on the particle energy.
As indicated in Fig. 2.1, there are three symmetric channels for particles to exit the
scattering region, giving rise to three qualitatively distinct scattering destinations.
This allows Wada basin boundaries to occur.
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Figure 2.2. A typical scattering trajectory in the Hénon-Heiles system with E = 0.2,
where the particle escapes through exit 2 in Fig. 2.1.

Figure 2.3. Exit basins of the Hénon-Heiles hamiltonian in the physical space (x, y)
for value of energy E = 0.25. Colors black, dark gray, and pale gray denote the orbits
escaping throw exit 1, exit 2 and exit 3, respectively. The Lyapunov orbits are denoted
with black and white arrows. This figure has been obtained from Ref. [13].

For simulation convenience, we launch scattering particles from within the scat-
tering region and examine their escaping trajectories. Specifically, the particles are
distributed on a vertical line segment centered at (x, y) = (0, 0) and they start their
motions in different directions. That is, the subspace in the phase space from which
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Figure 2.4. Average delay time versus the energy. The time diverges as the particle en-
ergy approaches the threshold value Ee from above. (a) Dotted curve is for non-dissipative
case. (b) Solid curve is for dissipative case with α = β = 10−3.

scattering particles are initiated can be denoted by (y, θ), where θ is the angle of
the initial velocity with respect to the x-axis. Figure 2.2 shows a typical trajectory
with E = 0.2, where the particle spends a finite amount of time in the scattering
region bouncing back and forth among the three potential peaks, before exiting
through one of the escaping channels. A basic property of the Hénon-Heiles system
is the existence of a class of highly unstable periodic orbits for E > Ee, called the
Lyapunov orbits [26], which live near the border of the scattering region. When
a trajectory crosses one of these periodic orbits from inside, it scatters off to in-
finity. The Lyapunov orbits thus provide a meaningful criterion for measuring the
dwelling (or delay) times of particles in the scattering region even when the system
is dissipative [26]. The Lyapunov orbits associated with every exit in the Hénon-
Heiles hamiltonian are described in Ref. [13] and plotted in Fig. 2.3. Apparently, the
closer the particle energy is to Ee, the longer the delay time, and the time diverges
as E → Ee. This behavior is shown in Fig. 2.4 (dotted curve).

A physically meaningful way to introduce the dissipation is to add terms that
are proportional to the particle velocity in the Hamilton’s equations of motion [27].
This results in the following model of dissipative Hénon-Heiles system:

ẍ + x + 2xy + αẋ = 0, (2.3)

ÿ + y + x2 − y2 + βẏ = 0,

where α and β are dissipation parameters. Due to dissipation, relatively larger
energies are required for scattering dynamics, as shown by the solid curve in Fig.
2.4 for α = β = 10−3. We see that, as the energy is decreased, the delay time tends
to diverge at a larger value of the energy than that in the conservative case (dotted
curve).

In the presence of dissipation, attractors can arise in the scattering region. For
the dissipative Hénon-Heiles system, there is at least one such attractor located at the
origin (x, y) = (0, 0), which corresponds to a fixed-point attractor in the phase space.
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Figure 2.5. (a) In the presence of dissipation (α = 0.1 and β = 0.1), a particle per-
manently trapped in the scattering region. The corresponding trajectory approaches the
fixed-point attractor in the phase space. (b) Exponential decay to zero of the particle
energy when it approaches the attractor.

In this case, even for E > Ee, there is a probability that a particle can be trapped
in the scattering region forever. Figure 2.5(a) shows such a trapped trajectory for
E = 0.2, α = 0.1, and β = 0.1, where it approaches asymptotically to the fixed-point
attractor. During this process the particle energy decreases exponentially to zero,
which is typical in dissipative dynamical systems, as shown in Fig. 2.5(b).

2.3 Fractal dimension

An important result in nonhyperbolic chaotic scattering concerns the fractal dimen-
sion of the set of singularities in the scattering function. Lau et al. [28] argue, with
numerical support, that the dimension is D = 1. This unity of the fractal dimension
is a direct consequence of the algebraic-decay law associated with nonhyperbolic
chaotic scattering, which can be seen intuitively by considering a zero-Lebesgue-
measure Cantor set that has D = 1, through the following construction. Start with
the unit interval [0, 1] and remove the open middle third interval. From each of the
two remaining intervals remove the middle fourth interval. Then from each of the
four remaining intervals remove the middle fifth, and so on. At the nth stage of the
construction, there are N = 2n subintervals, each of length: εn = [2/(n + 2)]2−n.
The total length of all subintervals εnN ∼ n−1 goes to zero algebraically as n → ∞.
In order to cover the set with intervals of size εn, the required number of intervals
is N(ε) ∼ ε−1(ln ε−1)−1. The box-counting dimension of the set is then

D = lim
ε→0

ln N(ε)

ln ε−1
= 1.

Note that, D is the exponent of the dependence N(ε) ∼ 1/εD, to which the weak log-
arithmic dependence does not contribute. However, it is the logarithmic term which
is responsible for ensuring that the Lebesgue measure is zero: εN(ε) ∼ (ln ε−1)−1 → 0
as ε → 0. More generally, if at each stage a fraction ηn = α/(n + c), where α and
c are constants, is removed from the middle of each of the 2n remaining intervals,
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then

N(ε) ∼ 1

ε
(ln

1

ε
)−α. (2.4)

An interesting observation is that, the slope of the curve ln N(ε) versus ln ε−1, which
is d lnN(ε)/d(ln ε−1), is always less than 1 for small ε, but it approaches 1 logarith-
mically as ε → 0. Thus, the result D = 1 still holds. A practical implication is
that for fractals whose general characters are similar to this example, an accurate
numerical estimation of the dimension will require going to very small scales and,
as such, any numerical estimation of the dimension over a finite range of scales will
be an underestimate. As the scale is decreased, the numerically determined value
of the dimension will increase toward 1.

The relevance of the above construction of the Cantor set to chaotic scattering
can be seen, as follows [28]. Consider particles launched from a line segment strad-
dling the stable manifold of the chaotic saddle. There is then an interval of input
variables which leads to trajectories that remain in the scattering region for at least
a duration of time T0. By time 2T0 a fraction η of these particles have left. If the
initial conditions of these escaping particles are all located in the middle of the origi-
nal interval, there are then two equal-length subintervals of the input variable which
lead to trajectories that remain at least for time 2T0. By time 3T0 an additional
fraction η of the particles, whose initial conditions are located in the middles of the
two subintervals remaining at time 2T0, escape. There are then four subintervals,
particles initiated from which can remain in the scattering region for time at least
3T0, and so on. The resulting set is a Cantor set of Lebesgue measure zero on which
particles never escape. The box-counting dimension of the Cantor set is given by

D =
ln 2

ln [(1 − η)/2]−1
.

If the scattering is hyperbolic, particles escape exponentially from the scattering
region: P (t) ∼ e−γt, where P (t) is the survival probability of a particle and the decay
rate γ is determined by the fraction η as: γ = T−1

0 ln (1 − η)−1. While the above
picture reflects the hyperbolic dynamics relatively acccurately, for nonhyperbolic
dynamics it is crude, even with modifications. In particular, because of the algebraic
decay in nonhyperbolic chaotic scattering: P (t) ∼ t−z, the fraction η is no longer a
constant: it varies at each stage of the construction of the Cantor set. At the nth
stage (n large), the fraction ηn is approximately given by: ηn ≈ −T0P

−1dP/dt ≈
z/n, which yields Eq. (2.4) and hence a Cantor set with dimension 1, where α in
Eq. (2.4) is identified to be the algebraic-decay exponent z.

The scattering dynamics in the Hénon-Heiles system is typically nonhyperbolic,
as KAM tori and chaotic saddles coexist in the phase space. Such a mixed phase-
space structure will be shown in Sec. 2.4, but here we shall focus on the effect
of dissipation on the fractal dimension. For nonhyperbolic chaotic scattering in the
presence of dissipation, marginally stable periodic orbits in KAM islands can become
stable attractors, turning their nearby phase-space regions into the corresponding
basins of attraction [29]. This means that, part of the previous chaotic saddle now
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becomes part of the basins of the attractors. Most importantly, for the scattering
dynamics, the converted subset supports orbits of the previous invariant set that are
in the neighborhood of the KAM islands. These orbits are solely responsible for the
nonhyperbolic character of the scattering, orbits which otherwise are scattered after
a long, algebraic time. Due to the existence of dense orbits in the original chaotic
saddle, the non-captured part of the invariant set remains in the boundaries of basins
of the periodic attractors. Therefore the new invariant set is the asymptotic limit
of the boundaries between scattered and captured orbits, rather than those between
scattered and scattered orbits as in the conservative case. Chaos thus occurs on the
nonattracting invariant set whose stable manifold becomes the boundary separating
the basins of the attractors and of the scattering trajectories. Through this simple
reasoning, we can see that the structure and the meaning of the Cantor set is funda-
mentally altered: in successive steps, a constant instead of a decreasing fraction in
the middle of each interval is removed. As a result, the scattering dynamics becomes
hyperbolic with exponential decay. The dimension of the Cantor set immediately
decreases from unity as a dissipation parameter is turned on. This observation was
verified numerically using a two-dimensional map [17]. We shall demonstrate here
that the result holds for continuous-time systems as well.
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Figure 2.6. Typical delay-time function for the conservative (a) and the weakly dissipa-
tive (b) Hénon-Heiles system with chaotic scattering (E = 0.19, α = 10−4, and β = 10−4).

Figures 2.6(a) and 2.6(b) show, for E = 0.19 in the conservative and the dis-
sipative (α = 10−4 and β = 10−4) case, respectively, the delay-time function for
scattering trajectories. To generate these figures, n = 250 particles are chosen at
y = 0 with initial direction θ varying systematically from 0 to 0.05. We observe typ-
ical features of chaotic scattering in both cases: the functions contain both smooth
parts and discontinuities and, in fact, they are singular on a fractal set. At the scale
shown, the two plots exhibit qualitatively similar features. However, the fractal
dimensions of the set of singularities in the two functions are markedly different,
with the dimension value close to and less than unity in the conservative and dis-
sipative case, respectively. To demonstrate this, we use the uncertainty algorithm
[30] to numerically calculate the fractal dimension. In particular, for a fixed value
of the “uncertainty” ε, we randomly choose an initial condition θ0 and compute
| T (θ0) − T (θ0 + ε) |. If | T (θ0) − T (θ0 + ε) |> h, where T is the delay time and
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Figure 2.7. For E = 0.19 in the Hénon-Heiles system so that there is chaotic scattering,
algebraic scaling of f(ε)/ε with ε. The absolute value of the slope from a linear fit gives
the a good estimate for the fractal dimension of the set of singularities in the delay-time
function. We obtain D = 0.97± 0.01 for the conservative case and D = 0.71± 0.02 for the
weakly dissipative case.

h is a positive number, we say that θ0 is uncertain with respect to ε. Otherwise
θ0 is certain. Many random initial conditions can be chosen, which yields f(ε), the
fraction of the uncertain initial conditions. The quantity f(ε)/ε typically scales with
ε as

f(ε)/ε ∼ ε−D,

where D is the uncertainty dimension that is believed to have the same value as
the box-counting dimension for typical dynamical systems [31]. Figures 2.7(a) and
2.7(b) show, for the Hénon-Heiles system in the conservative and the dissipative
(α = 10−4 and β = 10−4) case, respectively, f(ε)/ε versus ε on a logarithmic scale,
where the constant h is chosen (arbitrarily) to be h = 0.01. For Fig. 2.7(a), the
estimated slope from a least-squares linear fit is D = 0.97±0.01 ≈ 1. While for Fig.
2.7(b), the estimated slope is D = 0.71± 0.02 < 1. Thus, the result that the fractal
dimension decreases immediately from unity in the presence of weak dissipation,
established previously exclusively for discrete-time maps, holds true for continuous-
time Hamiltonian chaotic scattering systems as well. The variation of the fractal
dimension D with the dissipation parameter µ = α = β is shown in Fig. 2.8 for
E = 0.19. We see that the dimension decreases rapidly from unity as µ is increased
from zero. In fact, we expect the D-versus-µ curve to exhibit a cusp-like behavior
for µ & 0, due to the metamorphic transition from algebraic to exponential decay in
the survival probability of scattering particles caused by weak dissipation. A proper
study of the behavior of the fractal dimension versus the dissipative parameter will
be make in Chapter 3.

2.4 Wada basins and its persistence under weak dissipation

We have seen from the preceding section that some aspects of nonhyperbolic chaotic
scattering, e.g., the particle decay law and consequently the fractal-dimension char-
acteristic, are structurally unstable with respect to weak dissipation. However, a
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Figure 2.8. The uncertainty dimension D versus the dissipation parameter µ = α = β.
The rapid decrease in D for µ & 0 is characteristic of a cusp.

surprising phenomenon is that the complex basin topology associated with chaotic
scattering turns out to be persistent for both the Hamiltonian and the correspond-
ing weakly dissipative system. To demonstrate this property numerically, we choose
a two-dimensional plane in the three-dimensional phase space and launch a large
number of scattering particles from this plane. The locations of the initial particles
can be distinguished by examining through which escaping channels they leave the
scattering region. Figure 2.9(a) shows, for the Hénon-Heiles system in the absence
of dissipation, such distinct sets of initial conditions in the plane (y, ẏ), where the
particle energy is set to be E = 0.19 and the initial x-coordinate of the particles is
x(0) = 0. To generate Fig. 2.9(a), a uniform grid of 500×500 initial conditions was
chosen in the region (−1 ≤ y ≤ 2,−1 ≤ ẏ ≤ 1). In Fig. 2.9(a), the set of blue, red
and yellow dots denote initial conditions resulting in trajectories that escape through
channel 1, 2 and 3 (Fig. 2.1), respectively, and the white regions inside the plotted
structure denote the KAM islands. We see a complex, fractal-like basin structure.
In fact, it can be shown that the basins are not only fractals, but are also Wada
(to be precisely defined below) [13]. Figure 2.9(b) shows, for the same simulation
setting but with weak dissipation (α = 10−4 and β = 10−4), the exit basins. Due
to the appearance of the fixed-point attractor at the center of the scattering region,
now four colors are needed to distinguish the initial conditions according to the four
possible destinations: exits 1-3 and the attractor. In particular, the colors blue, red,
and yellow, denote initial conditions that escape through exits 1-3, respectively,
and white regions inside the structure plotted denote the basin of the fixed-point
attractor. Qualitatively, we observe a similar mixture of basins as in the conser-
vative case, suggesting that the Wada property persists under weak dissipation.
Figures 2.10(a-d) show, for E = 0.19, the basins for µ = 5 × 10−4, 10−3, 10−2, and
10−1, respectively, the basin structures. Apparently, as the dissipation parameter is
increased, the structures appear “less fractal”, as suggested by Fig. 2.8.

We now argue that the basins seen in Fig. 2.9 possess the Wada property. To
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Figure 2.9. For E = 0.19 in the Hénon-Heiles system, (a) the basins of scattering
particles in the conservative case. In this case, there are three destinations, and initial
conditions going to the destinations are distinguished by three colors and the white regions
inside the plotted structure denote the KAM islands. (b) The basin structure in the
presence of a small amount of dissipation (α = 10−4 and β = 10−4). Due to the dissipation,
an additional destination arises: the fixed-point at the center of the scattering region. Four
colors are then needed to distinguish the initial conditions. See text for simulation details.

imagine a Wada basin boundary, take the map of the continental United States and
consider the boundaries between the states. Almost all boundary points are common
to two states, but there a few dozen of points which are common to three states and,
there exists a single boundary point that is shared by four states (the Four-State
Corner bordering Arizona, Utah, Colorado, and New Mexico. See Fig. 2.11). Here in
a nonlinear dynamical system, situation can arise where the set of boundary points
common to more than two basins of attraction is fractal. Historically, the Dutch
mathematician Brouwer was the first (1910) to conceive the construction of three
nonoverlapping regions in the plane, each connected, with the property that every
boundary point of any region is a boundary point of all three regions. Yoneyama
in 1917 extended the notion of regions to open sets and attributed the example
to Wada, called “Lakes of Wada” [32]. The common occurrence of Wada basin
boundaries in nonlinear dynamical systems was first pointed out by Kennedy and
Yorke in 1991 [18].

For two-dimensional invertible maps or equivalently, three-dimensional flows, the
mechanism for Wada basin boundaries is well understood, thanks to the rigorous
mathematical work by Kennedy, Nusse, and Yorke [18, 20]. In particular, Kennedy
and Yorke proved a theorem [18] which states that, if p is a periodic point on
the basin boundary, if the following two conditions are satisfied: (1) its unstable
manifold intersects every basin, and (2) its stable manifold is dense in each of the
basin boundaries, then the basins have the Wada property. This can be intuitively
understood by referring to Fig. 2.12, where there are a number of K coexisting basins
denoted by B1, B2, . . ., BK . Suppose p is a periodic point on the boundary of B1,
which is accessible to B1. Let W s(p) and W u(p) be the stable and the unstable
manifold of p (note that W s(p) is the basin boundary of B1). Now arbitrarily
choose a point x ∈ W s(p) and imagine a circle Cε(x) of radius ε centered at x.
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Figure 2.10. (a-d) Basins of scattering destinations and of the fixed-point attractor at
the center of the scattering region for E = 0.19 and for µ = 5 × 10−4, 10−3, 10−2, and
10−1, respectively.

Since W u(p) intersects every basin, Cε(x) must contain points of every basin, which
can be seen by considering a one-dimensional curve segment Dk in the basin Bk,
which intersects W u(p), for k = 1, . . . , K. Under inverse iterations of the map, the
images of the curves will be arbitrarily close to the stable manifold of p and therefore
be in Cε(x). In fact, this is guaranteed mathematically by the λ-lemma due to Palis
[33] which states that there exists a positive integer n such that (F−1)(n)(Dk)∩Cε(x)
is nonempty. We thus see that the boundary of B1 must be the boundaries of all
other basins. Since W s(p) is dense in each of the basin boundaries, all boundaries
must be common to all basins and hence the Wada property. For our specific case,
the Hénon-Heiles system, the secondary condition (2b) has been shown in Ref. [13].

Computationally, to verify condition (1), one can plot a piece of the unstable
manifold, trace it under the dynamics, and determine whether it intersects all basins
of interest. This is feasible for our weakly dissipative Hénon-Heiles system, because
all destinations for scattering trajectories are known. (In situations where one cannot
be certain if all basins have been found, the technique of basin cells [20] can be used
to determine rigorously whether the basins are Wada.) To do so, we first locate one
of the Lyapunov orbits, an unstable periodic orbit accessible to at least one basin of
attraction 1, and compute its unstable manifold by evolving a large number of initial

1We have checked that the Lyapunov orbit is a period-1 orbit accessible from one of the basins.
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Figure 2.11. Picture of a USA map showing the Four-State Corner (see text for details).

conditions chosen in a small neighborhood of the orbit forward in time. Figure 2.13
shows, for E = 0.25, α = 10−4, and β = 10−4, a segment of the unstable manifold
of a Lyapunov orbit. We observe that, indeed, the unstable manifold intersects all
four basins, suggesting the Wada property.

2.5 Conclusions and Discussions

While chaotic scattering has been studied for more than two decades [1, 2, 3, 4],
almost all works focused exclusively on Hamiltonian systems with no dissipation.
Indeed, strictly Hamiltonian systems are fundamental to a great number of physical
problems, especially those in Celestial Mechanics, Atomic and Nuclear Physics. This
being true, there are also physical situations for which dissipation exists, such as

In particular, the orbit near exit 1 in Fig. 2.1 is symmetric with respect to the y-axis. In this case,
for x = 0 the trajectory stays perpendicular to the y-axis and ẏ(0) = 0. The Lyapunov orbit can
thus be denoted by (y, ẏ) = (yL, 0). For a given energy, the coordinate yL can be computed using a
standard root-searching method with high precision. The orbit is accessible by construction, since
if we take yL + ε instead of yL (with ẏ = 0), the particle would belong to basin 1, which escapes
through exit 1. For the same reason, if the particle has an initial velocity ẏ = ε, the particle would
travel toward outside of the scattering region and never come back.
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Figure 2.12. Schematic illustration of the Kennedy-Yorke theorem establishing the
Wada property. See text for details.

Figure 2.13. Hamiltonian case and Dissipative case. For E = 0.25 in the Hénon-
Heiles system, a segment of the unstable manifold of one of the three Lyapunov orbits, an
unstable periodic orbit accessible to at least one basin. That the segment intersects all
four basins suggests the Wada property of the basins, (a) in the Hamiltonian case, (b) in
the dissipative case with α = 10−4, and β = 10−4.

particle advection in fluids, among others. It is thus important to address the
problem of how weak dissipation affects the many known characteristics of chaotic
scattering. In this regard, a recent work [17] based on a class of two-dimensional
maps established that weak dissipation can affect nonhyperbolic chaotic scattering
in a drastic way: the associated properties of algebraic-decay law and unity of the
fractal dimension are immediately destroyed by weak dissipation. Our work has
extended these results to a class of continuous-time Hamiltonian systems, which are
physically more realistic than the discrete-time maps. Interestingly, we discovered
that the Wada basin topology remains qualitatively unchanged for nonhyperbolic
chaotic scattering when weak dissipation is present. Thus, one can expect the Wada
basin topology to be more common than, say, the algebraic decay of particles in
nonhyperbolic chaotic scattering.
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Dissipation can be important for Hamiltonian systems and it can be seen through
the following example in Fluid Mechanics. It is known that the advective dynamics
of idealized particles in two-dimensional, incompressible flows can be described by
a Hamiltonian [34]. For instance, consider such a flow characterized by a stream
function Ψ(x, y, t). For a particle with zero inertia and zero size, its trajectory
in the flow obeys the following equations: dx/dt = ∂Ψ(x, y, t)/∂y and dy/dt =
−∂Ψ(x, y, t)/∂x, which are the standard Hamilton’s equations of motion generated
by the Hamiltonian H(x, y, t) = Ψ(x, y, t). That is, the particle velocity v(x, y, t) =
(dx/dt, dy/dt) follows exactly the flow velocity u(x, y, t), as given by the right-hand
side of the equations. This idealized picture changes completely when particles
have finite inertia and size. In this realistic case, the particle velocity is generally
not the same as the flow velocity and the equations of motion are no longer the
Hamilton’s equations. The resulting dynamical system is no longer conservative
but dissipative instead [35]. Considering that in an open Hamiltonian flow, ideal
particles coming from the upper stream must necessarily go out of the region of
interest in finite time, the formation of attractors of inertial particles is remarkable.
Suppose these physical particles are biologically or chemically active. That they can
be trapped permanently in some region in the physical space is of great interest.
Our work suggests that Wada basin boundaries may be a common feature when
inertial particles can go to several distinct destinations.
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Chapter 3

Characterization of the

fractal dimension in

dissipative chaotic

scattering

“Poets say science takes away from the beauty of the stars - mere

globs of gas atoms. I, too, can see the stars on a desert night, and feel

them. But do I see less or more?”

-Richard P. Feynman (1918-1988)

3.1 Introduction

The effect of weak dissipation on chaotic Hamiltonian systems has been an inter-
esting topic in the past few years [1, 2, 3, 4]. In a closed Hamiltonian system with
a mixed phase space where Kol’mogorov-Arnol’d-Moser (KAM) islands and chaotic
seas coexist, a small amount of dissipation can convert the islands into sinks, or
attractors. Due to the hierarchical structure of KAM islands in the original Hamil-
tonian system, the dissipation-induced attractors occur at all scales, and their basins
of attraction are intermingled in a complicated way. This leads to multistability and
unpredictability of the final state for given initial conditions [1]. In an open Hamil-
tonian system where the phenomenon of interest is scattering, weak dissipation can
also have some consequences [2], particularly for nonhyperbolic chaotic scattering
[6, 7] where KAM islands and nonattracting chaotic invariant sets coexist. For such
a system, it has been known that the particle-decay law is algebraic due to the
“stickiness” effect of KAM islands [8], but weak dissipation typically causes par-
ticles to decay exponentially from the scattering region [2]. Another consequence
is the appearance of multiple attractors and the rising of Wada basin boundaries
[4, 5, 12].

For a scattering system, a quantity of physical interest is the scattering function,
which give the dependences of some physical variables after the scattering on some
input variables (e.g., the impact parameter) before the scattering. Scattering func-
tions can be experimentally measured, from which information about the interior of
the scattering system can be inferred. For a chaotic scattering system, a scattering
function typically contains an uncountably infinite number of singularities [9]. The
fractal dimension of the set of singularities results to be interesting to know. For
nonhyperbolic scattering, it has been known that the algebraic decay law leads to
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dimensions of value the unity [6]. When the decay law becomes exponential, as
caused by dissipation, the fractal dimension should assume values less than unity
[2]. A question of interest, which to our knowledge has not been addressed in the
chaotic-scattering literature, is how the fractal dimension of the set of singularities
in a typical scattering function varies as a parameter characterizing the amount of
dissipation is increased from zero.

In this chapter, we investigate the variation of the fractal dimension in non-
hyperbolic chaotic scattering as the underlying system becomes increasingly more
dissipative. As a dissipation parameter, say ν, is systematically increased from zero,
the fractal dimension decreases from unity, as expected. A somewhat unexpected
finding is a crossover phenomenon, where the rate of decrease of the dimension is
relatively large initially but, as the dissipation parameter passes through a critical
value νc, the rate is reduced significantly and becomes nearly zero for ν > νc. This
crossover behavior appears quite general, as it has been found numerically for two
different model systems of nonhyperbolic chaotic scattering, one described by a map
and another one by a flow. An examination of the phase space structure reveals that
the onset of the crossover behavior is due to the appearence of physically accessible

attractors in the system, i.e., attractors that can be accessed from initial conditions
of finite precision far away from the scattering region. Since the phase-space resolu-
tion is finite in any realistic physical situation, we expect the crossover phenomenon
to be relevant.

In Sec. 3.2, we provide numerical evidence for the crossover behavior of the
fractal dimension as a function of some dissipative parameter. In Sec. 3.3, we give
heuristic arguments to explain the crossover behavior. A brief discussion is presented
in Sec. 4.5.

3.2 Numerical evidence for crossover behavior in fractal
dimension

3.2.1 Discrete map

Our first numerical example illustrating the crossover phenomenon is the following
two-dimensional map [2]:

x′ = λ[x − (x + y)2/4 − ν(x + y)], (3.1)

y′ = λ−1[y + (x + y)2/4],

where λ > 1 is an energy parameter and ν is a dissipation parameter. The con-
servative version of the map (ν = 0) has been used to establish that fact that, in
nonhyperbolic chaotic scattering, the fractal dimension of the set of singularities in
a scattering function is unity [6]. In particular, it can be shown that for λ ≤ 6.5, the
system dynamics is nonhyperbolic while it is hyperbolic for λ ≥ 6.5. The dissipative
version of the map (ν & 0) is a convenient model for studying the effect of weak
dissipation on chaotic scattering [2].
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Figures 3.1(a) and 3.1(b) show, for ν = 5×10−3, two trajectories from two nearby
initial conditions. In Fig. 3.1(a) the trajectory starts from (x0, y0) = (2, 0.65) and
escapes after 24 iterations. If we change the initial condition slightly to (x0, y0) =
(1.99, 0.65), as in Fig. 3.1(b), the trajectory falls into a fixed-point attractor. These
suggest a sensitive dependence on initial conditions, the hallmark of chaotic scat-
tering.
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Figure 3.1. Single trajectories from different initial conditions for λ = 4 and ν = 5×10−3

(the cross indicates the initial condition). (a) From (x0, y0) = (2, 0.65) the trajectory
escapes after 24 iterations. (b) From (x0, y0) = (1.99, 0.65) the trajectory falls into a
fixed-point attractor.

To perform the dimension calculation, we use the uncertainty algorithm [10]. In
particular, we choose a line segment defined by y0 = −2 from which trajectories
are launched toward the scattering region about (x, y) = (0, 0). For a given initial
condition x0 on the line segment, a perturbed initial condition x0 + ε can be chosen,
where ε is the amount of perturbation. If the two trajectories from the initial con-
ditions escape the system (say when

√

x2 + y2 > 10) in same number of iterations,
or if both trajectories approach the same attractor, the two initial conditions are
certain with respect to the perturbation ε. Otherwise, if the trajectories escape the
system in different numbers of iterations, or if the trajectories approach distinct
attractors, the initial conditions are uncertain with respect to the perturbation ε.
Among a large number of initial-condition pairs, the fraction of uncertain initial
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conditions f(ε) scales algebraically with ε as f(ε) ∼ ε1−D, or f(ε)/ε ∼ ε−D, where
D is the fractal dimension [10] of the set of singularities in a scattering function
defined on the initial line segment. Figure 3.2(a) shows, for ν = 6 × 10−4, the alge-
braic scaling of f(ε)/ε with ε. We obtain D = 0.87 ± 0.01 at the 95% confidence
level. [In the actual computation of f(ε), we increase the number of random initial
conditions until the number of uncertain initial conditions reaches a prescribed value
(say 500)]. The variation of D as a function of the dissipation parameter ν is shown
in Fig. 3.2(b). We observe that the dimension decreases rapidly from unity as ν
is increased from zero and a crossover phenomenon occurs for ν = νc ≈ 10−3, after
which the dimension decreases much more slowly for ν > νc.

This crossover phenomenon is due to the presence of new attractors in the scat-
tering system. For convenience, we call region A the region below the critical value
of ν < νc and region B the region above ν > νc. Region A in Fig. 3.2(b) exhibits a
rapid linear decreasing in the fractal dimension when ν is increased from zero. This
is due to the metamorphic transition of the scattering dynamics from algebraic to
exponential in the survival probability due to weak dissipation [2]. In region B the
dimension decreases slowly, the origin of which can be attributed to the occurrence
of some dominant attractors in the scattering region. To provide evidence, we calcu-
late the basins of attraction for three different values of ν, as shown in Figs. 3.3(a-c)
for ν = 10−4, ν = 5 × 10−3, and ν = 2 × 10−2, respectively. We see that, for rela-
tively small value of ν [Fig. 3.3(a)], there is only one attractor that is numerically
detectable, which corresponds to the fixed point at the center of a dominant KAM
island in the conservative case. As ν is increased, multiple attractors occur [e.g., the
periodic attractors denoted by red crosses in Figs. 3.3(b,c)]. These new attractors
attract a significant fraction of the scattering trajectories, leading to significantly
more slow decrease in the fractal dimension.

3.2.2 Continuous-time system

To illustrate the generality of the crossover phenomenon, we now consider a continuous-
time system, the dissipative Hénon-Heiles system [4]. The Hamiltonian version of
the system was first proposed in 1964 to address the question of whether there exist
more than two constants of motion in the dynamics of a galaxy model [11], which
correspond to bounded and unbounded orbits as we discussed properly in chapter
2. The Hamiltonian is given by

H =
1

2
(ẋ2 + ẏ2) +

1

2
(x2 + y2) + x2y − 1

3
y3, (3.2)

which defines the motion of a particle of unit mass under the two-dimensional po-
tential V (x, y) = 1

2
(x2 + y2) + x2y− 1

3
y3. Depending on its energy, a particle can be

trapped in a region near (x, y) = (0, 0) or escape to infinity. The escaping energy
Ee can be shown to be 1/6, above which particles can escape [11, 12, 4]. Weak dis-
sipation can be conveniently introduced in the model by adding terms proportional
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Figure 3.2. For the map system Eq. (4.4) with λ = 4, (a) algebraic scaling of f(ε)/ε
with ε for ν = 6 × 10−4. The fractal dimension is estimated to be D = 0.87 ± 0.01 at the
95% confidence level. (b) Dependence of the dimension on the dissipation paramewter ν.
A crossover phenomenon can be seen to occur near ν = νc ≈ 10−3.

to the particle velocity in the equations of motion [4], as follows:

ẍ + x + 2xy + αẋ = 0, (3.3)

ÿ + y + x2 − y2 + βẏ = 0,

where α and β are dissipation parameters. Without loss of generality we set α =
β = µ.

In the presence of dissipation, attractors can arise in the scattering region. In
particular, there can be coexisting fixed-point attractors [4]. Thus, for E > Ee, both
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Figure 3.3. For λ = 4, basin of attraction (denoted in black) of the fixed-point attractor
located in the center of the dominant KAM island (denoted by the white cross) for (a) ν =
10−4, (b) ν = 5× 10−3 and (c) ν = 0.02. Red crosses in (b) and (c) denote new attractors
in the system.

escaping and trapped trajectories can be found. For instance, Fig. 3.4(a) shows an
escaping trajectory for E = 0.19 and µ = 8 × 10−4, where the initial condition
is (x0, y0) = (0, 0.76) (marked by cross). When the initial condition is changed
slightly to (x0, y0) = (0, 0.75), the resulting trajectory approaches asymptotically to
the fixed-point attractor, as shown in Fig. 3.4(b), where the triangle encloses the
location of one of the fixed-point attractors.
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Figure 3.4. For E = 0.19 and µ = 8 × 10−4 in the dissipative Hénon-Heiles system,
two types of trajectories, escaping (a) versus trapping (b), that can be generated by using
slightly different initial conditions.

The fractal dimension of the set of singularities in a scattering function can
be calculated by using the same uncertainty algorithm. Figure 3.5(a) shows, for
E = 0.19 and µ = 4 × 10−5, the algebraic scaling of f(ε)/ε with ε, where initial
conditions are chosen from the line segment outside the scattering region defined by
(x0, y0) = (0, 1) and Θ ∈ (0, 2π), where Θ is the shooting angle with respect to the
x-axis. We obtain D = 0.925± 0.005. Figure 3.5(b) shows D versus the dissipation
parameter µ. A crossover behavior similar to that in the map system is observed,
where the dimension decreases rapidly from unity for µ < µc ≈ 2 × 10−4 and the
rate of decrease is much smaller for µ > µc.

Figures 3.6(a-c) show the basins of scattering destinations and of the fixed point
attractor at the center of the scattering region for E = 0.19 and for µ = 10−4,
8×10−4 and 5×10−3, respectively. The sets of blue, red and yellow dots denote initial
conditions resulting in trajectories that escape through exit 1, 2 and 3, respectively,
and the white regions inside the plotted structure denote the set of points falling
into the attractor. In Fig. 3.6(a) the effects of the attractor are insignificant in
the sense that almost all trajectories escape through one of the channels (in fact
only about 0.92% of the examined trajectories fall into the attractor). The rapid
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decrease of D with µ in this regime is thus mainly due to the abrupt transition
from algebraic to exponential decay in the scattering dynamics. In Figs. 3.6(b) and
3.6(c), the fractions of attracting trajectories are about 14.8% and 40%, respectively,
indicating a significant effect of the attractors on the scattering dynamics. Due to
the structural stability of attractors and due to their dominant influence on the
scattering dynamics, increasing the dissipation further will not affect the dynamics
in a significant way. We thus observe a much slower decrease in D.
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Figure 3.5. For E = 0.19 in the dissipative Hénon-Heiles system, (a) algebraic scaling
between f(ε)/ε and ε for µ = 4 × 10−5. The fractal dimension is estimated to be D =
0.925 ± 0.005 at the 95% confidence level. (b) Fractal dimension D versus the dissipation
parameter µ. The crossover behavior similar to that observed in the map system occurs
at µc ≈ 2 × 10−4.
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Figure 3.6. Basins of scattering particles for E = 0.19 and (a) µ = 10−4, (b) µ =
8 × 10−4 and (c) µ = 5 × 10−3. Blue, red and yellow color denote the particles escaping
through channels 1, 2 or 3, respectively and the set of white points inside the color region
mean the particles falling into the attractor.

3.3 Fractal-Dimension Theory

We now provide a heuristic theory to explain the crossover phenomenon. Previous
research has established that chaotic scattering is due to a nonattracting chaotic
set (i.e., chaotic saddle) in the phase-space region where interactions responsible for
scattering occur [9]. Both the stable and the unstable manifolds of the chaotic saddle
are fractals [13]. Scattering particles are typically launched from a line segment
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straddling the stable manifold outside the scattering region. The set of singularities
is the set of intersection of the stable manifold with the line segment, which can
effectively be regarded as a Cantor set. The fractal dimension of the set can therefore
be analyzed by using simple geometrical models.

For nonhyperbolic chaotic scattering, the fractal dimension of the set of singu-
larities in the scattering function is D = 1 [6]. This is a direct consequence of the
underlying algebraic-decay law, and can be seen intuitively by considering a zero-
Lebesgue-measure Cantor set that has D = 1. Start with the unit interval [0, 1].
Remove the open middle third interval. From each of the two remaining intervals
remove the middle fourth interval. Then from each of the four remaining intervals
remove the middle fifth, and so on. At the nth stage of the construction, there are
N = 2n subintervals, each of length: εn = [2/(n + 2)]2−n. The total length of all
subintervals εnN ∼ n−1 goes to zero algebraically as n → ∞. In order to cover the
set with intervals of size εn, the required number of intervals is N(ε) ∼ ε−1(ln ε−1)−1.
The box-counting dimension of the set is then D = limε→0 ln N(ε)/ ln ε−1 = 1. Note
that, D is the exponent of the dependence N(ε) ∼ 1/εD, to which the weak logarith-
mic dependence does not contribute. However, it is the logarithmic term which is
responsible for ensuring that the Lebesgue measure is zero: εN(ε) ∼ (ln ε−1)−1 → 0
as ε → 0. In a more general setting, if at each stage a fraction ηn = a/(n + c),
where a and c are constants, is removed from the middle of each of the 2n remaining
intervals, then N(ε) ∼ (1/ε)[ln (1/ε)]−a. In this case, the slope of the curve ln N(ε)
versus ln ε−1, which is d ln N(ε)/d(ln ε−1), is always less than 1 for small ε, but it ap-
proaches 1 logarithmically as ε → 0. Thus, the result D = 1 still holds. A practical
implication is that for fractals whose general characters are similar to those for this
example, an accurate numerical estimation of the dimension requires going to very
small scales and, as such, any numerical estimation of the dimension over a finite
range of scales will be an underestimate. As the scale is decreased, the numerically
determined value of the dimension increases toward 1.

In a chaotic scattering system, particles are launched from a line segment strad-
dling the stable manifold of the chaotic saddle. There is then an interval of input
variables which lead to trajectories that remain in the scattering region for at least
a duration of time, say T0. By time 2T0 a fraction η of these particles leave. If the
initial conditions of these escaping particles are all located in the middle of the origi-
nal interval, there are then two equal-length subintervals of the input variable which
lead to trajectories that remain for at least time 2T0. By time 3T0 an additional
fraction η of the particles, whose initial conditions are located in the middles of the
two subintervals remaining at time 2T0, escape. There are then four subintervals,
particles initiated from which can remain in the scattering region for time at least
3T0, and so on. The resulting set is a Cantor set of Lebesgue measure zero on which
particles never escape. The box-counting dimension of the Cantor set is given by

D =
ln 2

ln [(1 − η)/2]−1
.

In the conservative case, if the scattering is nonhyperbolic, because of the alge-
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braic decay: P (t) ∼ t−z, the fraction η is no longer a constant: it varies at each stage
of the construction of the Cantor set. At the nth stage (n large), the fraction ηn is
approximately given by ηn ≈ −T0P

−1dP/dt ≈ z/n, which yields a Cantor set with
dimension 1, where the quantity a in the mathematical construction of the Cantor set
corresponds to the algebraic-decay exponent z. For conservative hyperbolic chaotic
scattering, particles escape exponentially from the scattering region: P (t) ∼ e−γt,
where the decay rate γ is related to the fraction η as γ = T−1

0 ln (1 − η)−1.
When there is a small amount of dissipation, the fraction η is no longer a constant

of time [3]. Intuitively we can write

ηn =
a

n + b
− δ, (3.4)

where a and b are constants, and δ is the fraction remaining at each stage due to the
dissipation-induced small attractors in the scattering region. For weak dissipation
we can assume 0 < δ � a/b. The fractal dimension is then given by

D = ln 2/ ln(
2

1 + δ
). (3.5)

As δ → 0, we have D → 1 but dD/dδ = 1/ ln 2 6= 0.
As the dissipation parameter ν is increased from zero, δ also increases from zero,

leading to a decrease of the fractal dimension from unity. If ν is not too large
(say ν < νc), attractors are constantly created as ν is increased from zero, i.e., as
the system becomes more dissipative. A relatively large rate of increase in δ can
then be expected. As the system becomes sufficiently dissipative so that most of
the attractors that the system is capable of having have already been created, the
increase in δ slows down as ν is increased further (say for ν > νc). This leads to a
much slower decrease in the dimension. A crossover behavior can then be expected
when ν passes through νc. The actual value of νc depends on system details and it
cannot be predicted analytically.

3.4 Conclusions and Discussions

In summary, our investigation of the fractal dimension in dissipative chaotic scat-
tering reveals a crossover phenomenon: as the system becomes progressively more
dissipative, the physically accessible fractal dimension of the set of singularities in a
scattering function first decreases rapidly from unity and then exhibits a much slower
rate of decrease. This can be explained by considering an intuitive mathematical
construction of a Cantor set, taking into account the generation of attractors in the
scattering region. The phenomenon appears to be universal in dissipative chaotic
scattering as the Cantor-set theory is generally applicable and does not assume
knowledge of system details. Indeed, the same phenomenon has been found in two
quite distinct prototype models, a discrete-time and a continuous-time system.

A context of physical interest where our results can be potentially useful is par-
ticle advection in open chaotic flows. In an idealized situation where the fluid is
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incompressible and the particles have zero mass and zero size, the dynamics is well
described by Hamiltonian chaotic scattering [14]. Weak dissipation results from the
fluid not being perfectly incompressible, or from particles’ finite size and mass [15].
In such a case, the presence of attractors in the interacting region may result in
decrease of the fractal dimension in some scattering function that can be measured
down stream.
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Chapter 4

Noisy Chaotic Scattering

“I adhered scrupulously to the precept of that brilliant physicist L.

Boltzmann, according to whom matters of elegance should be left to the

taylor and the cobbler”

-Albert Einstein (1879-1955), Relativity

4.1 Introduction

As we mentioned in the previous chapters, chaotic scattering in open hamiltonian
systems has been one of the important focus of study during the last years, with
applications in several fields of physics. Previous work has paid attention on purely
conservative systems [1, 2, 3, 4]. Later work has considered the effects of weak dissi-
pation on these systems [5, 6]. Our goal in this chapter refers to the effects of noise
in chaotic scattering problems.
The context of this problem takes place in the motion of a particle in a potential
field [2, 3]. In general, there exists a region where interactions between scattering
particles and the potential occur, whereas outside the region, the potential is negli-
gible so that the particle motions are essentially free. This region is typically called
the scattering region. For many potential functions of physical interest, evolution
equations are nonlinear rendering in chaotic dynamics in the scattering region. Since
the system is open, this region possesses channels for which the particles may en-
ter or escape. From the chaotic dynamics in the scattering region, particles with
slightly different initial conditions can experience different ways in the region and
they can spend different time intervals in the region and may escape taking different
directions.
The lifetime for particles coming into the scattering region must be finite, exhibiting
chaotic dynamics. In this sense chaotic scattering could be presented as a physical
manifestation of transient chaos [7, 8].
The presence of external perturbations, namely dissipation (Refs. [5, 6]), dealing
with more realistic situations appear in several physical phenomena [9]. Also, the
presence of noise in open flows has been of interest in recent works [10, 11] in order
to study superpersistent chaotic transients. The study of the effects of noise on a

59
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classical chaotic scattering is not that common and has not been studied so far in
much detail. The influence of noise on a chaotic scatterer has been recently analyzed
in the context of the Gaspard-Rice system in presence of white noise [12]. Our goal
here is to analyze the role of weak noise in the dynamics of an open hamiltonian
system.

For numerical integration of the equations of motion in hamiltonian systems,
where the energy is conserved, a symplectic integrator is used. A typical symplectic
algorithm commonly used is the second order leap-frog method. For systems with
dissipation in which the energy is not preserved the most characteristic method is
the fourth order Runge-Kutta. All these methods are very well known in the lit-
erature and can be found in Refs. [13, 14]. These algorithms typically work for
deterministic systems.

For stochastic processes however, one of the most accurate algorithm is the sec-
ond order Heun algorithm [15]. This is not a symplectic algorithm and can not be
used in systems where the energy is conserved. Since it is not valid for “stochastic
hamiltonian systems”, we will introduce a tiny amount of dissipation in the equa-
tions of motion to avoid problems with the integration algorithm. The study of
the effects of noise in chaotic scattering is relevant in the sense that it is present
in many realistic physical situations. This is the reason why we use the mentioned
algorithm. In order to show the efficiency of this algorithm we will prove the same
numerical results by means of a two dimensional discrete model with uniform noise,
say bounded in a given interval and zero otherwise.

This chapter is organized as follows: Sec. 4.2 describes the dynamics of a noisy
scattering problem. In Sec. 4.3 we study the influence of the intensity of noise on
the survival probability of the scattering particles in the scattering region. Sec. 4.4
provides numerical simulations with a discrete map to show the validity of the
algorithm used. Conclusions and discussions are presented in Sec. 4.5.

4.2 Dynamics in Noisy Chaotic Scattering

In this Section we will study the dynamics of chaotic scattering in a noisy envi-
ronment. In order to show the dynamics of this kind of systems we will use the
Hénon-Heiles system with weak dissipation in Ref. [6]. Although we have intro-
duced this model previously we now review it briefly.
The Hénon-Heiles system is described by the Hamiltonian

H =
1

2
(ẋ2 + ẏ2) +

1

2
(x2 + y2) + x2y − 1

3
y3, (4.1)

which defines the motion of a unit mass particle in the two-dimensional potential

V (x, y) =
1

2
(x2 + y2) + x2y − 1

3
y3. (4.2)
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The system was originally presented in 1964 [16] and it is a typical system with
escapes in Dynamical Astronomy. Two main types of motion can be distinguished in
this potential, which correspond to bounded and unbounded orbits. According to the
value of the energy, the orbit is trapped in a region or escapes from it. Specifically,
this threshold value of the energy for which the particle can escape to the infinity is
called escape energy, Ee, and this value is Ee = 1/6 = 0.1666. Escapes are possible
for values of energy above the escape energy and the motions are unbounded. In
this situation the system presents triangular symmetry with three different channels
for which the particles may escape (see, for example, Refs. [6, 16, 17]).

When we introduce a linear dissipation term in the system, proportional to the
velocity, as in Ref. [6], and white Gaussian noise, the equations of motion read

ẍ + x + 2xy + αẋ =
√

2εξ(t), (4.3)

ÿ + y + x2 − y2 + βẏ =
√

2εη(t),

with α and β being dissipative parameters, ε the intensity of the noise and ξ(t) and
η(t) random variables. For convenience, we fix α = β = µ, where µ is the dissipative
parameter. Since we are working with stochastic differential equations we will make
the numerical integration explained in (Ref. [15]).

In Figs. 4.1(a) and 4.1(b) typical trajectories of this system for parameters val-
ues: E = 0.19, µ ' 0, and ε = 0 (Fig. 4.1(a)) and ε = 10−3 (Fig. 4.1(b)), are shown.
For convenience, we launch particles from within the scattering region and examine
the escaping trajectories. Specifically, the particles are shooting from the vertical
line segment centered at (x0, y0) = (0, 0) with angle with respect to the x-axis to be
θ0 = 0. The addition of noise shows a classical trajectory in a noisy environment
(similar to a random walk) helping the particle to escape earlier than in the noiseless
case.
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Figure 4.1. These figures show single trajectories of the Hénon-Heiles system with weak
dissipation (described in Eq. 4.3). The parameters values are E = 0.19 and µ & 0, where
the initial condition is at the point (x0, y0) = (0, 0), with θ0 = 0. (a) In the absence of
noise, ε = 0. (b) When a small amount of noise is introduced, ε = 10−3.

The phase space in open hamiltonian systems with three or more exits has a
very rich fractal structure. Our system also has a strong topological property,
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the Wada property. This topological property has been shown in several dynam-
ical systems, the Hénon-Heiles system [17] and the weak dissipative Hénon-Heiles
system [6], among others. Other references where Wada basins can be found are
[18, 19, 20, 21, 22, 23].

In dynamical systems is very important the concept of basin. For dissipative
dynamical systems where the attractors are common, we define a basin of attraction
as the set of initial conditions that leads to an attractor. In conservative dynamical
systems with escapes where the attractors do not exist, we define an exit basin in
the same way that basin of attraction in dissipative systems. An exit basin is the
set of initial conditions that leads to a certain exit (typically the infinity).

Remind that, A basin B verifies the Wada property if any initial condition which
is on the boundary of one basin is also simultaneously on the boundary of, at least,
two other basins.

A plot of the basins of attraction of this system is shown in Fig. 4.2, for param-
eters values E = 0.19 and x0 = 0, and µ = 0. This figure shows Wada basins as is
proved in Ref. [17].

Figure 4.2. Exit basins for the Hénon-Heiles Hamiltonian, Eq. 4.1 where Wada basins
are shown. The colors (yellow, red and blue) denote the set of initial conditions of particles
that are escaping through one of the three different exits that the system presents. Here,
we take E = 0.19.

As is well known, the addition of weak dissipation does not affect the structural
stability of the Wada basins [6]. On the contrary, if we introduce a small amount of
noise, for instance ε = 10−3, the topology of the Wada basins is destroyed and the
phase space is smeared as shown in Fig. 4.3.
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Figure 4.3. Exit basins of the Hénon-Heiles system with weak dissipation and param-
eters E = 0.19 and ε = 10−2. The phase space appears smeared because of the effect of
the intensity of noise, ε, and Wada basins dissapear. The colors (yellow, red and blue)
indicate different exits for the shot particles.

4.3 Decay law and scaling in noisy chaotic scattering

In this section we will study the behavior of the scattering particles in the scattering
region when a small amount of noise is introduced in the system. We are interested
in the dependence on time of the survival probability of the particles in the scatter-
ing region.

In hamiltonian systems regular motions are very typical and fundamental. The
most classical examples are motions on Kolmogorov-Arnold-Moser (KAM) tori [24,
25]. This kind of motions characterizes the chaotic scattering in hyperbolic and
nonhyperbolic. In hyperbolic chaotic scattering, all the periodic orbits are unstable
and there are no KAM tori in the phase space. In this case, the particle decay
law is exponential. On the contrary, in nonhyperbolic chaotic scattering, KAM tori
coexist with chaotic saddles, which typically results in algebraic decay in the survival
probability of a particle in the scattering region.
Here we will focus on how noise affects the nonhyperbolic regime. Previous works [5,
6] studied the effect of weak dissipation in the survival probability of the particles in
a nonhyperbolic regime. The authors, in Refs. [5, 6], found that the algebraic decay
law is structurally unstable in the sense that it immediately becomes exponential
in presence of some amount of dissipation, no matter how small it is. A typical
picture of the algebraic decay law in a conservative chaotic scattering problem in
nonhyperbolic regime is shown in Fig. 4.4.

The result of the abrupt transition is consistent with the fact that hyperbolic
dynamics in hamiltonian systems are typically structurally stable while nonhyper-
bolic dynamics are not.
Recall that the escape time is the time that a particle spends in the scattering region
before escaping from it. In the Hénon-Heiles system these escapes take place when
the particles cross the unstable orbit called Lyapunov orbit. Once it happens the
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Figure 4.4. Log plot of typical algebraic decay in nonhyperbolic regime for the con-
servative case. The system is described in Ref. [5]. The inlet corresponds to the initially
exponential decay. This Figure has been obtained from Ref. [5].
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Figure 4.5. Decay law for the particles remaining in the scattering region. R denotes
the fraction of particles leaving from the scattering region. In the figure we observe the
abruptly change from algebraic to exponential due to the effect of noise. Here, we are
shooting 500 particles with energy E = 0.19 from (x0, y0) = (0, 1) and θ ∈ (0, 2π). Other
parameters are µ & 0 and ε = 0.01.

particles escape to the infinity and never return [16, 17, 6, 26].

The effects of noise in the survival probability of the particles in a nonhyperbolic
regime has never been studied. The fraction of particles remaining in the scattering
region, R, versus the escape time, T , where we shoot 500 particles with energy
E = 0.19 from (x0, y0) = (0, 1) and θ ∈ (0, 2π) is plotted in Fig. 4.5, where the
parameters values are µ & 0 and ε = 0.01. In this log plot we easily observe the
exponential behavior of the decay law, R(t) ∼ e−γt (γ is the coefficient of the decay
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law commonly called characteristic time), where for this specific case γ ' −0.15.
The drastic change in the decay law from algebraic to exponential is due to the fact
that noise destroys the KAM islands and also the attractors of the system and help
the particles to escape before from the scattering region transforming the algebraic
law into an exponential law.

Other important point of the effects of noise is the search of the scaling laws
between the characteristic parameters of the system. If we plot the coefficient of
the exponential γ versus the intensity of noise ε we find a linear scaling relationship
between them. Figure 4.6 shows the linear scaling where the correlation coefficient
of the fitting is r = 0.987. We have fixed E = 0.19 and µ ' 0 as parameters, where
the error bars have the 95% confidence level. This last result is very important in
the sense that we can predict (for one specific system) the evolution of the particles
in the scattering region if we can control the parameters of the system.
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Figure 4.6. In this figure we plot of the coefficient of the exponential law, γ, of the
scattering particles against the noise intensity, ε. We choose, as parameters, E = 0.19 and
µ ' 0. We observe a linear scaling relationship between γ and ε where the error bars have
at 95% confidence level.

4.4 Numerical simulations for a two dimensional discrete map

We will now provide more numerical arguments for the results obtained in Secs. 4.2
and 4.3 using a discrete dynamical system with noise.

We shall use for the numerical support a two-dimensional map used by Motter
et al. (Ref [5]) introducing a uniform noise in it.
This map reads

xn+1 = λ[xn − (xn + yn)2/4 − ν(xn + yn)] + u, (4.4)

yn+1 = λ−1[yn + (xn + yn)
2/4] + v,

where λ > 1 and ν ≥ 0 are the parameters of the system and u and v are the
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intensities of the noise. The uniform noise is defined in the following way

u =

{

u0 if − u0 < u < u0,

0, otherwise,
(4.5)

v =

{

v0 if − v0 < v < v0,

0, otherwise.
(4.6)

For convenience we will take u = v = ε. The other parameters of the systems
have the following physical meanings: the parameter λ plays the same role that
the energy in a real system and ν plays the role of the dissipation with the map
becoming conservative if ν = 0 and dissipative if ν > 0. The dynamics of this
system becoming nonhyperbolic for λ ≤ 6.5 and hyperbolic for λ ≥ 6.5. We mostly
study this map in the nonhyperbolic regime where dissipation is ν & 0 since we are
interested in the effect of noise on the system.

In this system we define the scattering region as the region of points remaining
in x2 + y2 < r, where we take r = 100. After an orbit is outside of this area we
consider that it has escaped.
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Figure 4.7. The figures show different trajectories of the two-dimensional map for
parameters values λ = 4 and ν = 0, where the initial condition is at the center of the
island at the point (x0, y0) = (1.9, 0.4). (a) We can observe the KAM island for ε = 0.
(b) For ε = 0.05 the KAM island is destroyed and the particle is escaping after several
iterations.

In Figs. 4.7(a) and 4.7(b), single trajectories for ν = 0 and different values of
noise intensity are shown. We can see that noise destroys the KAM island (in the
case of the appearance of attractors the noise destroys them) helping the particle to
reach the exit some iterations earlier, as shown in Fig. 4.7(b).

This system presents one stable fixed point at the center of the island and other
unstable fixed point at (0, 0). The stable fixed point becomes a fixed point attractor
when dissipation is introduced. The typical basin of attraction of this system is
plotted in Fig. 4.8, where the parameters are λ = 4 and ν = 0.01. If we add a small
amount of noise into the system the basin is destroyed (as expected) and smearing
appears. After several iterations all orbits are escaping as shown in Fig. 4.9. Here,
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the basin of attraction is plotted after 1000 iterations where the intensity of noise is
ε = 0.05.

Figure 4.8. Basin of attraction (denoted in black) of the fixed-point attractor located
in the center of the island (marked by the white cross) of the map for parameter values
λ = 4, ν = 0.01 and ε = 0.
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Figure 4.9. Basin of attraction of the map (denoted by black points) for λ = 4, ν = 0.01
and ε = 0.05, after 1000 iterations. The fixed-point attractor is destroyed after introducing
noise, and all orbits are escaping after a long time period.

If we now study the effects of the noise in the survival probability of the par-
ticles scattered in the scattering region, we find an exponential law relationship
between the fraction of particles remaining in the scattering region and the escape
time, R(t) ∼ e−γt, as in the case of the flow with additive white Gaussian noise.
In Fig. 4.10 we observe the exponential behavior due to the effects of the noise.
For convenience, we choose initial conditions from the horizontal line y0 = −2 and
x ∈ (0.5, 0.6) with parameters values λ = 4, ν = 0 and ε = 0.4. From here we
are shooting particles as in Sec. 4.3. In this case, the value of the coefficient of the
exponential law is γ ' 0.25.
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Figure 4.10. This figure represents, for the map, the exponential law for the particles
remaining in the scattering region. R denotes the fraction of particles leaving from the
scattering region. In this figure we can observe exponential relationship between R and T
due to the noise effect. We choose initial conditions from the horizontal line y0 = −2 and
x ∈ (0.5, 0.6) with parameters values λ = 4, ν = 0 and ε = 0.4
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Figure 4.11. Plot of the coefficient of the exponential law of the scattering particles
against the noise intensity. We choose, as parameters, λ = 4, and ν = 0.01, throwing the
particles from y0 = −2 and x ∈ (0.5, 0.6). We observe the linear relationship between γ
and ε with at 95% confidence level in the error bars.

If we now plot the coefficient of the exponential law in the survival probability of
the particles in the scattering region, γ, against the intensity of noise, ε, we obtain
a similar scaling law as in the case of the flow as shown in Fig. 4.11. The error
bars estimated are at the 95% confidence level and the correlation coefficient of the
fitting is r = 0.993.

These results prove the consistency of the numerical simulations made in the last
sections.
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4.5 Conclusions and Discussions

In conclusion, by means of the second order Heun algorithm for stochastic differen-
tial equations we have studied the effects of noise on a classical chaotic scattering
problem. By using as a prototype model the Hénon-Heiles system with weak dis-
sipation, we introduce additive white Gaussian noise. We plotted the basins of
attraction of the system showing that Wada basins are destroyed after introducing
a small amount of noise in the system, hence the phase space appears smearing and
its original structure is vanished. Interestingly, we find that the survival probability
for the scattering particles in the scattering region changes drastically from algebraic
to exponential when the noise is introduced. Moreover, we find a linear scaling law
for the coefficient of the exponential law against the intensity of noise. We show
the generality of the effects of noise with a two-dimensional map with uniform noise
showing that the results are, generally, independent of the chosen system. Since
noise appears in all realistic physical situations, our work provides new results and
behaviors in the classical chaotic scattering problems.
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Chapter 5

The simplest system with

escapes: The Helmholtz

Oscillator

“As for me, I do not believe in mathematics”

-Albert Einstein (1879-1955) to Gustave Ferrière

5.1 Introduction

In this chapter we are going to introduce the dynamics of a paradigmatic one-
dimensional system with escapes: the Helmholtz oscillator [1]. This system will
be used in the next chapter as a prototype model to control the motions of the
particles in some regions of the physical space. We start introducing the importance
of oscillatory systems in nature and, after that, our specific system.

Oscillations and waves are ubiquitous in nature and are easily modeled through
the help of differential equations. The general equation for the one-dimensional os-
cillatory motion of a unit mass particle, can be easily understood using a mechanical
analogy. Assume that the particle moves in a force field which is generated by the
potential V (x), then the general equation of motion may be written as

ẍ +
dV

dx
= 0. (5.1)

Stated the problem this way, different oscillators may be obtained, depending on
the potential V (x) acting on the particle. Assuming V (x) to be a polynomial func-
tion in x, very few cases with analytical solutions have been studied. Among them
the Duffing oscillator, with a nonlinear term of fourth order, and the Helmholtz
oscillator [2] when the cubic term is used. Obviously higher order terms may be
considered, which in general lead to rather complicated mathematical solutions.
These are the nonlinear versions of the oscillator given by Eq. (5.1). If only the
quadratic term is taken into account obviously the harmonic oscillator is derived.
Another simple case with a non-polynomial potential V (x) = − cos x is the pendu-
lum equation. It is important to remark that from all these four model equations
complete analytical solutions are known in closed form. While circular functions are
the solutions of the harmonic oscillator, Jacobian elliptic functions are in general,
the solutions of the nonlinear oscillators considered here.

73
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The study of an oscillator of this kind is worthwhile in spite of its apparent
simplicity, because many physical problems of application may be reduced to the
analysis of this simple nonlinear oscillator. The dynamics of the Helmholtz oscillator
mimics the dynamics of certain prestressed structures, the capsize of a ship [3] and
the nonlinear dynamics of a drop in a time-periodic flow [4] or in a time-periodic
electric field [5]. It appears also in relation to the randomization of solitary-like
waves in boundary-layer flows [6], in the three-wave interaction, also referred as to
resonant triads [7] and in connection to steady reductions of some perturbative KdV
equations governing nonlinear waves and solitons [8, 9, 10].

If it is included a linear damping δ and a periodic forcing F in Eq. (5.1), it is
obtained

ẍ + δẋ +
dV

dx
= F cos(ωt), (5.2)

where the inclusion of damping and forcing on the system bestows rather different
dynamical behavior as compered with the case without them.

Even though an analysis in absence of damping has been accomplished for the
pendulum equation [11, 12], as well as for the Duffing oscillator [13]; no similar
results are known for the Helmholtz oscillator. In spite of that, when damping is
considered, this system has received some attention by different authors [2, 3, 14].

——
Damping in certain applied systems play an important role, since it may be used

to suppress large amplitude oscillations or varios instabilities, and it can be also used
as a control mechanism. The role of nonlinear dissipation in double-well Duffing
oscillators received some attention by [15, 16], where a single nonlinear damping
term proportional to the power of the velocity is used and one of the conclusions
is that nonlinear damping terms affects especially the onset of the period-doubling
route to chaos. The introduction of nonlinear damping terms of this kind affects the
structure of a chaotic attractor of a double-well Duffing oscillator and the simple
pendulum, and it has been observed that the Lyapunov dimension, which provides
information about how the form of the attractor is altered, decreases when the
damping exponent p increases.

Numerous physical phenomena of oscillatory nature appearing in different dis-
ciplines present the ability to escape from a potential well, and are described by
the Helmholtz oscillator. This nonlinear oscillator has a simple mechanical inter-
pretation, since it describes the motion of a particle of unit mass in the single cubic
potential V (x) = x2/2 − x3/3 sinusoidally driven, and is considered as a prototype
for escape phenomena. When a linear dissipative force is introduced, its equation
of motion is

ẍ + δẋ + x − x2 = F sin(ωt), (5.3)

where δ represents the damping level, F the forcing amplitude and ω the frequency
of the external perturbation.

Extensive numerical and analytical studies on different aspects related to this
simple nonlinear oscillator can be found in [18, 3, 19, 20, 21, 22, 23] and analytical
work related to the escape from the potential well was examined by [24, 25, 26].
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Besides, an experimental apparatus was constructed to mimic the equation and is
described in [27].

In the present chapter the effect of using nonlinear damping terms on the uni-
versal escape oscillator is considered. Even though some authors [19, 27] mention
the possible interesting role played by considering nonlinear damping terms, they
only contemplated linear damping terms.

5.2 Analysis and Description of the model

5.2.1 Introduction

The equation of motion of a particle of unit mass which undergoes a periodic forcing
in a cubic single-well potential with damping, reads

ẍ + δẋ + αx − βx2 = F cos(ωt), (5.4)

where δ, α, β, F and ω are positive constants.
The Eq. 5.4 can be seen from the point of view of the Hamiltonian and Lagrangian

formalism, see [28, 29, 30, 31, 9]. The original idea goes back to the article of
Bateman [32], where he introduces the transformation in the Lagrangian formulation
for the linear damped harmonic oscillator, while he was trying to prove that a linear
dissipative system can be derived from a variational principle. A generalization of
the transformation used in [28, 31] can be found in [33], where a linear oscillator
with time-dependent friction and frequency is considered. Later, Havas [34] studies
the range of application of the Lagrangian and Hamiltonian formalism. This was
also used by Denman [35] in order to study the Hamilton-Jacobi equation and to
analyze dissipative systems for its possible treatment in quantum mechanics.

Concerning Hamiltonian formalism for nonlinear oscillators with dissipation terms,
Denman [35] gives the general expression for the Lagrangian and the Hamiltonian.
This is developed later by Steeb [36] for a class of dissipative dynamical systems with
limit cycle and chaotic behavior, and the explicit Lagrange and Hamilton functions
are given.

The particular case given by Eq. (5.4) is derived from a time-dependent Hamil-
tonian and Lagrangian of the following form

H(p, x, t) =
1

2
p2e−δt + eδtV (x, t), (5.5)

L(ẋ, x, t) = eδt

[

1

2
ẋ2 − V (x, t)

]

,

where V (x, t) is the following generalized potential for the whole system

V (x, t) =
αx2

2
− βx3

3
− Fx cos(ωt). (5.6)

In this section, it is considered that δ = 0 (i.e., there is no damping). Hence, the
equation to analyze is

ẍ + αx − βx2 = F cos(ωt), (5.7)
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and therefore, Eq. (5.5) becomes

H(p, x, t) =
1

2
p2 + V (x, t), (5.8)

L(ẋ, x, t) =
1

2
ẋ2 − V (x, t),

which will be particularly useful to compute the so-called separatrix map. This map
yields a lot of information about the effect of a periodic forcing on the Helmholtz
oscillator. In particular, about the possibility of transient chaos as a consequence of
the forcing.

5.2.2 Single-well potential

When F = 0, the equation of a conservative oscillator is obtained. This oscillator
may be understood as a particle which is situated in a single potential well V (x)
defined as

V (x) =
αx2

2
− βx3

3
. (5.9)

One important feature of this system, easily seen in Fig. 5.1, is that according
to the initial condition and the energy of the particle, the orbits may be bounded
or unbounded. When the value of the energy Emin = 0 ≤ E ≤ Emax = α3

6β2 , then
there exist possibilities of bounded motions, hence oscillations, while for E > Emax

the motion of the particle is unbounded, that is, the particle escapes to infinity.
When the particle has energy E in the range [Emin, Emax], then the cubic equation

E − V (x) = 0 provides three real roots a, b and c, (a < b < c), which represent
physically the turning points, that is, the points where the velocity of the particle
changes sign. These roots verifies the following relationships which will be important
for further results

a + b + c =
3α

2β
, (5.10)

ab + bc + ac = 0,

abc = −3E

β
,

and their general expressions are

a =
α

2β
+ (−1 − m)

λ

3
, (5.11)

b =
α

2β
+ (2m − 1)

λ

3
,

c =
α

2β
+ (2 − m)

λ

3
,

where to obtain the former results, the following parameters are used

m =
b − a

c − a
, λ = c − a. (5.12)
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Emax = α3

6β2

x = α
β

E

x = − α
2β

Emin = 0

V (x)

a b c

x

Figure 5.1. Potential energy associated to the Helmholtz oscillator, which may be seen
as the simplest potential with an escape. Notice that the potential has been chosen to be
V (x) = α

2 x2 − β
3 x3, because in this way α and β are positive constants. The orbits will

be bounded only when − α
2β < x < α

β and 0 < E < Emax. For instance, the bounded orbit
with energy E is comprised within [a, b]. If x > c then the orbit is unbounded.

If it is defined also

∆2 = 1 − m + m2, (5.13)

then, from the Eqs. (5.10), it is derived that

α

2β
=

λ∆

3
; (5.14)

a useful expression which allows to express the values of the roots in terms only of
the parameter m

a =
α

2β
+ (−1 − m)

α

2β∆
, (5.15)

b =
α

2β
+ (2m − 1)

α

2β∆
,

c =
α

2β
+ (2 − m)

α

2β∆
.

5.2.3 General exact solution

Now the equation of motion Eq. (5.4) can be solved exactly in the conservative case,
i.e., in the absence of damping and periodic forcing. Hence, the analytical solutions
of the periodic orbits inside the single well will be derived.
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The conservation of energy can be used to set the problem in terms of the three
roots of E − V (x) = 0 in the following way

ẋ2

2
=

β

3
(x − a)(x − b)(x − c). (5.16)

The terms can be rearranged into

dx

dt
=

√

2β

3

√

(x − a)(x − b)(x − c), (5.17)

and now after a simple integration of the above equation it is achieved the following
result

t − t0 =

√

3

2β

∫ x

a

dx
√

(x − a)(x − b)(x − c)
, (5.18)

where it is assumed that the particle lies in x = a for the initial time t0. Now assume
the following change of variable

x = a + (b − a) sin2 θ, (5.19)

and introducing this result into Eq. (5.18) it is obtained that

t − t0 =

√

6

β(c − a)

∫ φ

0

dθ
√

1 − m sin2 θ
. (5.20)

The solution of the integral in the right-hand side is given by the sine amplitude

of a Jacobian elliptic function [37] from where it is deduced that

√

β(c − a)

6
(t − t0) =

∫ φ

0

dθ
√

1 − m sin2 θ
= sn−1(sin φ; m), (5.21)

where φ is the elliptic amplitude and m is the elliptic parameter. There is a lot
of confusion in the literature about the use of the elliptic parameter m and the
elliptic modulus k, which are related by the expression k2 = m. The notation of
[37] is followed here, where sn(u; k) represents the sine amplitude when the elliptic
modulus is used, while sn(u; m) when the elliptic parameter is used. For simplicity,
the elliptic parameter is used throughout.

Thus, from the last equation is inferred

sin φ = sn

(
√

β(c − a)

6
(t − t0); m

)

, (5.22)

and if the change of variable used before is taken into account, the following solution
is obtained

x(t) = a + (b − a)sn2

(
√

β(c − a)

6
(t − t0); m

)

, (5.23)
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which is the general solution for all the periodic orbits lying within the single well.
Note that all orbits are labeled by the elliptic parameter m. This parameter m
which ranges from 0 ≤ m ≤ 1 is in fact the same previously defined in Eq. (5.12) in
relation to the turning points of motion in the potential well. It labels the energy
of each periodic orbit inside the potential well.

5.2.4 Period of the orbits

It is also interesting to calculate the period of each and everyone of the orbits inside
the potential well. For this purpose the following integral has to be worked out

T (m) = 2

√

3

2β

∫ c

b

dx
√

(x − a)(x − b)(x − c)
=

√

6

β(c − a)

∫ π

2

0

dθ
√

1 − m sin2 θ
.

(5.24)
The last integral represents exactly the complete elliptic integral of the first kind

K(m) [37], so that

T (m) =

√

24

β(c − a)
K(m). (5.25)

For orbits whose energy is very small in absolute terms, i.e., m → 0, the complete

elliptic integral of first kind K(m) → π
2

and then the period becomes T →
√

4
α
π.

This is obviously the period for the linear oscillations around the elliptic fixed point
(0, 0). However for values of the energy close to the separatrix, which means m → 1,
the complete elliptic integral of the first kind diverges logarithmically in this way

K(m) ≈ 1

2
ln

(

16

1 − m

)

, (5.26)

and this means that the period also diverges logarithmically for values of m close to
unity

T (m) =
2√
α

ln

(

16

1 − m

)

. (5.27)

5.2.5 Equation of the separatrix

From the general solution obtained before is rather easy to derive the equation of the
separatrix orbit. In fact the separatrix orbit is the orbit with energy corresponding
to the parameter m = 1 and which possesses a period infinity. The sine amplitude
of the Jacobian elliptic function has two natural limiting functions depending on
the limit values of m. These limiting functions are sn(u; m) →sinu, for m → 0 and
sn(u; m) →tanhu, for m → 1.

Moreover, if m = 1, then ∆ = 1, a = − α
2β

and b = c = α
β

from Eq. (5.13) and

Eqs. (5.15). Hence, if it is assumed that t0 = 0 to simplify, the separatrix is given
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by

xsx(t) =
3α

2β

[

2

3
− cosh−2

(
√

α

4
t

)]

, (5.28)

ysx(t) =
3

2

√

α3

β2

sinh
(
√

α
4
t
)

cosh3
(
√

α
4
t
) ,

which has a fish-shaped form. Actually, it is easy to check that ysx(t) and xsx(t) are
related this way

y2
sx =

2

3
β

(

xsx −
α

β

)2(

xsx +
α

2β

)

. (5.29)

The bounded motions lie in the interior of the separatrix, while the unbounded
motions lie outside. In this case the separatrix corresponds to a homoclinic orbit,
since the orbit connects the hyperbolic fixed point (α

β
, 0) to itself.

5.2.6 Stochastic layer

Once the Helmholtz oscillator has been analyzed, it is interesting the study on
how the orbits behave in the proximity of the separatrix when a periodic forcing is
applied.

The time-dependent Hamiltonian in Eq. (5.8) can be used, as it was explained
in the introduction of this section, to study the Helmholtz oscillator with a peri-
odic forcing. This time-dependent Hamiltonian can be seen as the sum of a time-
independent Hamiltonian

H0(x, p) =
1

2
p2 +

α

2
x2 − β

3
x3 (5.30)

and a time-dependent Hamiltonian

H1(x, t) = −Fx cos(ωt), (5.31)

that is, the Hamiltonian H(p, x, t) can be written this way

H(p, x, t) = H0(x, p) + H1(x, t). (5.32)

The former Hamiltonian allows analyzing the effect of the forcing by means of an
area preserving map, which is called the whisker map or the separatrix map. This
map measures the energy and phase change of a trajectory close to the separatrix
for each period of the motion [38].

In order to construct this map it is needed to evaluate the change of the Hamil-
tonian H0. The total derivative of H0 is the following

dH0

dt
= {H0, H} = {H0, H1} = −∂H0

∂ẋ

∂H1

∂x
= F ẋ cos(ωt), (5.33)
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where {} is the Poisson bracket.
Since our main interest is discussing the motion of the particle when its energy

is close to the separatrix, it is assumed that F is small enough to consider that H1

is a small perturbation. Then, it is close to the separatrix where big effects in the
dynamics of the particle may be expected. The effect of a small perturbation on the
orbits of small energy is negligible.

The method to obtain the separatrix map, when H1 is consider to be a small
perturbation, is standard [38]. The first step is the computation of the energy
∆E. This energy accounts for the amount of the energy which an orbit close to the
separatrix needs to accomplish a complete cycle, and is given through the integration
of Eq. (5.33)

∆E = F

∫

∆t

ẋ cos(ωt)dt, (5.34)

where ∆t = T/2 = π/ω. Notice that this integral signals the border of the stochastic
layer.

This energy is usually written in the following way to be evaluated around the
separatrix

∆En = F

∫ tn+ T

2

tn−T

2

ẋ cos(ωt)dt ≈ F

∫ +∞

−∞
ysx cos [ω (t + tn)] dt. (5.35)

From the third equality in Eq. (5.10) and Eqs. (5.11) a relationship between the
energy E and the parameter m is found. Expanding around m = 1 up to second
order, it is obtained the following expression 8E ≈ (1−m)2. This approximation is
used later to determine the separatrix map and its corresponding stochastic layer.

The change of the phase is given by ∆φ = ωT . The expression for the energy
relationship found before in terms of m, when m is close to 1, suggests that the
period of the orbits close to the separatrix behaves like

T (m) ≈ 1√
α

ln

(

32

E

)

. (5.36)

In this manner the change of energy E and phase φ from the period n to the
period n + 1 is given by the separatrix mapping [12]

En+1 = En + ∆En, (5.37)

φn+1 = φn + ωTn+1,

where the variables (E, φ) are to be understood as a canonical pair. This map
contains in principle the essential dynamics in the region close to the separatrix.
Thus, the separatrix map is given by

En+1 = En +
6πω2

β

F sin φn

sinh
(

πω√
α

) , (5.38)

φn+1 = φn +
ω√
α

ln

(

32

En+1

)

.
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Another way of measuring the instability is through the calculation of the fol-
lowing parameter K defined as [12]

K =

∣

∣

∣

∣

δφn+1

δφn
− 1

∣

∣

∣

∣

, (5.39)

from which as a by-product the stochastic layer width is achieved. It supplies the
information about how a small phase interval is stretched. The measure of the local
instability is given by K ≥ 1, because close to the separatrix a small change in
frequency may cause a big effect in phase. The stochastic layer width is given by
the value

E ≈ 6πFω3

√
αβ sinh

(

√

π2

α
ω

) , (5.40)

which corresponds to the width of the region close to the separatrix where it is likely
to expect chaotic motions.

5.3 Effect of the nonlinear damping

5.3.1 Introduction

Much of the discussion in the physics and engineering literature concerning damped
oscillations focuses on systems subject to viscous damping, that is, damping pro-
portional to the velocity, even though viscous damping occurs rarely in physical
systems. This is done mainly because the introduction of a linear term in the dif-
ferential equation modeling the system makes easy its analysis.

Other types of dissipative forces, such as Coulomb damping or aerodynamic
drag exist and are present in real systems. However, they are usually neglected,
since their presence leads to nonlinear terms in the differential equation, making the
system much more difficult to analyze. This is why in describing many oscillatory
phenomena that occurs in nature, nonlinear oscillators with linear damping terms
have been considered.

It is known also that frictional or drag forces which describe the motion of a
object through a fluid or gas are rather complicated, and different phenomenological
models have been proposed. One of the simplest empirical mathematical model is
taken to be of the form f(v) ∝ v |v|p−1 , where v represents the velocity of the object
and p, a positive integer, the damping exponent.

Phenomenological models describing some type of nonlinear dissipation have
been used in some applied sciences such as ship dynamics [39, 40], where a partic-
ular interest has deserved the role played by different damping mechanisms in the
formulation of ship stability criteria, and vibration engineering (see [15, 16]). A
thorough study on the effects and properties of oscillators with nonlinear damping
is shown in Ref. [17]

Of special interest to our purposes is the comprehensive study on the effect of
damping on basin and steady state bifurcation patterns of this oscillator, which
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is reported in [21]. In particular they investigated the effect of damping on the
resonance response curves and how the main bifurcation boundaries, such as period-
doubling bifurcation and boundary crisis, where the system escapes, are affected.
(see [41] for a basic and rigorous description of boundary crises and the associated
concept of transient chaos).

They also showed how the damping level affects the erosion of the non-escaping
basin. Basically its main results are that, once the parameters of the system are
fixed, a decrease in the damping level produces the effect of shifting backwards in
parameter space the period-doubling bifurcation and the final boundary crisis lead-
ing to escape, destroying the safe basins and increasing the basin erosion patterns.
As a consequence, it suggests the use of damping to suppress large scale erosion of
the basin.

Nonlinear damping terms are of diverse nature and we choose here strictly dis-
sipative nonlinear damping terms proportional to the pth power of velocity. Taking
nonlinear damping terms of different damping exponent, we carry out a comprehen-
sive study on how this affects the dynamics of the oscillator, the main bifurcations
and the basin of attraction patterns when different periodic attractors may coexist
prior to escape from the potential well.

The numerical results obtained show evidence that the period-doubling bifurca-
tions and boundary crises leading to escape shift backwards in parameter space. An
analytical study using Melnikov theory predicts rather well a shift of this kind in
the computation and numerical observation of the appearance of the fractal basin
boundaries [42, 43].

On the other hand different numerical experiments show that increasing the
damping exponent strongly influences the erosion pattern of the basin. All these
phenomena suggest that fixing parameters of the system and varying only the damp-
ing exponent p, taking positive integers, has similar effects as decreasing the damping
level for the linear damping case.

5.3.2 The nonlinearly damped universal escape oscillator

In [21] it is studied with considerable detail the effects of the damping level on
the resonance response of the steady state solutions and in the basin bifurcation
patterns of the escape oscillator. In particular they analyzed the effect of using
different damping levels and how this contributes to the erosion of the safe areas
in phase space, and they also provide a comprehensive global picture of the main
bifurcation boundaries.

If it is considered the same equation but including nonlinear damping terms as
a power series on the velocity, the equation of motion reads

ẍ +
n
∑

p=1

δẋ |ẋ|p−1 + αx − βx2 = F sin(ωt), (5.41)

where δ is the damping level, p is the damping exponent, α and β define the potential
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and F and ω the forcing amplitude and the frequency of the external perturbation
respectively.

However, for simplicity, only a single damping term proportional to the pth
power of the velocity is taken, thus the equation to study is

ẍ + δẋ |ẋ|p−1 + x − x2 = F sin(ωt), (5.42)

where it is assumed that α = β = 1 in order to emphasize the effect of the damping.
A similar nonlinear damping term was used by [39, 15, 16].

As in [21], for most of the numerical computations it is used a fixed frequency
ω = 0.85 and a damping level δ = 0.1 and when the damping exponent p is modified,
it is observed that the basins erose strongly as the damping parameter p increases.
The effect is similar to keeping fixed all parameters and decreasing the forcing term.
For p = 1 and for the initial condition (0.175,−0.55), which is close to a fixed point
attractor, a nice Feigenbaum period-doubling cascade in the forcing parameter range
0.1 ≤ F ≤ 0.109 is found (this corresponds to the result shown in [18, 3]).

It is indicated in [21] that reducing the damping level, the period-doubling-escape
scenario takes place at lower forcing amplitudes. In particular they studied the
influence of modifying the forcing and damping level. When a quadratic nonlinear
damping is used, that is p = 2, and for the same initial condition as before, a chaotic
cascade in the parameter range 0.087 ≤ F ≤ 0.096 appears, and which is shown in
Fig. 5.2. One of the effects of using the quadratic nonlinear damping is precisely the
lowering of the critical forcing for which the homoclinic bifurcation and the escape
boundary take place. In particular for F = 0.0954, the result is a beautiful two
piece chaotic attractor with a Lyapunov dimension DL = 1.22.

When p = 3, that is a cubic nonlinear damping, chaotic solutions are found as
well in the parameter region 0.083 ≤ F ≤ 0.093. Consequently it appears to be
a shift backwards in the period-doubling bifurcation threshold and escape as the
damping exponent p is increased. If the numerical experiments are compared to
the results shown for the linear damping case p = 1 in [21], we may conclude that
increasing the damping exponent p has similar effects as decreasing the damping
level δ.

There is a rather intuitive argument to justify this behavior. Think for simplicity
in a particle moving with certain energy inside the potential well. Using topological
arguments concerning the phase space of the escape oscillator, the velocity ẋ(t) is
bounded and |ẋ(t)| < 1 for all times, for any motion inside the potential well. This
being so, it implies that |ẋ(t)|p < |ẋ(t)| < 1, for p > 1. So this explains intuitively
the observations of the numerical experiments carried out for different values of the
damping exponent, since using a parameter p > 1 implies a reduction of the damping
term which numerically is equivalent to using the linear damping term with a lower
damping level.
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Figure 5.2. Plot of the period-doubling bifurcation diagram of the nonlinear escape oscil-
lator with equation ẍ+0.1ẋ |ẋ|+x−x2 = F sin 0.85t for the initial condition (0.175,−0.55).
The variation of the forcing amplitude is 0.086 < F < 0.096.

5.3.3 Melnikov analysis for the nonlinear damping case

The numerical results given in the previous section suggest that when a nonlinear
damping term is used instead of a linear damping term the global pattern of bi-
furcations is affected. The Melnikov analysis provides an analytical estimate of the
parameters for which homoclinic bifurcations occur, and as it was proved by [42],
the critical parameters derived from this analysis signal the appearance of fractal
basin boundaries between coexisting attractors.

The aim now is to apply the Melnikov method to the nonlinearly damped and
sinusoidally forced escape oscillator

ẍ + δẋ |ẋ|p−1 + x − x2 = F sin(ωt), (5.43)

where p ≥ 1 is the damping exponent. From the Eq. 5.28, it is easy to check that the
equations of the separatrix orbit for the unperturbed system given by the Eq. 5.42
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are

xsx(t) = 1 − 3

2
cosh−2

(

t

2

)

, (5.44)

ysx(t) =
3 sinh

(

t
2

)

2 cosh3
(

t
2

) .

When the damping and the forcing are taken into account as a small perturbation
to the unperturbed system, there is an associated Melnikov function which is given
by

∆(t0, ω, p) =

∫ +∞

−∞
ysx(t)F sin [ω(t + t0)] dt −

∫ +∞

−∞
δyp+1

sx (t)dt. (5.45)

Thus the Melnikov function can be written as

∆(t0, ω, p) =
3

2
F cos(ωt0)

∫ +∞

−∞

sinh
(

t
2

)

cosh3
(

t
2

) sin(ωt)dt − δ

∫ +∞

−∞

[

3 sinh
(

t
2

)

2 cosh3
(

t
2

)

]p+1

dt,

(5.46)
which gives the following result

∆(t0, ω, p) =
6πω2F cos(ωt0)

sinh(πω)
− 2δ

(

3

2

)p+1

B
(

p + 2

2
, p + 1

)

, (5.47)

where B(m, n) is the Euler Beta function, which can be easily evaluated in terms of
the Euler Gamma function [37].

The critical forcing parameter Fcp for which homoclinic tangles intersect, that
for a certain frequency ω depends on the damping exponent p and the damping
coefficient δ, may be written as

Fcp = δ
sinh(πω)

3πω2

(

3

2

)p+1

B
(

p + 2

2
,
p + 1

2

)

. (5.48)

When more nonlinear damping terms are considered, then the Melnikov function
takes the form of

∆(t0, ω, p) =
6πω2F cos(ωt0)

sinh(πω)
−

n
∑

p=1

2δ

(

3

2

)p+1

B
(

p + 2

2
, p + 1

)

, (5.49)

and consequently the critical parameter of the external perturbation is given by

Fcp = sinh(πω)

n
∑

p=1

δ

3πω2

(

3

2

)p+1

B
(

p + 2

2
,
p + 1

2

)

, (5.50)

which gives an idea of the effect of the nonlinear damping terms on the threshold of
homoclinic chaos and the associated appearance of fractal basin boundaries.
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The Melnikov ratio R(ω, p) represents the ratio of the forcing to the damping
level (Fcp/δ), which obviously depends on the frequency ω and the damping exponent
p. According to Eq.(5.48) it takes the expression

R(ω, p) =
sinh(πω)

3πω2

(

3

2

)p+1

B
(

p + 2

2
,
p + 1

2

)

. (5.51)

Fig. 5.3 depicts the variation of the Melnikov ratio R(ω, p) with the damping
exponent p, which shows a decaying dependence on p. Hence when a nonlinear
damping term is used instead of a linear damping term, with a fixed damping level
δ, then the critical forcing for fractal basin boundaries to occur decreases.
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Figure 5.3. The Melnikov ratio R(ω, p) = Fcp/δ versus the damping exponent p is
plotted. Here is evidenced that for higher values of the damping exponent, the critical
forcing necessary for the fractalization of the boundaries decreases.

In the case of linear damping, p = 1, the Melnikov ratio is given by R(ω, 1) =
sinh(πω)/5πω2 and the critical forcing, when ω = 0.85, is F = 0.633δ, which is the
expression obtained by [18, 3].

The critical forcing terms for the quadratic and cubic nonlinear damping, with
damping level δ = 0.1, have been explicitly calculated. Its values are F = 0.0297
for the quadratic case and F = 0.0148 for the cubic case. As it was proved by [42],
this critical forcing gives the threshold for the fractal basin boundaries. Moreover,
for this critical values the invariant manifolds associated to the fixed point of saddle
type of the Poincaré map associated to the escape oscillator intersect themselves
tangentially.

Fig. 5.4(a) shows the tangency of the unstable (the inset) and stable (the outset)
manifolds associated to the saddle fixed point situated at (0.999,−0.015), for F =
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0.0297 and ω = 0.85, with quadratic nonlinear damping. The homoclinic tangency
for the invariant manifolds associated to the saddle fixed point at (0.999,−0.007) for
F = 0.0148 and ω = 0.85 is shown in Fig. 5.4(b), when a cubic nonlinear damping is
considered. The inset is the unstable manifold and the outset is the stable manifold.

Figure 5.4. The figure shows the homoclinic tangency for different nonlinear damping
terms, as calculated with the help of Melnikov theory. (a) For a quadratic nonlinear
damping term, p = 2, β = 0.1, and F = 0.0297 (b) For a cubic nonlinear damping term,
p = 3, β = 0.1, and F = 0.0148.

5.3.4 Basins of attraction

A basin of attraction is defined as the set of points that taken as initial conditions
are attracted to a fixed point or an invariant set (see [41, 44]). As it was mentioned
previously, the escape oscillator may be seen as a mechanical oscillator where a
particle of unit mass moves inside an asymmetrical potential well, with the possibility
of escape. This means that besides the possible attractors that may coexist in the
interior of the well, the infinity may be taken as an attractor as well. The basin of
attraction in this case signals the points in phase space that are attracted to a safe
oscillation within the potential well, and the set of points that escape outside the
potential well to the infinity.

A study of these basins of attraction for the escape oscillator was done extensively
and with considerable detail by [18, 3, 19, 20, 22, 21, 23]. Attention is focused here
in especial to the paper by [21], where the effect of the damping level is analyzed.
What we want to remark here is the effect of using nonlinear damping terms on the
equation of the escape oscillator and how the basins of attraction are affected as the
damping exponent p is increased.

We follow two strategies. The first one consists in fixing the forcing amplitude
F = 0.05 and for three different sets of damping levels at δ = 0.1, δ = 0.15 and
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δ = 0.2 for different damping exponents, that is, linear damping, quadratic damping
and cubic damping, to compute the basins of attraction. To numerically generate the
basins of attraction, a grid of 300×300 points is selected in the region of phase space
determined by the rectangle of points (−0.8, 1.4) × (−0.8, 0.8), which are taken as
initial conditions. Depending to which attractor an initial point goes, it is assigned a
different color. Those initial points which go to any attractor located in the interior
of the well are assigned the color white. The color black is assigned to any initial
point which escapes the potential well.

These computations are shown in Fig. 5.5. The first column shows the basins
of attraction for a fixed value of the damping level, δ = 0.1, the second column
corresponds to δ = 0.15 and the third column to δ = 0.2. On the other hand
the first row corresponds to damping exponent p = 1, that is, linear damping, the
second row to p = 2, quadratic nonlinear damping, and the third row to p = 3, cubic
nonlinear damping. Observing these basins of attraction in Fig. 5.5 it is inferred
that for a fixed damping level, the increase of the damping exponent, has a clear
effect on the destruction of the safe areas inside the well and the erosion of the basins
increases notably. If we compare these results to the corresponding results for linear
damping for which only the damping level is varied, the conclusion is that they are
equivalent to a decrease of the damping level.

The second strategy is fixing the damping level at δ = 0.1 and considering
different values of forcing amplitudes such as F = 0.03, F = 0.05 and F = 0.07
for the linear, quadratic and cubic damping. The first column of Fig. 5.6 shows the
basins of attraction for F = 0.03, the second column corresponds to F = 0.05 and
the third column to F = 0.07. The rows correspond to linear, quadratic and cubic
damping respectively.

The basins in this figure show that indeed the damping exponent has a strong
effect on the erosion of the basin, but the strongest effect is manifested by the
increase of the forcing as it happens as well in the linear damping case. Similar
heuristic arguments as the ones given in the previous sections explain this behavior.

In some of these basins shown in Fig. 5.5 and Fig. 5.6 two attractors coexist in
absence of any kind of fractalization of the boundaries. Something interesting to
mention concerning most basins shown here is the presence of very clear basin cells
[14, 45, 44]. The notion of a trapping region clarifies this idea. A trapping region
is a region in phase space from which points cannot escape. Once the trajectory
enters the region cannot leave it and also there must be at least one attractor located
there. A cell is a region in phase space whose boundary consists of pieces of the
stable and unstable curves of some periodic trajectories. When a cell is a trapping
region then is a basin cell. One of these basin cells is shown crosshatched in Fig. 5.7,
and corresponds to p = 3, δ = 0.1 and F = 0.03. A period 1 orbit which generates
the basin cell, which is situated at the coordinates (0.092, 0.425) and the boundaries
are its associated stable and unstable manifolds.
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Figure 5.5. The figure shows the basin erosion pattern of the escape oscillator ẍ +
δẋ |ẋ|p−1 + x − x2 = 0.05 sin 0.85t. The first column corresponds to a damping level
δ = 0.1, the second to δ = 0.15, and the third one to δ = 0.2. Different rows represent
different damping exponents. The first row corresponds to p = 1, the second row to p = 2
and the third row to p = 3.

5.4 Conclusions and Discussions

The Helmholtz oscillator is a simple model for studying phenomena which under
certain conditions present a stable behavior of oscillatory kind, but for other con-
ditions the behavior is unstable (i.e., this oscillator presents an escape). Then, a
question of interest is what happens close to the separatrix when a forcing term is
introduced. The effect of forcing is not relevant for an orbit with little energy (i.e.,
close to the minimum in the potential well), because essentially its stable behavior
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Figure 5.6. Basin erosion pattern of the escape oscillator ẍ + 0.1ẋ |ẋ|p−1 + x − x2 =
F sin 0.85t. The first column corresponds to a forcing amplitude F = 0.03, the second to
F = 0.05, and the third one to F = 0.07. Concerning rows, the first row corresponds to
p = 1, the second row to p = 2 and the third row to p = 3.

is not altered by the forcing. The width of the stochastic layer by using the separa-
trix map has been computed. This gives the width of the energy band around the
separatrix, where it is likely that an orbit presents transient chaos.

We have analyzed the case of nonlinear dissipation in detail. We understand that,
although the study of the effect of the damping level on the dynamics of the universal
escape oscillator is interesting, this has to be extended to the case of nonlinear
dissipation, because it is a natural extension to some phenomenological models. In
particular we have analyzed by numerical methods, and also by using the analytical
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Figure 5.7. Basin cell, crosshatched, of the escape oscillator with equation ẍ+0.1ẋ |ẋ|2+
x − x2 = 0.03 sin 0.85t generated by a period 1 orbit situated at (0.092, 0.425).

method provided by the Melnikov theory, how the introduction of nonlinear damping
terms affects the threshold of the period-doubling bifurcation route to chaos, the
boundary crises leading to final escape to infinity and the threshold parameter for
the appearance of the fractal basin boundaries.

As a result, a good agreement between the analytical estimates and the numerical
observations is observed. Moreover the effect of using different nonlinear damping
terms on the erosion of the non-escaping basin has been studied. By fixing all
the parameters of the system and and varying only the damping exponent, the
observation is that the increase of the damping exponent provokes a rapid erosion of
the basin of attraction. When the damping level is increased a safe region increases,
but it is rapidly eroded as the damping exponent also increases. Decreasing the
forcing level for the linear damping case helps in the suppression of the erosion
basin, but if at the same time the damping exponent is increased the situation is
similar as if the forcing were increased. When the forcing is increased the erosion
of the basin is bigger, and becomes even bigger if at the same time the damping
exponent is increased. In the case of the linear damping and a fixed forcing, the
erosion of the basin increases while the damping level is decreased, and a fixed value
of the damping level the erosion is bigger when the forcing is increased. All this
suggest that the increase of the damping exponent has similar effects as of decreasing
the damping level for a linearly damped model.
Much work has been done on the study of this simple nonlinear oscillator, although it
should not be thought that it is exhaustive. As a paradigm in Nonlinear Dynamics,
the progress carried out on it, might be applied to analyze the different phenomena
in nature that can be modeled by it. In this context it is possible to affirm that
in spite of the work done, many aspects are still open for future research. In fact,
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the effects of parametric perturbations showing both, numerical simulations and an
experiment, are analyzed in the next chapter.
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Chapter 6

Avoiding escapes in open

Hamiltonian systems

“It doesn’t matter how beautiful your theory is, it doesn’t matter

how smart you are. If it doesn’t agree with experiment, it’s wrong”

-Richard P. Feynman (1918-1988)

6.1 Introduction

Numerous physical phenomena of oscillatory nature appearing in different disciplines
present the ability to escape from a potential well, and are described, among others,
by the Helmholtz oscillator. This nonlinear oscillator has a simple mechanical in-
terpretation, since it describes the motion of a unit mass particle in the single cubic
potential V (x) = ax2/2 + bx3/3, which eventually can be sinusoidally driven, and is
considered as a prototype for escape phenomena. When a linear dissipative force is
introduced, its equation of motion is

ẍ + µẋ + ax + bx2 = F cos(ωt), (6.1)

where µ represents the damping coefficient, F the forcing amplitude, ω the fre-
quency of the forcing and a and b determine the shape of the potential. Most
previous works on systems with escapes focused on purely conservative (Hamilto-
nian) systems [1, 2, 3, 4]. Note that conservative and dissipative systems admit
a Hamilton function, although the energy is not preserved in dissipative cases [5]
becoming the Hamiltonian a function of velocity, position and time. In this work we
concentrate on the effects of external forcing into the system governed by a linear
dissipation proportional to the velocity as described in Eq. 6.1. For convenience we
take the values µ = 0.1, ω = 1 and a = b = −1 for which the potential reads,

V (x) = −x2

2
− x3

3
. (6.2)

This potential presents a maximum at (0, 0) and a minimum at (−1,−1/6) as shown
in Fig. 6.3(a). For these parameter values the equation of motion reads,

ẍ + 0.1ẋ − x − x2 = F cos t. (6.3)

97
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Figure 6.1. Typical trajectory of the Helmholtz oscillator, ẍ+0.1ẋ−x−x2 = 0.12 cos t,
with initial condition at the point (x, ẋ) = (−0.5,−0.1). The cross denotes the initial
condition, the triangle the final state after one period time and ẋ = y.

Figure 6.2. (a) Basin of attraction of the Helmholtz oscillator, ẍ + 0.1ẋ − x − x2 =
0.21 cos t, for which all initial conditions are escaping after some period of time. (b) Basin
of attraction of the Helmholtz oscillator, ẍ + 0.1ẋ − x − x2 = 0.12 cos t. Here the phase
space has a rich fractal structure where cyan points denote the set of points falling into
the attractors.

A thorough study of this oscillator can be found in Ref. [6]. Studies about the
integrability and symmetry-breaking of this oscillator are presented in Refs. [7, 8].
In order to understand the dynamics of this oscillator, a single trajectory is shown
in Fig. 6.1, where we take F = 0.12 and the initial condition inside the well, at the
point (x, y) = (−0.5,−0.1), in which the particle is trapped and never escapes. For
these chosen parameter values, there is a critical value of the forcing, called Fc, for
which all initial conditions inside the well lead to the exit after some time. This
value is Fc ≈ 0.21. A picture of the basin of attraction for F = Fc ≈ 0.21 is plotted
in Fig. 6.2 where all initial conditions are escaping from the well. A typical basin of
attraction with a very rich fractal structure can be seen in Fig. 6.2, where we take
a value of the forcing below the critical value, F < Fc = 0.12.

The main goal of this chapter is to avoid the escapes in regions of phase space
in a similar way that Zambrano et al. controlled the chaos using as prototype
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model the Duffing oscillator (see Ref. [9]). In this work the authors introduced a
weak parametric perturbation changing the topology of the potential and choosing
a proper value of the phase difference, Φ, between the forcing and the parametric
perturbation, as we describe in Sec. 6.2. This technique, using the paradigmatic
Duffing oscillator, was previously used by Qu et al. [10] and by Yang et al. [11]. The
technique of controlling chaos has been used in several distinct physical situations
and it is a broad field in Nonlinear Dynamics. Some of the earlier references can be
found in [12].

Our problem is different because we are interested in controlling escapes instead
of controlling chaos. We will show that this is also a powerful tool to control and
avoid the escapes in dynamical systems. This is the first time that this technique is
used to control escapes instead of chaos. Here, a crisis near to the boundary appears
when we are close to the region in which the escapes start to take place.

6.2 Model description

We introduce, as in Ref. [9], a parametric perturbation in the quadratic term of the
potential for which the equation reads

ẍ + µẋ + ax + b(1 + ε cos (rωt + Φ))x2 = Fcos(ωt). (6.4)

Taken the same parameter values as in Sec. 6.1, that is, µ = 0.1, ω = 1, a = b =
−1, r is a positive constant and Φ the phase difference that we simply call phase.
For convenience, we take r = 1, and then the equation now reads

ẍ + 0.1ẋ − x − (1 + ε cos (t + Φ))x2 = Fcost. (6.5)

Figures 6.3(a-d) show the profile of the potential in function of different values
of the perturbation parameter ε, where the topology of the well changes slightly.
In this case, the maximum value of the potential, say when cos(rt + Φ) = 1, is
V (x, ε) = −x2/2 − (1 + ε)x3/3. This potential is zero at the points (xmax, Vmax) =
(0, 0) (local maximum) and (x, V (x)) = (− 3

2(1+ε)
, 0) and presents a local minimum

at (xmin, Vmin) = (− 1
1+ε

,− 1
6(1+ε)2

) (the lowest part of the well). The goal here is to
avoid escapes for the critical value Fc, for which all particles are escaping, introducing
a small perturbation term ε and an accurate value of the phase Φ. As we mentioned,
the effect of ε is equivalent to slightly change the shape of the potential (in our case
the well will become less deeper and narrower).
In Sec. 6.3 we provide numerical evidence about the regions of values of Φ and ε for
which we can control the escapes from the well, keeping the orbits inside of it.

6.3 Effects of a parametric perturbation on the escapes.

In this section we provide numerical evidence about the effects of a weak parametric
perturbation in the quadratic term of the potential as described in Sec. 6.2. The first
numerical evidence about the effects of the parametric perturbation can be observed
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Figure 6.3. Plot of the potential, V (x, ε) = −x2/2 − (1 + ε)x3/3, for different values of
the perturbation term ε. (a) ε = 0, (b) ε = 0.05, (c) ε = 0.1, (d) ε = 0.15.
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Figure 6.4. (a) Single trajectory for the unperturbed Helmholtz oscillator, ẍ + 0.1ẋ −
x − x2 = 0.21 cos t, with initial condition at the point (x, ẋ) = (−0.5,−0.1). The particle
escapes after a period of time. (b) Single trajectory (as in Fig. 6.4(a)) for the perturbed
Helmholtz oscillator, ẍ + 0.1ẋ − x− (1 + 0.05 cos(t + π))x2 = 0.21 cos t. The perturbation
keeps the particle in the well indefinitely. Cross and triangle denote the initial and final
state of the trajectory and ẋ = y.

in Figs. 6.4(a) and 6.4(b). Figure 6.4(a) shows the typical escaping trajectory with-
out control for F = Fc ≈ 0.21 and for an initial condition at (x, y) = (−0.5,−0.1). If
we introduce the control, say ε = 0.05, and a value of the phase, Φ = π, the particle
does not escape from the well. The typical basins of attraction of the perturbed
Helmholtz oscillator for F = Fc ≈ 0.21, Φ = π and perturbation terms ε = 0.05,
ε = 0.1, and ε = 0.15, respectively, are plotted in Fig. 6.5 where we can easily observe
the strong effects of the control parameter, ε, and the phase, Φ, on the escapes.

In order to study what percentage of particles can be saved from the escape we
will make a diagram of values of the parametric terms ε and Φ to check how they
affect the escapes. Furthermore, in these figures we can find the critical value of
phase to reach optimal control of escapes, taking place when Φ = π. The diagrams
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Figure 6.5. Basins of attraction of the perturbed Helmholtz oscillator, ẍ + 0.1ẋ − x −
(1 + ε cos(t + π))x2 = 0.21 cos t, with perturbation terms ε = 0.05 (top left), ε = 0.1 (top
right), and ε = 0.15 (bottom), respectively.

plotted in Figs. 6.6 (a), (b), and (c) have been obtained numerically in the following
way. First of all, we have plotted the basins of attraction of the perturbed Helmholtz
oscillator for different values of ε and different initial conditions described before.
Here the diagrams have been built computing the percentage of the particles that
are trapped or are escaping for every value of ε and Φ in the specified intervals,
shown in Figs. 6.6 (a), 6.6(b), and 6.6(c), using as parameters µ = 0.1, ω = 1, and
r = 1. In some regions of these diagrams we saved more than 50% of the particles
with numerical value of ε ≈ 0.1. This is surprising in the sense that a value of ε of
this order only changes weakly the topology of the well. This fact can be seen in
Figs. 6.3(a-d).

To introduce a perturbation term ε is equivalent to modify the shape (depth and
width) of the potential well. If we estimated the variation in the depth and the
width of the potential well we obtain the numerical results shown in the Table 6.1,
where the depth of the well is due by ∆V = 1

6(1+ε)2
and the width ∆x = 3

2(1+ε)
.
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Figure 6.6. 60× 60 grid of (ε,Φ) values in the region Φ ∈ (0, 2π) and ε varying between
(a) (0, 0.05), (b) (0, 0.1), and (c) (0, 0.15), respectively. We consider Eq. 6.4 with F =
Fc ≈ 0.21 and r = 1. The color bars denote the percentage of particles saving from the
escapes.

ε ∆x ∆V %∆x %∆V
0 1.50 0.16 0 0

0.05 1.43 0.15 4.5 9.5
0.10 1.36 0.14 8.8 15
0.15 1.31 0.13 11.6 21

Table 6.1. Variation of the width and depth of the well in function of the perturbation
parameter ε.

We observe that by changing only a little bit the shape of the potential we can
control escapes in some specific regions of phase space. These numerical results are
proved with an experiment in Sec. 6.4, where an electronic circuit to simulate this
system is implemented.

6.4 Experimental evidence using a circuit

In this section our goal is to test the avoiding escapes due to the parametric per-
turbation in a laboratory system, as well as to confirm the features that we have
observed numerically. To this purpose, the electronic circuit sketched in Fig. 6.7 has
been used.

A circuit simulating the Helmholtz oscillator has been used before in order to
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Figure 6.7. Sketch of the electronic circuit. I: integrators; R: resistors; C: capacitors;
Mult: multipliers; Vd: sinusoidal driving signal; Vc: sinusoidal control signal. Under a
suitable time normalization, the dynamics of the circuit read by the equation ẍ + 0.1ẋ −
x − (1 + ε cos(t + Φ))x2 = 0.21 cos t, where x ∝ Vx and ẋ ∝ Vy. The parameters ε,Φ can
be fixed with the arbitrary wave form generator Gc. The values of the different elements
are as follows: R1 = 100KΩ, R2 = 1MΩ, R3 = 2KΩ, R4 = 5KΩ and C1 = 10nF .
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Figure 6.8. Experimental bifurcation diagrams obtained from the circuit where we can
observe different boundary crisis: (a) without control (b) for ε = 0.05 and Φ = π (c) for
ε = 0.05 and Φ = 0. In every figure we can test that the control parameter, ε, and an
accurate value of the phase (Φopt = π) are fundamental for the control of escapes.
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Figure 6.9. Single trajectories in the experimental circuit simulating the Helmholtz os-
cillator where we can find different dynamics. (a) Chaotic attractor in phase space. (b) Es-
caping trajectory. (c) Periodic orbit.

provide experimental evidence about ship stability to waves in windy situations and
its potential and eventual capsize in mechanical engineering as shown in Ref. [13].
Besides this type of circuit has been implemented to provide experimental evidence
about the Melnikov’s criterion [14]. Our circuit consists of an electronic analog sim-
ulator implemented using commercial semiconductor devices. The variable Vx is the
output of I2, while Vy is the output of I1, Vd is the driving voltage amplitude applied
by means of the generator Gd, while Vc is the control voltage amplitude applied by
means of an arbitrary function generator TABOR 8024. The two sinusoidal signals,
Vd and Vc, have the same frequency and are phase synchronized and their phase
difference can be adjusted in a continuous way. The integrators I1 and I2 have
been implemented using Linear Technology LT1114CN four quadrant operational
amplifiers, while the multipliers are Analog Devices MLT04. The acquisition of the
experimental data has been performed by means of TEKTRONIX TDS 7104 digital
oscilloscope connected to a personal computer. Under a suitable normalization of
the time scale the dynamics of this circuit is governed by Eq. 6.4, where the param-
eters are δ = 0.1, F = 0.2, r = 1 and w = 1. In this way, the variables Vx and
Vy can be associated to x and ẋ, respectively. Specifically, we work with values of
the signals Vd ≈ 200 mV and Vc ≈ 30 mV . This value of the parameter control
Vc ≈ 30 mV corresponds in our numerical simulations to a value of ε ≈ 0.03.
Applying a slow frequency amplitude modulation to Vd we are able to reconstruct
the unperturbed bifurcation diagram shown in Fig. 6.8(a). Such bifurcation has
been obtained by reporting the maxima of the signal Vx as a function of the ampli-
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tude Vd. This diagram clearly shows a transition to chaos through a period-doubling
cascade. There is a boundary crisis for which the chaotic attractor disappears and
the particles escape to the infinity. The chaotic attractor just before the escaping
and the phase space trajectory during the escape are shown in Figs. 6.9(a) and
6.9(b), respectively. The bifurcation diagrams for the perturbed case are shown in
Figs. 6.8(b) and 6.8(c). The suitable value of the phase difference ∆Φ = π, being
∆Φ = Φc − Φd, reported in Fig. 6.8(b) shows that the crisis near to the boundary
takes place for a value of the driving amplitude higher than in the unperturbed case.
Moreover, the election of the phase is very important in the sense that its effect can
be the opposite. Figure 6.8(c) shows that the crisis near to the boundary happens
even for a value of the driving amplitude lower that in the unperturbed case if we
do not take an accurate value. In this case ∆Φ = 0.

The introduction of suitable parametric perturbations with an adjustable phase
control leave the particles in the well avoiding their escapes to the infinity as shown
in Fig. 6.9(c).

In Figs. 6.8(a), 6.8(b), and 6.8(c), the controlled bifurcation diagram has been
shown. The value of the driving signal Vd is well beyond the value in the unperturbed
case of Fig. 6.9(b). We have to say that this result critically depends on the phase
difference between Vd and Vc. The best performance of this control method is found
when the phase difference ∆Φ = π, as we checked in the numerical simulations
and plotted in Figs. 6.6(a), 6.6(b), and 6.6(c). Moreover, with a small value of the
perturbation Vc we can control the escapes in several regions of the phase space as
we obtained numerically in Sec.6.3 and shown in Figs. 6.5(a), 6.5(b), 6.5(c).

6.5 Conclusions and Discussions

In conclusion, by using as a prototype model of the Helmholtz oscillator with a para-
metric perturbation in the quadratic term of the potential we control the escapes of
the systems in some regions of phase space. We provide numerical support for which
we control the orbits in the well, avoiding the escapes from it by simply changing
slightly the depth and width of the well and by using a suitable value of the phase
Φ. We show that this result is of a general nature in the sense that the experimental
implementation of a circuit confirms the same results. In the context of physical sit-
uations, the problems with escapes are typical in chaotic scattering problems, which
have applications in many fields in physics. We expect this work to be useful for a
better understanding of systems with escapes because our system is a paradigmatic
one-dimensional system and the results can be, in principle, generalized for higher
dimensional problems.
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Chapter 7

Conclusions

“It was very good to hear from you. Thank you for your special

interest in my problems.”

-Richard P. Feynman (1918-1988) to Linus Pauling, July 7, 1978

“Once we eliminate the impossible, whatever remains no matter how

improbable, will be the truth”

-Sherlock Holmes, The sign of four, (1854-1891)

In this research work I have studied, in detail, systems with escapes influenced by
weak perturbations, dissipation, noise or an external forcing, showing the changes
in the dynamics and topology. All this work is supported by numerical, theoretical
and experimental evidence.

After the introduction, the contents of the thesis is divided in two main parts,
the effects of weak noise and weak dissipation in chaotic scattering and how escapes
can be avoided by using a control algorithm.

7.1 Effects of noise and dissipation in chaotic scattering

In this part I study the nature of chaotic scattering in the presence of a small
amount of dissipation and a small amount of noise. I use as prototype models a
flow, say the Hénon-Heiles system, and a two dimensional map. I use the classical
tools of Nonlinear Dynamics to analyze these phenomena, say phase space structure,
scattering functions and fractal dimension, among others. Since chaotic systems are
very sensitivity to the initial conditions, these tools provide accurate arguments
about this sort of physical systems. The main conclusions of this part are the
following:

I. I have studied the dissipative Hénon-Heiles system as a paradigmatic model
of chaotic scattering in two dimensions. I study the phase space structure showing
that it has a very rich fractal structure. In fact, this model presents three differ-
ent channels for escaping orbits of energies above a threshold value, and a final
destination for the other orbits that are falling into the attractors appearing as a

109



110 Chapter 7. Conclusions

consequence of dissipation. The existence of three or more final destinations makes
Wada basin boundaries take place. In this chapter I show that the dynamics of the
system is very sensitive to the presence of dissipation in the sense that the survival
probability of the scattering particles changes abruptly from algebraic to exponen-
tial law independent the amount of dissipation presents in the system. While it
takes place, Wada basins, when a small amount of dissipation is introduced, are
structurally stable. This chapter suggests that weak dissipation does not change the
unpredictable behavior of nonlinear systems and that Wada basin boundaries are
typical in systems with dissipation with three or more escaping channels.

II. In chaotic scattering problems, the scattering functions are very characteris-
tic because they give information about the fractality of our system. These scattering
functions have smooth parts and singular parts. This fact is due to the sensitivity to
the initial conditions for which the values of these functions change drastically when
a parameter of the system changes slightly. I have estimated the fractal dimension
of the sets of singularities of the scattering functions depending on the dissipation
parameter, showing that it has two different parts. The first part, when dissipation
is close to zero, presents a rapid decreasing from one in the fractal dimension and the
second part, this decrease is slow going to zero when dissipation is large. It means
that fractal dimension presents a crossover behavior in dissipative systems. This
result is general and independent of the chosen system because the same behavior
appears for a two dimensional dissipative map. Theoretical arguments have been
built agreeing with numerical simulations.

III. I have focused our attention in the effects of tiny external noise on systems
with escapes. I use a proper algorithm, Heun algorithm of second order to integrate
Hamiltonian stochastic systems. I study the effects of white Gaussian noise on the
dynamics and the topology of the system. I find that a small amount of noise
completely destroys the basin structure in phase space and Wada basins disappear
changing the final destination of the particles. Here, I find a drastic transition from
algebraic to exponential in the law of survival probability of scattering particles in
the scattering region. Moreover, I find a linear scaling law between the coefficient
of the exponential law, called characteristic time, and the intensity of noise. These
results are of general a character in the sense that are also found in two dimensional
maps with uniform noise.

7.2 Effects of external forces in systems with escapes

In the second part of this thesis I pay attention to the effects of external forces on
systems with escapes. I use the Helmholtz oscillator as a one dimensional model
with one escape. This study is divided in two parts: a first part is dedicated to
make a complete study about this oscillator, and a second part to study how to
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avoid escapes in this system by using parametric perturbations. Furthermore, a
study about how the phase affects to the escapes is also made. The main results of
this section are the following:

IV. I have focused the research in the Helmholtz oscillator as the simplest
asymmetrical nonlinear oscillator containing a quadratic nonlinearity. I have plotted
the basins of attraction of the Helmholtz oscillator finding the threshold value of
the external forcing for which all orbits escape from the well. By using parametric
perturbations, specifically in the quadratic term of the potential, the escapes are
controlled in different regions of the physical space remaining the orbits inside the
potential well. Changing slightly the topology of the well, width and depth, I can
save from the escapes more than 50% of particles. These results have been tested
by using both, an experimental electronic circuit and accurate heuristic arguments,
that agree with the numerical results.

V. A parametric perturbation is used in this section for avoiding escapes in
different regions of the physical space as shown in the previous point. The exter-
nal forcing and the parametric perturbation introduced present a phase difference
between them. I study how the phase difference affects the escapes finding, sur-
prisingly, an optimal value of the phase difference for which the percentage of saved
particles from the escapes is maximum. Numerical and experimental evidence, about
the importance of choosing a suitable value of the phase difference between both,
the driving and the parametric forces, are provided.
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Autores: Jesús M. Seoane, Jacobo Aguirre and Miguel A. F. Sanjuán
Lugar y Fecha: Patras, Grecia. Del 14 al 20 de Julio de 2004

• Conferencia: COMPLEXITY IN SCIENCE AND SOCIETY. INTERNA-
TIONAL CONFERENCE
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Autores: Jesús M. Seoane, Jacobo Aguirre and Miguel A. F. Sanjuán
Lugar y Fecha: Ancient Olympia, Grecia. Del 21 al 26 de Julio de 2004

• Conferencia: SIAM CONFERENCE ON APPLICATIONS OF DYNAMI-
CAL SYSTEMS
Presentación oral: Complex basins in weakly dissipative dynamical systems
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Resumen

Introducción y antecedentes

Decimos que un sistema dinámico posee escapes cuando una part́ıcula que se mueve
en una región del espacio bajo la influencia de un potencial u objeto masivo, atraviesa
una determinada frontera (caracteŕıstica del sistema en cuestión) y escapa del sis-
tema para siempre. Estas fronteras que determinan si las part́ıculas escapan o no se
llaman órbitas de Lyapunov. Los sistemas que poseen esta caracteŕıstica se llaman
sistemas con escapes y son muy t́ıpicos en sistemas que conservan la enerǵıa o bien
que son hamiltonianos. Este problema inicialmente se enmarca en el campo de la
Dinámica Celeste, aunque como indicaremos a posteriori también aparece en otros
muchos campos de la f́ısica. T́ıpicamente existen dos tipos de escapes: escapes hacia
el infinito y escapes a una distancia finita (como por ejemplo a un agujero negro).
Dentro de los problemas con escapes al infinito, que son los que tratamos fundamen-
talmente en este tesis, nos centraremos en aquellos en los cuales una part́ıcula se
acerca a un objeto masivo o a una región del espacio en la que existe una influencia
de un determinado potencial u objeto masivo, alterando el movimiento de dicha
part́ıcula que finalmente escapa o queda atrapada bajo la acción de este potencial
u objeto masivo. Los sistemas con escapes han sido objeto de numerosos estudios
en las últimas décadas, tanto a nivel anaĺıtico (búsqueda de nuevas integrales de
movimiento), como geométrico y computacional. Algunos de los trabajos impor-
tantes que han servido de referencia fundamental en esta materia han sido llevado a
cabo, entre otros muchos, por los profesores G. Contopoulos, M. Hénon y C. Heiles.

Este tipo de fenómenos, caracteŕısticos de sistemas con escapes, se llama dis-
persión caótica, que describimos a continuación.

Dispersión caótica. Metodoloǵıa

La dispersión caótica es un fenómeno f́ısico de manifestación de caos transitorio.
Esto ocurre cuando una part́ıcula entra en una región de influencia ya sea una bar-
rera de potencial o bien el creado en la cercańıa de un objeto masivo. La part́ıcula,
como consecuencia de la interacción, sufre múltiples colisiones describiendo trayec-
torias caóticas de forma transitoria hasta conseguir escapar de la influencia de dicha
interacción escapando del sistema o bien sin escapar de él termina describiendo or-
bitas periódicas o cuasiperiódicas. Esta es la razón del citado caos transitorio. En
el contexto clásico un problema de dispersión es un problema que relaciona una/s
variable/s de entrada que caracterizan el estado inicial de nuestro sistema y una/s
variable/s de salida que caracterizan el estado final de nuestra sistema. La región del
espacio donde esto tiene lugar es llamada región de dispersión que es la zona donde
se hacen sentir los efectos del potencial u objeto masivo en cuestión. Por otro lado
cuando se habla en la literatura cient́ıfica de Caos o movimiento caótico se refiere a
un movimiento irregular aperiódico que presenta sensibilidad a las condiciones ini-
ciales. Esto último se refiere a la impredecibilidad sobre la evolución temporal de
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un sistema dinámico. En nuestro caso el fenómeno de la dispersión caótica será el
fenómeno de dispersión de part́ıculas sobre un sistema que presenta sensibilidad a
las condiciones iniciales y, por lo tanto, el estado final del sistema y su evolución se
antoja imposible.
El fenómeno de la dispersión caótica ha sido objeto de estudio desde hace unos
veinte años aproximadamente y posee muchas aplicaciones en diferentes campos de
la f́ısica como los que describimos a continuación.

(a) Mecánica Celeste

(b) Trayectorias de part́ıculas cargadas en campos eléctricos y magnéticos

(c) Trayectorias de ĺıneas de campo magnético

(d) Procesos hidrodinámicos

(e) Modelos de reacciones qúımicas

(f) F́ısica atómica y nuclear

Estas aplicaciones vienen explicadas con detalle, entre otre otras muchas fuentes,
en un art́ıculo publicado en la revista Chaos por E. Ott y T. Tl en 1993, y quedan
descritas en el primer caṕıtulo de esta tesis doctoral.

En los problemas de dispersión caótica los sistemas presentan diferentes escapes
(dependiendo del sistema en cuestión), por lo que una condición inicial elegida puede
tomar distintos caminos en su evolución temporal en función de los canales de salidas
que el sistema presente. Debido a que nuestro sistema espećıfico presenta sensibil-
idad a las condiciones iniciales, la predicción sobre que ocurrirá a dos condiciones
iniciales muy próximas se antojará imposible, pudiendo una de ellas escapar por la
salida x de nuestro sistema muy rápidamente y la segunda condición inicial podrá
escapar por la salida y de forma muy lenta, o incluso no escapar. Desde un punto
de vista geométrico, esto se traduce en que nuestro espacio de las fases de condi-
ciones iniciales posee una alta fractalidad (siempre que nos movamos en un rango de
enerǵıas adecuado) e incluso si nuestro sistema posee tres o más canales de escape
presente una fuerte propiedad topológica, llamada propiedad de Wada. Si un sis-
tema posee esta propiedad su grado de evolución se antoja aún más complicado que
si fuera fractal. En este tipo de problemas, en los que los escapes son comunes, es
muy interesante también el estudio de los tiempos de escape del sistema. El tiempo
de escape es el tiempo que invierte una determinada condición inicial hasta atravesar
uno de las fronteras que nuestro sistema presenta. Debido a que nuestro sistema
presenta sensibilidad a las condiciones iniciales, los tiempos de escape entre dos
condiciones iniciales muy próximas podrán ser muy diferentes. De hecho, si dibu-
jamos la función que representa los tiempos de escape en función de algunos de los
parámetros del sistema (esta función se llama función de dispersión, T) obtenemos
una curva con parte suaves y con múltiples singularidades que son caracteŕısticas
de un conjunto fractal. La metodoloǵıa usada en esta tesis doctoral estará basada
en las herramientas clásicas de la Dinámica No Lineal y la Teoŕıa del Caos, como
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el estudio de oŕbitas, cuencas de atracción y de escape, dimensiones fractales, expo-
nentes de Lyapunov, etc. Se hará uso de herramientas anaĺıcas como el método de
Melnikov, geométricas (espacio de las fases) y computacionales. Esta última será
fundamental para el desarrollo de esta tesis doctoral. Para ello nos auxiliamos del
software apropiado como DYNAMICS, xmgrace, MATLAB, MAPLE, etc.

Objetivos y Conclusiones

1. Efectos de la débil disipación sobre la Topoloǵıa de las
Cuencas en sistemas Hamiltonianos con escapes

En este primer apartado, hacemos uso las herramientas tradicionales de la Dinámica
No Lineal y la Teoŕıa del Caos para el análisis de sistemas hamiltonianos con escapes
sometidos a débil disipación. Nos situaremos en el régimen no hyperbólico debido
a que en este régimen la dinámica del sistema es sensible cuando alteramos algún
parámetro del mismo. Usaremos como modelo prototipo el sistema de Hénon-Heiles,
que es un modelo paradigmático de sistema hamiltoniano en dos dimensiones. Este
sistema nos servirá para generalizar propiedades generales de sistemas dinámicos
en dos dimensiones. En nuestro caso particular introduciremos un término de disi-
pación lineal proporcional a la velocidad para estudiar cómo afecta a la dinámica y
a la topoloǵıa de nuestro sistema. La disipación está siempre presente en gran parte
de los fenómenos de la naturaleza como por ejemplo en problemas de la mecánica
de fluidos. En este caso las part́ıculas reales tienen tamaño y masa que es equiv-
alente a decir que dichas part́ıculas presentan una inercia, o sea un rozamiento o
fricción en su movimiento. La elección de la disipación proporcional a la velocidad
es debida a que es la forma general en la que aparece en la mayoŕıa de los procesos
hidrodinámicos. Al hacer un estudio numérico de la dinámica de nuestro sistema
encontramos la aparición de atractores en el sistema, t́ıpico de sistemas disipativos.
Calculamos las órbitas del sistema, aśı como la probabilidad de supervivencia de las
part́ıculas en la región de dispersión. Uno de los objetivos de esta parte es observar
como la dinámica del sistema cambia de forma brusca cuando introducimos una
pequeña cantidad de disipación. La probabilidad de supervivencia de las part́ıculas
en la región de dispersión sufre una metamorfosis pasando de ser una ley algebraica
a ser una ley de tipo exponencial. Este efecto es independiente de la cantidad de
disipación que se introduzca en el sistema.

A continuación, la siguiente parte de este objetivo, es estudiar el efecto que la disi-
pación produce sobre las cuencas de atracción y de escape del sistema. Recordemos
que una cuenca de atracción es el conjunto de puntos que tomados como condiciones
iniciales tienen como destino final un determinado atractor o punto fijo. De igual
forma se define una cuenca de escape como el conjunto de puntos que tomados como
condiciones iniciales alcanzan una determinada salida como resultado final. En la
mayoŕıa de los sistemas dinámicos caóticos el espacio de las fases en el cual estn
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reflejadas las cuencas de atracción y de escape del sistema concreto poseen una rica
estructura fractal. Además los sistemas con tres o más escapes poseen, de forma gen-
eral, una propiedad topológica llamada la propiedad de Wada que está relacionada
con el alto grado de impredecibilidad sobre la evolución del sistema aún a corto
plazo. Aqúı estudiaremos cómo afecta la disipación a la estabilidad estructural de
las Cuencas de Wada.

Como conclusión general a este primer objetivo indicar que, al introducir una
pequeña cantidad de disipación en nuestro sistema, la ley de supervivencia de las
part́ıculas en la región de dispersión sufre una transición abrupta de algebraica a
exponencial. En cambio, cuando esto tiene lugar, la topoloǵıa de las Cuencas de
Wada asociadas permanecen inalterables, por lo que la evolución del sistema se sigue
antojando imposible de predecir.

2. Caracterización de la dimensión fractal en la dispersión
caótica disipativa

Otra de las magnitudes fundamentales de la Dinámica No Lineal y la Teoŕıa del
Caos es la dimensión fractal de un conjunto concreto. La palabra Fractal proviene
del lat́ın, de fractum, que significa fractura, rotura. Este término fue acuñado por
el matemático de origen polaco B. Mandelbrot. Esta magnitud caracteriza conjun-
tos que poseen dimensión no entera y poseen propiedades muy interesantes como
la de autosimilaridad. Esto último está referido a que si realizamos un zoom de
un conjunto fractal, este conjunto se repite a escalas más pequeńas. El objetivo de
esta parte de la tesis es caracterizar la dimensión fractal en problemas de dispersión
caótica disipativa. La dimensión fractal caracteŕıstica de este tipo de problemas es la
llamada dimensión fractal del conjunto de singularidades de la función de dispersión.
La función de dispersión nos representa como vaŕıan los tiempos de escape (tiempo
que tarda una part́ıcula en cruzar la frontera de la región de dispersión y salir para
siempre de ella) frente a uno de los parámetros caracteŕısticos del sistema en cuestión
(posición, ángulo, etc). Esta función posee partes suaves y partes discontinuas que
son caracteŕısticas de un conjunto fractal. En el caso de dispersión caótica conserva-
tiva en régimen no hiperbólico esta dimensión fractal vale la unidad. Para estimar la
dimensión fractal de este tipo de conjuntos usamos el algoritmo apropiado, llamado
algoritmo de incertidumbre, para el cual obtenemos la evidencia numérica sobre su
comportamiento. Para el soporte numérico, y con idea de dar un carácter universal
e independiente del tipo de sistemas que usemos, usaremos como modelos prototipo
una aplicación discreta bidimensional no conservativa y un flujo disipativo. A esto
le unimos los debidos argumentos teóricos de tipo heuŕısticos basados en construir
una estructura tipo Conjunto de Cantor (como ejemplo clásico de aplicación discreta
con escapes) que nos corrobore los resultados numéricos obtenidos.

Podemos indicar como conclusión el comportamiento de paso o cruzado (crossover)
que la dimensión fractal presenta cuando variamos el parámetro disipativo de cero
a infinito. Esto hace que la función que representa la dimensión fractal frente al
parametro disipativo presente dos regiones claramente diferenciadas en las cuales
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se hacen sentir con más o menos intensidad el efecto de los nuevos atractores que
aparecen en el sistema debido a la introducción de la disipación.

3. Leyes de decaimiento exponencial y de escala en sis-
temas dinámicos con escapes en entornos ruidosos

El ruido es algo que está siempre presente en cualquier fenómeno de la naturaleza
y su papel dentro de muchos fenómenos f́ısicos es más que trascendente en el sen-
tido que modifica el comportamiento de muchos sistemas que están sometidos a él.
En nuestro problema espećıfico estudiaremos los efectos que produce una pequeña
cantidad de ruido en un sistema dinámico con escapes, con idea de completar aśı
el estudio de las influencias de perturbaciones externas sobre sistemas con escapes.
Nuestro primer objetivo será el buscar el apropiado algoritmo de integración para
nuestro sistema estocástico hamiltoniano. Para ello haremos uso del algoritmo de
Heun de segundo orden para ecuaciones diferenciales estocásticas. Al igual que en
objetivos anteriores nuestro trabajo aqúı procurará encontrar leyes de carácter uni-
versal que sean independientes del sistema escogido y, más aún en este caso, del tipo
de ruido al que esté sometido el sistema. Para conseguir esta generalidad usaremos
dos modelos prototipos. El primero de ellos será un flujo bidimensional sometido
a ruido blanco Gaussiano (ruido no acotado) el cual integraremos haciendo uso del
algoritmo citado anteriormente y el segundo de ellos será una aplicación discreta
bidimensional sometida a ruido uniforme (acotado en un intervalo indicado y cero
en el resto). Para ambos casos obtenemos propiedades cualitativamente equivalentes
en lo que a la dinámica del sistema se refiere. Un estudio numérico de saber como
escapan o permanecen las part́ıculas en la región de influencia del potencial (donde
tiene lugar la dispersión) nos muestra una transición abrupta de ser un a ley alge-
braica a una de tipo exponencial cuando el ruido es introducido en el sistema. Este
resultado es igual para ambos sistemas. De igual forma otro objetivo en esta sección
será encontrar una ley de escala que nos caracteriza de forma ms concreta y espećıfica
nuestro problema concreto. Concretamente buscaremos una relación de escala entre
el coeficiente de la ley exponencial de supervivencia de las part́ıculas en la región
de dispersión y la intensidad de ruido introducida. Este resultado mostrado para
ambos sistemas nos dará suficientes argumentos numéricos en relación al carácter
general del mismo.

La transición brusca en la ley de supervivencia de las part́ıculas en la región
de dispersión unido a la relación lineal de escala entre el tiempo caracteŕıstico (co-
eficiente de la ley exponencial de supervivencia de las part́ıculas en la región de
dispersión) frente a la intensidad del ruido son las principales conclusiones de este
caṕıtulo.

4. Control de escapes en sistemas Hamiltonianos pertur-
bados paramétricamente

El control del caos en sistemas dinámicos es uno de los problemas más intere-
santes, con más aplicaciones y que ha sido objeto de exhaustivo estudio durante las



124 Resumen y objetivos de la tesis en castellano

dos últimas décadas. El primer trabajo importante al respecto se remonta al año
1990 en el art́ıculo, Controlling Chaos, publicado en Physical Review Letters por
E. Ott, C. Grebogi y J. A. Yorke de la Universidad de Maryland en los Estados
Unidos de América. A partir de este trabajo se han publicado y se ha trabajado en
este tema aplicando estas técnicas en infinidad de problemas en Ciencia e Ingenieŕıa.
Nuestro problema concreto ahora será algo diferente pero mantendrá una estrecha
relación con el indicado en el párrafo anterior. Se trata concretamente de evitar y
controlar escapes en un sistema abierto. Para ello tomaremos como prototipo un
modelo paradigmático en una dimensión como es el Oscilador de Helmholtz en el
que se introducirá una disipación lineal proporcional a la velocidad y un forzamiento
periódico. Este modelo representa el modelo más sencillo de sistemas con escapes,
ya que además de ser unidimensional posee un solo canal de salida, concretamente
representa un potencial cúbico. Para ello, fijando los parámetros de nuestro sistema,
se realiza un estudio de las cuencas de atracción y de escape del sistema obteniendo
el valor cŕıtico de la amplitud del forzamiento para el cual todas las órbitas del sis-
tema escapan. Nuestro objetivo será introducir un pequeño término perturbativo,
de tipo paramétrico, que equivale a cambiar ligeramente la topoloǵıa del potencial,
que pueda controlar y evitar escapes en el sistema, al menos en determinadas re-
giones del espacio f́ısico. Igualmente estudiaremos el papel que la fase (diferencia
de fase entre la perturbación introducida y el forzamiento) juega sobre el control de
los escapes. Esto es trascendente en el sentido que estos resultados serán fácilmente
generalizables a dimensiones de orden superior y estas técnicas podrán ser aplica-
bles en sistemas con más escapes que aparecen de forma natural en flujos caóticos
en hidrodinámica, dinámica galáctica, etc.

Como conclusiones finales a este caṕıtulo indicar que la introducción de una
perturbación de tipo paramétrico en nuestro sistema, equivalente a deformar liger-
amente la topoloǵıa de nuestro pozo de potencial, consiguen controlar los escapes
de las part́ıculas del pozo en un porcentaje muy elevado (dependiendo del valor del
parámetro introducido). De igual forma hay que unir esto a una adecuada elección
de la diferencia de fase entre la perturbación introducida y el forzamiento que nue-
stro sistema presenta.


